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a PAPER describes an experimental method of 
measuring the mean temperature and heat flux into or out of any 
region along a circular metal tube. This is accomplished by con- 
verting the tube itself into a series of resistance thermometers. 
When the tube conducts direct current, each thermometer meas- 
ures the tube temperature which is a mean of both radial and 
longitudinal variations within its region. When alternating cur- 
rent flows, the thermometers still average longitudinal variations. 
Because of the skin effect, however, the a-c impedance better re- 
flects the temperature of the outer surface of tube at the expense 
of the inner surface. Thus the d-c resistance yields the average 
tube temperature, and comparison of the d-c resistance and a-c 
impedance yields the heat flux through the metal. Of course, 
these two measurements make possible calculation of the tem- 
perature of either surface of the tube. 

The original impetus for this research lay in the need for a 
fundamental study of fouling on heat-transfer surfaces. Fouling 
is particularly expensive to the food processing industry, which 
frequently uses stainless-steel surfaces. Fouling problems re- 
sult inevitably from the combination of heat sensitive materials 
with heated surfaces of low thermal conductivity, such as stain- 
less steel. As in other industries, developments have favored the 
long-tube, forced-circulation evaporator. A one-tube model of 
such a unit has been built by the Western Regional Research 
Laboratory in order to study the evaporation of various fluid- 
form foods. It became obvious that the decisive operating varia- 
ble was the resistance to heat transfer through a thin layer of 
thermal decomposition products on the inside surface of the 
tube, namely, fouling. This conclusion was reached after em- 
pirical studies failed to produce meaningful results based on over- 
all resistances versus time when such products as tomato or milk 
were being concentrated [5].? 


1 Laboratory of the Western Utilization Research and Develop- 
ment Division, Agricultural Research Service, U. 8. Department of 
Agriculture. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of THe AMERICAN 
Socrety or MecHANIcAL Enarneenrs and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 
1960. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, November 
11, 1959. Paper No. 60—HT-1. 


Nomenclature 


Wall Temperature and Heat Flux Measurement 
in a Round Tube 


The over-all resistance to heat transfer is the sum of the in- 
dividual resistances. Any variation of one such resistance is con- 
founded with the variation of another when only over-all re- 
sistances are observed. When steam condenses on an evaporator 
tube, heat is conducted through the metal, through any fouling, 
and into the boiling liquid. For the type of evaporators observed, 
the resistance to this heat flow is about equally distributed be- 
tween the condensing steam film, conduction in the stainless steel, 
conduction through the layer of fouling, and convection into the 
liquid. The condensing steam film, for instance, is affected 
strongly by heat flux, by wettability of the surface, by steam 
purity, and by steam velocity. Some of these factors are nearly 
impossible to control in the kind of experiment in which fouling 
takes place. Therefore a method is needed to measure specifi- 
cally the fouling resistance. This means a method of measuring 
the temperature of the inside tube wall together with the local 
heat flux. 

Because end effects have proved large, a very short boiling sec- 
tion could not be used. However, the vapor fraction is known to 
affect the boiling liquid film resistance markedly. In an ade- 
quately long test section, therefore, the heat flux will vary 
greatly with position, due to vapor fraction change. A radioac- 
tive tracer method has been used by Dengler [2] to measure the 
vapor fraction at different points along an evaporator tube. From 
the differences between readings he could approximate local heat 
flux. This technique is not applicable to a fouling experiment. 
A new approach to heat flux measurement was required. 

Relaxation calculations showed that a representative tem- 
perature measurement could not be made by any practical point 
temperature measuring device. Any device inserted into a 
stainless-steel tube wall would indicate an anomalous temperature 
if the heat flux were as high as is the case in good evaporators. 
This is true even if the boiling and condensing films adjacent to 
the point could be left undisturbed. 


Mean Wall Temperature Measurement 

The solution used herein was to make the tube into a resistance 
thermometer. This had been done by Callendar and Nicolson 
[1], and Lowery and Westwater [4]. The scheme used for this 
work is shown in Fig. 1. The details are shown in Fig. 2. In 
order to reduce thermoelectric effects, the potential tap wires 
were the same alloy as the stainless-steel tube to which they were 
welded. The cold reference tube was identical in size and ma- 
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thermal conductivity, Btu/hr ft 
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Fig. 1 Direct current circuit 
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Fig. 2 Detail of experimental evaporator tube 

terial to the evaporator tube. This cold tube was thermostated. 
The resistance thermometer was calibrated at various tem- 
peratures before each use. This was done by admitting steam at 
various pressures into the jacket when no liquid was flowing in- 
side the tube. Both steam temperature and pressure were checked 
before calibration. Simple calculations show the unimportance of 
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end loss under these circumstances with a six-foot tube. Tem- 
perature differences between hot and cold tubes were plotted 
against the ratio of the voltage across various intervals along the 
hot tube to the voltage across the cold tube. 
variations were not a source of error. 


In this way, current 
This was done because it 
was difficult to achieve accurate control of a 25-amp current flow- 
ing in a low resistance circuit. The current released only 50 
watts in each tube during measurements so that this was a minor 
factor relative to the heat released by the condensing steam. 
This high current was necessary in order to produce a measurable 
voltage difference for a one-degree temperature change in a tube 
interval having an electrical resistance of 0.003 ohms. 

Tube-wall-temperature measurements made during a series of 
72 evaporation runs were analyzed statistically. The standard 
deviation between pairs of the resistance thermometer measure- 
ments made during the same experimental set up, or run, was 
2.0 F. When a1 F standard deviation was necessary, 8 measure- 
ments of the same run were made. For such a set of measurements, 
the temperature could be stated within 2 F with 95 per cent 
confidence. Each experiment consisted of 4 replicate runs, be- 
tween which the apparatus was shut down. The standard 
deviation between the means of two measurements for each of 
the 4 replicates of each experiment was 3.3 deg F. This figure 
necessarily includes any temperature variations actually occurring 
during the runs, or between replicate runs. No better analysis of 
the source of error in the method was possible since no other 
means of measuring the true temperature could be applied. 

The results could be correlated by 


r = ree** (1) 


where r is the resistivity between 200 and 400 F. The value of r 
is 2.2 micro-ohms ft and a is 0.0050 deg F-! for the AISI type 
304 stainless-steel seamless tubing used. 


Equation (1) is equiva- 


lent to the conventional 
rol + at) 
if the higher terms in the expansion 


(at)? ’ 
1 + at + (3) 
2! 


may be ignored. The electrical conductance for the tube section 
shown in Fig. 3 is 


aD +2 dr 
L r 


ed 
This equation assumes a metal wall whose radius of curvature is 
infinite compared to its thickness. A more complex solution has 


CURRENT CURRENT 





Fig. 3 Element of evaporator tube 
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been developed involving tube radius which proves this assump- 
tion is valid. By the Fourier equation, considering that the log 
mean area is used, 


Q = 
A k 


t=t 


so that combining (1), (4), and (5) 


and integrating 


Hence the ratio of resistance at no heat flux to that at flux Q/A is 


: ( ax Q ) 
sinh : 
1(tm—t k A e 


p peer. 2... 
ax Q 
kA 

7) permits the calculation of the difference between 

observed and true mean wall temperature in a resistance ther- 

mometer calibrated at no heat flux. This error is insignificant, 

i.e., less than 3 deg F, in a stainless-steel tube at any heat flux 

less than 1,200,000 Btu/hr ft? or in a copper tube at less than 

3,900,000 Btu/hr ft?. The d-c resistance thermometer, therefore, 


measures substantially the mean tube wall temperature regardless 
of heat flux. 


Equation 


Heat Flux Measurement 


A higher current density is found in the outer, compared to the 
inner, portions of a conductor carrying an alternating current 
This effect is due to self induction. It was believed that such an 
effect would emphasize the resistivity, and hence the temperature, 
of the outer portions of a tube at the expense of the inner portions 
in a measurement of a-c impedance of the tube as a whole. The 
magnitude of such an effect would therefore depend on the dif- 
ference in temperature between the inner and outer parts of the 
tube. This temperature difference could then be related to the 
local heat flux by the known thermal conductivity of the metal 
wall. 

The magnitude of this skin effect in a tubular conductor in- 
creases with the wall-thickness-to-diameter ratio, with frequency, 
with d-c conductance, and with magnetic permeability [3]. For 
audio frequencies, the skin effect is very small when the actual 
a-c and d-c resistance values are compared in isothermal dia- 
magnetic conductors. No data were available which could pre- 
dict the magnitude of the effect in the paramagnetic stainless steel, 
especially when the conductor was surrounded by a ferromag- 
netic jacket, even though insulated from it. 

A variable-speed alternator was arranged as shown in Fig. 4. 
The a-c voltage drops were increased by a pair of transformers. 
The outputs were passed through a pair of rectifiers and sub- 
tracted from each other. The difference was read on a continuous 
balance potentiometer. The difference was much more sensitive 
to resistance changes than the ratio, but when the difference is 
used, the current had to be fairly well stabilized throughout each 
test. 
current flowed in the potentiometer at balance. To avoid difficul- 
ties from this source, the electronic components were kept in a 


An additional disadvantage to this circuit was that a small 
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shielded air bath. The rectifiers, matched germanium diodes, re- 
quired accurate temperature control for accurate results. 

The evaporator tube was arranged so that it could instantly 
be shifted from the d-c to the a-c circuit. The d-c and a-c 
thermometers were successively calibrated on the isothermal tube 
as described. A steady heat flux was then established, flowing 
from constant pressure jacket steam into pure water at its local 
boiling point flowing uniformly inside the tube. Readings of each 
thermometer were taken. The heat flux was measured by collec- 
tion of the vapor product after centrifugal separation from the 
liquid product, when boiling prevailed throughout the test sec- 
tion. Collection of condensate of the jacket steam proved unre- 
liable and was not used. The results for several a-c frequencies are 
plotted in Fig. 5. 

This method of heat flux determination was tested during the 
series of 72 water evaporation runs. The a-c, d-c difference be- 
tween measurements made across the entire heated length of the 
tube was interpreted as total heat flux and was compared with the 
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observed total heat flux based on the weight of vapor product 
collected. The standard deviation between this calculated and 
this observed heat flux for each pair of observations was 10,100 
Btu/hr ft? or 10 per cent. This includes the inseparable errors 
arising from consideration of the entire length of the tube at 
once, as well as errors in condensation and measurement of the 
vapor product. Each local heat flux read by a-c, d-c thermometer 
difference was then compared with corresponding local readings 
from each of 3 other replicate runs. This standard deviation 
was 9600 Btu/hr ft* or 9 per cent. This necessarily includes error 
due to real heat flux differences between replicates, but no length- 
wise averaging error as in the previous case. This imperfect 
analysis of error was used, as in the mean temperature measure- 
ment, because of the lack of any independent information on the 
test conditions. 

The impedances of the test sections were measured directly by 
oscillograph at various frequencies. These results can be ex- 
pressed by 


z = (ro + cf)e** (8) 


For the evaporator tube, c was 0.0035 micro-ohm ft sec and a had 
its d-c value of 5 X 10-4 F~4. 


Fig. 6 Circuit equivalent of intervals along resistence thermometer 


The schematic circuit shown in Fig. 6 obeys equation (8). No 
simpler representation of the intervals along the test section was 
found. 

The relation of a-c and d-c resistance thermometer readings to 
heat flux can be described by 


z = (ro + cfjee-/2# (9) 


The data of Fig. 5 require that 


b= 1x 10-° ——— 
ft deg F 


This modification of equation (8) is the simplest relation which 
describes the results. The less empirical equations derived for 
skin effect in diamagnetic conductors are inapplicable to the 
present case. The magnitude of the effect is so small that no more 
complex interpretation can be justified by the data. 

The relation of resistance thermometer readings to heat flux for 
alternating currents can be derived from equation (9) in the same 
way that equation (7) can be derived from equation (1), provided 
the very small z? terms are ignored, 


sinh | ( _ ° +) :| 


btof ome: 
(w., f— g - ) 
, Ak 


Equation (7) shows a negligible effect of heat flux on temperature 
read by the d-c thermometer, and the a-c and d-c thermometers 
are each calibrated at zero heat flux against the same actual tube 
temperatures. Then Z can be read as é4., so that 


(bt,,f) sinh | (as - & *) :| 


(was - 2 *) sinh [(dt,f)z] 


(10) 


sinh {(bt,,)z] 





In (11) 


This expression contains t,,, but in such a way that no effect of 
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t,, between 200 F and 400 F is important. Equation (11) fits the 
data, since b in equation (9) was chosen for that purpose. 

The current penetration model is used in electrical engineering 
to simplify skin effect phenomena. In this, the outer parts of a 
conductor are assumed to conduct a-c as they do d-c, but inner 
portions are complete nonconductors. For the present case, use 
of this model is equivalent to assuming that the a-c thermometer 
senses a real temperature which exists at some point between the 
mid-point and the outer surface, when heat flux is inward. The 
position of the point is calculable from the metal thermal con- 
ductivity. For d-c, this imaginary point is at 50 per cent of the 
distance from the inside to the outside surface of the tube wall. 
For 60 cps it is at 75 per cent and for 830 cps at 98 per cent, but 
for 1700 cps it is at 104 per cent, or beyond the outer surface. 
For this reason, no reality can be allowed to this model of the 
phenomenon. 

A number of experiments have been performed which eliminate 
certain alternatives to the skin effect explanation. Readings of 
the resistance thermometer, both d-c and a-c, show no effect due 
to the presence of liquid inside the tube when there is no heat 
flux. This is true even when the liquid is saturated KC] solution. 
Such tube contents can support only 0.025 per cent of the tube 
current. 

The direction of heat flow has been reversed, so that steam in- 
side the tube warmed water in the jacket. The result, shown in 
Fig.7, was a reversal of sign of (t,.. — tg..) and the magnitude of this 
quantity was still proportional to radial heat flux. Replacing 
steam with water in the jacket altered the electrical environment 
of the tube so that the slope of the relation was changed but not 
the sense. 
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The evaporator tube was operated with subcooled feed. In 
order to get some approximation of the bulk liquid temperatures 
during flow through the tube, a sliding thermocouple was installed 
inside a light gage-'/,-in. stainless-steel tube which was inserted 
along the axis of the */,-in. evaporator tube. The result, shown 
in Fig. 8, reveals that the inside heat-transfer coefficients, based 
on the heat fluxes calculated from Fig. 5, agree with the Sieder- 
Tate [6] prediction within 20 per cent in the feed-warming portion 
of the tube, followed by the high film coefficients typical of boiling 
water after the bulk liquid temperature has reached the local 
boiling point. 

The analysis of variance showed that the uncertainty in estima- 
tion of heat flux was proportionate to the cube root of the heat 
flux but not to any function of the tube temperature. Electrical 
effects due to steam pressure and temperature were therefore in- 
effective as sources of error. The layer of condensate outside 
the tube was a possible factor in changing impedance with heat 
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Fig. 8 Evaporation of subcooled water calculated from a-c less d-c 
resistance thermometer temperatures . 





flux. The linear velocity of the steam passing over the outside 
of the tube was varied 10-fold at a high rate of heat transfer. 
The results still showed the relation given in Fig. 5, despite the 
much increased tendency of condensate to be swept off the tube 
wall. 


Conclusions 


The resistance thermometer method has been developed to 
evaluate mean wall temperature of a circular metal tube. This 
temperature can be measured over any short interval to +4 F 
for one observation of a stainless-steel tube. 

The method given has been extended to include a means of 
measuring heat flux passing through the tube wall. Single de- 
terminations are accurate to about +20,000 Btu/hr ft*. The 
method is based on the variation of alternating current density 
with radius in a circular conductor. Independent measurements 
may be made for any number of intervals along a tube. 

The two methods may be combined to evaluate wall surface 
temperature in any interval. When combined with bulk liquid 
or bulk steam temperatures, local film heat-transfer coefficients 
can be calculated entirely from observed quantities. 
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DISCUSSION 

R. Eichhorn® 

This paper represents a simple, yet truly clever attack, on an 
important problem. The difficulty of determining both heat 
flux and tube wall temperatures are well known to workers in 
the heat-transfer field. As the authors point out, standard meth- 
ods become nearly impossible under high heat flux rates. 

From the data scatter pointed out by the authors, it appears 
that accuracies of the order now achieved using resistance heating 


’ Assistant Professor of Mechanical Engineering, Princeton Uni- 
versity, Princeton, N. J. 
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were not obtained in the present study. Clearly the d-c re- 
sistance of the test tube is unaffected by the presence of the 
flanges and iron jacket which surround it. Equally clear is the 
possibly large effect of these components on the a-c resistance of 
the test tube. The flanges and jacket are subject to eddy cur- 
rent and hysteresis losses which augment the effective resistance 
of the test tube. These will clearly be temperature sensitive and 
thus possibly affect the calibration of the apparatus. This writer 
would like the authors to comment on the probable magnitude 
of such errors and the feasibility of redesigning the jacket and 
flanges so as to reduce eddy current and hysteresis losses. 
Considerable space was devoted to a discussion of the statisti- 
cal analysis of the data. The method of calibration employing 
centrifugal separation should be subject to an independent state- 
ment of error. This writer would like to see such a statement. 


E. M. Sparrow‘ 


This paper represents an interesting contribution to our 
knowledge of heat-transfer measurement techniques. There are, 
however, a few points on which further discussion might be useful. 

First of all, let us consider the derivation of equation (7). From 
equation (6) with Q/A = 0, there is obtained 


then, forming the ratio of this with the expression for 1/R as 
given in the paper [following equation (6)], we get 


4 sinh (2 ) 
R = e~altm—t) k A 


R (= Q 
& A 
which is not in agreement with equation (7) of the preprint. 
Only when R’/R = 1 does it follow that 


ax Q ) 
mae. 2 oe 


Perhaps there is a misprint in the reprint. Even so, the remarks 
following equation (7) appear to apply only to the condition 
R/R’ = 1, which is not explicitly stated. 

Next, in the paragraph just preceding Fig. 4, it is noted that 
the a-c, d-e difference was interpreted as total heat transfer. It 
would be appreciated if this point were enlarged upon. In what 
quantitative manner is the interpretation made; is equation (11) 
used in some way? 

In introducing equation (8), it is indicated that this equation 
expresses the results. Then it is later remarked that equation (9) 
describes the results. Since (8) and (9) are not the same, it is 
not clear which one is actually appropriate. 

Finally, it would be an aid to clarity if both additional explana- 
tion and mathematical details were given between equations (10) 
and (11). 


Authors’ Closure 


The accuracy of the method as we used it is such that it would 
not appeal to workers using resistance heating. The flanges used 
on the jacket may have affected the end intervals but probably 
not the six center intervals. The method was usable for heat 
flux measurement both from outside into the tube and from the 


4 Professor of Mechanical Engineering, University of Minnesota, 
Minneapolis, Minnesota. Assoc. Mem. ASME. 


may 1961 / 109 





tube into the outside. For these reasons, we believe that the 
eddy current effects did not unduly influence the results. 

The apparatus has been used extensively with colored fluids, 
such as tomato juice. The visible stream of condensed vapor 
product has always been colorless. The unit has been operated 
over a range of centrifugal separator pressures such that there 
has been a tenfold variation in vapor velocity at the same true 
For these 


reasons, we believe that the error contribution from the separa- 


heat flux without any increase in apparent heat flux. 


tion ol vapor and liquid products is negligible. 
In deriving equation (7), one inserts the condition Q/A 0 in 
the unintegrated form of equation (6) and obtains after integra- 
tion 
xD 


Lr 


itm 9» 
e al 


which results in 


ax Q 
sinh ( ) 
k A 
az @ 
k i) 


In order to interpret the ratio of resistances as té mperatures we 


write 
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The a-c, d-c difference was calibrated experimentally against 
heat flux. When using the entire heated length of the tube as a 
thermometer, the difference was calibrated against the total 
average heat flux as measured by the total evaporation rate 
Equation (11) is not used in any way. It is a mere description of 
the effect using the form dictated by the previous equations. 

Equation (8) describes the effect of frequency and temperature 
on the impedence of an isothermal tube. Equation (9) merely 
introduces the effect of radius, which is pertinent only when the 
skin effect is considered. 

As in the step from equation (6) to equation (7), the change 
from equation (10) to equation (11) is only that needed to inter- 
pret impedance as temperature by the relation 


and since ¢,, is essentially f4.., then 


et ta-c —td-c) 
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The Viscosity of Steam and Water at 
Moderate Pressures and Temperatures 


The paper reports the results of an investigation of the viscosity of steam and compressed 
water. The measurements were carried out by means of an oscillating-body-type vis- 
cometer in order to develop an alternative method of measurement to the usually em- 
ployed capillary viscometer, and also to provide an independent check on published 
data. The results for compressed water, obtained with the aid of an oscillating sphere, 
represent absolute measurements, and cover a range from 3 to 340 atm and from 20 to 
186 C. The viscosity of water is shown to have a negative pressure coefficient below 35 C 
and a positive coefficient above that temperature. The maximum change in viscosity, 
at any given temperature over the pressure range covered ts 5 per cent. The results show 
good agreement with previously published data and the deviations of experimental 
points from smoothed curves do not exceed 0.05 per cent. Although the present instru- 
ment is severely limited in range, the feasibility of measurements at elevated tempera- 
tures and pressures by means of the oscillation-type viscometer is clearly demonstrated. 
Particularly striking is the reproducibility and self-consistency of the results obtained. 


J. R. MOSZYNSKI 


Associcte Professor of 
Mechanical Engineering, 
Case Institute of Technology, 
Cleveland, Ohio 


Introduction 


| PRESENT unsatisfactory state of knowledge of 
transport properties of steam has been underscored recently by 
Keenan and Keyes [1],? Kestin and Moszynski [2], and others 
Since most of the data available at present were obtained, as 
pointed out in reference [2] by the capillary-flow technique, the 
present investigation was aimed at providing reliable viscosity 
values on the one side and on the other at the development of an 
alternative method of measurement. The most accurate tech- 
nique of measurement of the viscosity of gases appears to be that 
based on Couette flow between concentric cylinders and de- 
It is, 
however, not easily adaptable to elevated temperature and pres- 


veloped to a very high degree of precision by Bearden [3]. 


sure conditions. The most reasonable alternative to the capillary- 
flow method appears to be that of measuring the decay of small 
oscillations of a body suspended in the fluid under investigation 
This method, originally due to Coulomb [4], has been used by a 
number of investigators [5 to 32] for the measurement of viscosity 
of liquids, gases, and vapors. This appears to be the first time, 
however, that it has been used under conditions of simultane- 
ously elevated temperatures and pressures. The absolute ac- 
curacy of the method has been severely limited, until recently, by 
the lack of satisfactory theory. A substantial improvement in this 
respect was achieved by Newell [33], and Newell and Azpeitia 
34, 35], whose theory was used successfully by Kestin and 
Leidenfrost [32]. 


ing disk to be placed between two fixed plates, whose distance 


Newell’s theory, however, requires the oscillat- 


from the disk should not exceed 1.2 times the boundary-layer 
thickness 6. Under the conditions to be expected with steam, 
the distance between the disk and the fixed plates would be 
limited to about 1 mm which at elevated temperatures may in- 


troduce excessive errors due to differential expansion. A semi- 

! The work reported herein constitutes a part of a thesis presented 
hy the author to the University of London for the degree of Doctor of 
Philosophy 

2 Numbers in brackets designate References at end of paper 

Contributed by the Heat Transfer Division of THe AmerRIcAN 
SocreTy OF MECHANICAL ENGINEERS and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 
1960. Manuscript received at ASME Headquarters, May 31, 1960. 
Paper No. 60-—-HT-29. 
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empirical correction method for the “edge effects’? around the 
Mk, which permits accurate relative determinations, was pro- 
posed by Kestin and Wang [36]. 

It was intended originally to perform the measurements using 
a disk oscillating in a large space rather than between fixed plates 
to avoid the possibility of thermal-expansion errors afore-men- 
tioned. Extensive preliminary experimentation revealed, how- 
ever, that under such conditions two distinct types of ‘secondary 
’ may appear, which seriously affect the accuracy of 
measurement. One type of disturbance appears at tip Reynolds 
numbers in excess of 60 and results in increased damping which, 


motions’ 


however, retains good reproducibility. The second type appears 
even at very low Reynolds numbers and results in random vari- 
ations of the damping and very poor reproducibility. The for- 
mer phenomenon appears to coincide with the onset of motion in 
planes normal to the disk, which motion was observed in liquids 
by Foch and Barriol [37]. 


motions is still somewhat uncertain although there is some evi- 


The exact nature of these secondary 


dence that the first is in fact a motion of the type mentioned pre- 
viously while the second is a free convective motion resulting 
from small temperature differences of the order of 0.02 C between 
the top and bottom of the container. A theoretical and experi- 
mental investigation of these secondary phenomena is under way 
it Case Institute of Technology. 

Accordingly, in the measurements of the viscosity of steam a 
compromise was struck in providing two fixed plates at a distance 
of approximately 4 mm from the disk with partial compensation 
for thermal expansion. The measurements of the viscosity of 
water were carried out using a steel sphere oscillating in a large 
container. 

In this latter case the results were evaluated using an exact 
solution relating the viscosity to the decrement of the oscillatory 
motion with appropriate corrections, for the damping due to 
This 


exact solution has been obtained by several authors and is given, 


uncillary parts of the oscillating elements, being applied. 
e.g., in reference [36]. Thus the measurements in water may be 
The results obtained for steam 
evaluated using the calibration method of Kestin and Wang [36], 


regarded as absolute. were 
nitrogen at 25 C andJ75,C and helium at 25 C having been used 


as standards. . 
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Experimental Arrangement and Method of Measurement 


The general arrangement of the apparatus was described in an 
earlier paper [38] and only a brief résumé will be given here for 
completeness, pointing out some important modifications intro- 
duced prior to commissioning. Fig. 1 shows a schematic diagram 
of the apparatus. The bomb (1) rests on three columns (2) on the 
upper race of ball bearing (3). The bearing has three tungsten- 
carbide balls with inserts of the same material brazed into the 
races. A fourth ball in the center of the bearing, pressed into two 
conical seats, prevents lateral movement of the races. The lower 
race is supported by three leveling screws on the foundation plate 
which in turn rests on a concrete foundation set some 2 ft below 
floor level to eliminate vibrations. The bomb is enclosed within a 
copper cylinder (4) with sheathed Pyrotenax heating wire brazed 
The outer cylinder (5) made of steel has similar 
heating wire brazed on its outer surface and is covered by 3-in- 
All the windings are bifilar to reduce 
electromagnetic effects. Additional cartridge heaters are located 
in the bearing races and the foundation plate. 
municates with the outside through the tube (6) which is pro- 
vided with a heater (7) followed by a cooler (8) to locate the 
This arrangement was based on one 
The flexible coil (9) provides a connection 


on the outside 
thick molded insulation. 


The bomb com- 


water-stream interface. 
used by Keyes [39]. 
to the vacuum pump (10), or filling arrangement (11) and pres- 
sure gage (12). The pressure generator (13) in the filling line was 
used to raise the pressure of water. The decrement of the oscilla- 
tion is measured by observing the reflection of a high-precision 
back-lighted glass scale (14) in a mirror, attached to the oscillat- 
ing element, through a telescope (15). The heater elements are 
on several independent adjustable circuits to insure maximum 
uniformity of temperature. Final thermostatic control is effected 
by an Electron-O-Therm regulator provided with a resistance 
Four thermocouples 
spaced within the walls of the bomb serve to measure the tem- 


sensing element. manganin-constantan 
perature while four other chromel-alumel thermocouples, placed 
within the inner and outer enclosures, are used for regulation pur- 
poses. All thermocouples have been calibrated with reference to 
NBS certified precision mercury-in-glass thermometers and an 


NBS calibrated Pt-Pt Rh thermocouple. 








The bomb, with the disk installed, is shown in Fig. 2. The 
main parts of the bomb are made of Type 347 stainless steel and 
the bolts and screws of Inconel-X. The disk (1) is suspended 
from a column (2) which may be adjusted both in length and in 
lateral position so that the wire may be set exactly in the axis of 
the ball bearing. The fixed plates (3) are suspended on a five- 
stage compensating system (4),* each stage consisting of three 
rods of either stainless steel or Kovar-A. In this manner the up- 
ward movement of the disk relative to the plates caused by ther- 
mal expansion is partly compensated. With the disk initially 
displaced slightly from the mean position, the uncertainty in the 
sizes of the gaps is reduced to about 0.05 mm, as shown in Fig. 3. 
The resulting error in the viscosity is less than 0.1 per cent. 

The main seals consist of an annealed copper gasket (5) with 


* For the sake of clarity, only three stages are shown. 








Fig. 1 Line diagram of installation 


HIGH PRESSURE WINDOW 


Fig. 2 High-pressure bomb 
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Fig. 3 Compensated suspension system for steam 


an external steel backing ring (6), as shown in theinsert. This ar- 
rangement proved very effective. The window (7) was bonded 
to the frame (8) with epoxy resin, and the deterioration of the 
bond at 270 C limited the range of the instrument. Numerous 
attempts at sealing the window without bonding failed. An 
absolute seal was essential since even a very slow leak was found 
to affect the motion of the fluid and hence the measured decre- 
ment. 

During the measurements with water, the disk and plates were 
replaced by a stainless-steel sphere, also shown in Fig. 2. 

The oscillation was started by rotating the bomb and inner 
cylinder slowly through a small angle and returning to the original 
position. 

Measurements were carried out in series at constant tempera- 
ture, starting from the highest pressure and subsequently re- 
ducing the pressure in suitable steps. At each condition a 
minimum of three separate measurements was taken. Each 
measurement consisted of the observation of 10 to 15 successive 
amplitudes of oscillation and a simultaneous determination of the 
mean period of oscillation. Between measurements ample time 
was allowed for the motion of the fluid to damp out. During 
each set of three measurements in water the temperature was 
constant within +0.02 C and during measurements in steam: it re- 
mains constant within +0.05 C. In addition, the four thermo- 
couples installed in the bomb showed readings within +0.05 C 
from their mean with the exception of the highest temperature 
series in steam, when one of the thermocouples became inopera- 
tive and the remaining three showed deviations of +0.1 C from 
their mean. 


Calibration, Corrections, and Reduction of Data 


The decrement of the oscillation A was computed from the fol- 
lowing equation: 


N-—m-—1 


1 l 
o@ N-m-l1 pm 2rm 


n=1 


a, + 28, + Oat 
. = 
An+m + 2am + Antmt 


A 


(1) 


where 
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= - £§, = tan be 
L L 
and a,, and b,, denote the nth successive linear amplitudes to the 
left and right of the zero position, respectively, and L is the dis- 
tance from the axis of oscillation to the center of the scale. N is 
the total number of oscillations observed and m determines the 
number of oscillations over which the logarithmic decrement is 
computed. The parameter m was varied from 5 to 7 to keep the 
natural logarithm as close as possible to 1.28 since it may be shown 
that the highest accuracy is then attained. The foregoing equa- 
tion eliminates errors caused by the center of the scale not coin- 
ciding with the center of the oscillations, as well as the observer’s 
error caused by the change in the direction of motion of the scale’s 
image. It has been used in the Kammerlingh-Onnes laboratory 
in Leiden (courtesy Dr. G. J. van der Berg). No correction was 
applied for refraction of the light since a preliminary calculation 
has shown that this correction cancels out when the decrement is 
calculated, except for a residual error not exceeding 0.02 per cent. 

The viscosity of water was calculated using the following equa- 

j8rR® 


tion: 
an (4 as au’) ar PP 
[CCE en) +10 ($ =) 
(> + ad + ue + “ ain.) |""t (3) 


where 6 = 


a, = tan 


(2) 


5 = 


v/a is defined as the boundary-layer thickness in 
terms of the kinematic viscosity and the circular frequency of the 
oscillating system in vacuum @. The remaining symbols have 
the following meaning: 
R radius of sphere = 1.1251 + 0.0001 in. 
@ = period of oscillation relative to that in vacuum 
T/T» 
decrement of oscillation with only the mirror im- 
mersed in water 
= moment of inertia of entire suspension system 
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For the derivation of the principal terms of this equation ref- 
he consulted 


erence [36] may The terms containing Rp, Re, 
and so on, represent the correction for the viscous drag on the 
mirror-carrying rod. The equation was solved for 6 by an itera- 
tion method. 

The parameters 7, and A,’ were determined in separate ex- 
periments, the former by measuring the period of oscillation of the 
actual suspension at room temperature in vacuum and applying 
a temperature correction for the variation of the elastic properties 
of the suspension wire which variation was measured in a separate 
instrument described elsewhere [40]. The decrement due to the 
drag on the mirror A,’ was determined by observing the oscilla- 
tions with only the mirror submerged. The additional drag on the 
remainder of the suspension resulting from low-pressure steam 
was accounted for. The resulting correction is shown in Fig. 4, 
where the two curves correspond to two gaskets of different thick- 
nesses employed in sealing the window, thereby altering the 
geometry of the instrument in the immediate vicinity of the 
mirror. 

The viscosity of steam was evaluated using the correction 
method of Kestin and Wang [36] which reduces, as may easily be 


shown, to the following expression: 


correctior 


Mirror correction 


4 (4 


sinh x 


= A.) 


cosh z — cos Y 


rk ,* 5 | 
Dr ) 
I ‘ Pi 


sin y d 


cosh z= Cos ¥ i 
In this equation, in addition to terms defined previously, there 
appear the following: 


A decrement of the oscillation in vacuum (due to internal 

friction of material of suspension wire) 

radius of quartz disk = 1.3777 + 0.0001 in 

thickness of disk = 0.043 + 0.00002 in. 

[1 + (34/2) — (3A*/8)}//2 6” 

[1 — (4/2) + (A*/8)]/V 2 0 

distance between upper plate and disk = 0.1567 in 

distance between lower plate and disk = 0.1503 in 

(b; + be)q,/6 


(b, + be)qi 6 


The decrement in vacuum A, may be shown to be independent 
of the length of the wire and could therefore be determined, as a 
function of temperature, in a separate calibration experiment 
[40]. It should be noted that in the range of interest the internal 
friction of the material of the wire is independent of stress and 
frequency [40]. The temperature dependence of the elastic con- 
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Fig. 5 Correction curve 


stant of the wire (and hence 7) was determined in the same 
calibration experiment. 

Equation (4) was first used to determine the variation of the 
correction factor C with the dimensionless boundary-layer thick- 
ness 7 6/R,. This was done using gases of known viscosit 
namely, nitrogen at 25 C and at 75 C and helium at 25 C. These 
gases were chosen since their viscosity data at the foregoing tem- 
peratures are believed accurate to within 0.1 per cent. The nitro- 
gen used was 99.95 per cent pure, while the purity of helium was 
99.9 per cent. The resulting calibration curve is shown in Fig. 5, 
where the solid line represents the constant edge-correction fac- 
tor derived from Newell’s theory [33]. It should be noted that 
the points obtained from the two gases and also from nitrogen at 
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the two temperatures all lie on a single curve which substantiates 
the hypothesis that for a given geometry of the disk and plates, 
the correction factor is a function of zx) only and hence measure- 
ments at elevated temperatures are possible using a correction 
curve obtained at lower temperatures. 

\ considerable number of measurements were carried out 
initially at room temperature and varying pressures, mainly in 
order to test the behavior of the instrument but also to check the 
reproducibility of the results obtained with various samples of 
ivailable distilled water. The results of these measurements 
need not be quoted here except for one important phenomenon 
which was observed. Briefly, with several samples of water, 
tested at a temperature of approximately 20 C, each showed a 
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different viscosity prior to compression. After being compressed 
to a pressure of about 5000 psi, all samples gave about the same 
values of viscosity, at least within the experimental accuracy. 
This was first noticed when a sample of fresh distilled water which, 
after induction into the instrument, was deaerated carefully by 
evacuation for a prolonged period of time, gave at 19.83 C a 
value of viscosity of 1.0092 centipoises. Using a temperature 
coefficient of 0.024 centipoise per deg C, this yields a value of 
1.0051 centipoises at 20 C. Since the accuracy of this determina- 
tion may be estimated at +0.2 per cent, the value agrees well with 
the determinations of Héppler [41] and Swindells, et al. [42]. 
After a series of experiments at various temperatures and at pres- 
sures up to 5000 psi, the viscosity of this sample was measured 
again at 20.17 C and 3.73 atm giving a value of 0.9862 centipoise, 
which after correction to 20 C yields 0.9894 centipoise. The dif- 
ference in pressure between 1 atm and 3.73 atm cannot cause 
any sensible change in viscosity, as indicated by both the pre- 
liminary and final measurements. It must be noted that be- 
tween these two determinations the water was kept always under 
pressure, so that no air could leak in. 

A second sample consisting of somewhat stale distilled water 
was then introduced into the instrument and its viscosity was 
measured first at atmospheric pressure, then at 341 atm, and 
finally again at atmospheric pressure. These results are sum- 
marized in Table 1. 

Finally, the third sample tested was the one whose viscosity was 
later measured over a wide range of temperature and pressures. 
This sample consisted of triple distilled water, prepared under 
vacuum, in a special still and introduced under vacuum into the 
viscometer. The viscosity of this sample was not measured prior 
to compression, but the value obtained, after compression to about 
340 atm, at 20 C and 40 psi was 0.9877 centipoise, which agrees to 
within 0.18 per cent with values obtained for the other two 
samples. 

Extensive experimentation would be required to establish the 
cause of this effect, particularly since both an increase and a de- 
crease in viscosity appear possible. One might note here that a 
permanent change in the viscosity of water was noticed by War- 
burg and Sachs [43], who were unable to determine its origin, but 
assumed that it is caused by dissolved air. In the present case 
the water samples were deaerated carefully before measurements 
were taken. The effect of compression was also investigated in 
reference [42], but no change was observed after compression to 
3 atm. With the two exceptions mentioned, the author was not 
able to find evidence in the literature of any viscosity measure- 
ments on precompressed samples of water. 

With regard to the data reported in the following, they were all 
obtained with water previously subjected to a pressure of 340 atm. 

The actual experimental results are summarized in Table 2, 
and Fig. 6 shows the viscosity isotherms corrected in a linear man- 
ner for small temperature deviations. The corrections necessary 
never exceeded 1 per cent and are generally about 0.3 per cent. 

The viscosity at 3.72 atm and at 340 atm is plotted versus tem- 
perature in Fig. 7. The results at 3.72 atm may be considered 
equivalent to those at atmospheric pressure, since during the pre- 
liminary experiments no change in viscosity over this small pres- 
sure range could be detected. 

The pressure coefficient appears to change sign at about 35 C, 
which agrees very well with the inversion point at 32 C found by 
Hauser [44]. The 28 C isotherm exhibits a very slight minimum 
of viscosity at approximately 200 atm, which may be expected 
from the results of Bridgman [45] who has found the pressure, at 
which the minimum occurs, to decrease as the temperature in- 
creases. At 24 and 20 C the minima are probably outside our 
range of pressure. 

In view of the foregoing it becomes clear that the assumption of 
a simple functional dependence of the viscosity on density, as was 
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Table 1 Effect of compression on viscosity of waier 


Scatter of 
measured values 
+0.0012 
—0.0008 
+0.0007 
—0.0013 
+0.0010 
—0.0009 


m corrected 
to 20 C 


0.9840 


P, atm t, deg C 


“ 
1 20.88 0.9658 


20.93 0.9584 0.9768 


20.93 0.9701 0.9895 


Table 2 Experimental viscosity of water 





Viscosity Centipoise 





185.52 




















employed by many investigators, cannot be true in the range 
covered, since the density increases with pressure at all tempera- 
tures between 20 and 200 C. 

Fig. 8 shows the deviations of selected previously published 
data at low pressures [41, 42, 46, 47, 48, 49, 50, 51] from the 
smooth curve drawn through the present results, obtained at 
about 3.7 atm. Good agreement is found with the results of 
Hardy and Cottington [46] and Sigwart [47] particularly at 
higher temperatures, but it will be noticed that the deviations 
are not uniform for any one set of previous measurements. 

At 20 C the present measurements are about 1.3 and 1.9 per 
cent lower than those of references [42 and 41], respectively. 
How much of this discrepancy results from the effect of com- 
pression, described previously, is difficult to establish since this 
effect was not sufficiently investigated. However, the measure- 
ments with uncompressed water gave results within +0.3 per 
cent of both the foregoing determinations. 

Figs. 6 and 7 show also the comparison with the data of Timrot 
[52]. It is interesting to note that at 132.5 C he noticed no 
pressure effect between 100 and 200 atm and that at 203 C his 
results are about 17 per cent higher than either the data of Sig- 
wart [47] or the extrapolated present results. 

In view of the uncertainty as to the actual magnitude of the 
effect of compression, a much better comparison is afforded by 
the ratio of the viscosity at temperature ¢ C to that at 20C. Such 
a comparison with the data of Weber [53] and of reference [46] 
is given in Table 3 which also shows the smoothed viscosity values 
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Fig. 6 Viscosity isotherms for water 
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Fig. 7 Variation of viscosity of water with temperature 
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Fig. 8 Comparison of present measurements of viscosity of water with previous data at 1 atm 


Table 3 Smoothed values of viscosity of water from the present investigation at atmospheric pressure and the 


~ average values of the pressure coefficient between 1 atm and 340 
bo t/ Ho, 20 %- x10" I 
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Cottington water at a pressure of P atm and a temperature of t C may be ob- 
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Viscosity of Steam 


The results of measurements of the viscosity of steam are 
summarized in Table 4. 
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These data were subsequently corrected to constant tem- 
peratures of 138, 168, 198, 232, and 267 C, respectively. Since 
the temperature coefficient does not exceed 0.4 per cent per deg C, 
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linear temperature corrections were deemed sufficiently accurate 
and the appropriate temperature coefficients were derived from 
reference [54]. 

The results of this computation are shown plotted in terms of 
pressure in Fig. 9. Again excellent regularity of the results is ob- 
served; the deviations from smoothed curves are always less than 

t, p X 10’, P, t, " : 0.1 per cent. 
deg C poise atm deg C i 


Table 4 Experimental viscosity of steam 


The two points showing deviations of 0.2 per cent from the 
258.7 1881 27.74 231 .§ 725 smooth curves represent the first two measurements, carried out 
234 1762 20.19 231 
° z31 tures of 259 and 234 C, respectively, and their excessive devia- 
198 1604 9.37 231 ap sabaces ec Peadhoay, wo torstipe . 
198. 1611 317 231 8 f tion may be ascribed partly to the comparatively large tempera- 
198 1618 2.36 231 5s ture correction, applied in order to bring them in line with the re- 
198... 1579 7 nee maining measurements. A rather unexpected result may be 
198 + 1590 70 266.: 1880 . : ne * : ; , 
5 85 266 6 1877 noticed in that the viscosity of steam is shown to decrease to a 
167.! : 28 36 266 { 1886 small but marked extent with pressure. The decrease becomes 
167 .! 21.76 266 .§ 1891 progressively smaller as the temperature increases and at the 
167 .6 HY 5.00 267 1902 
§. 29 267 1909 


at approximately constant density. They were made at tempera- 


highest isotherm of 267 C the viscosity becomes constant at pres- 
sures above 35 atm. The decrease amounts to 0.9 per cent at 
130 C between pressures of 1.5 and 2.3 atm and to 1.4 per cent 
at 267 C for a pressure change from 8.2 to 41.7 atm. 
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Fig. 9 Viscosity isotherms for steam 


Direct comparison with previously published data is not 
Suf- 
ficient uncertainty is attached to the measurements of Speyerer 
55] and Hawkins, Solberg, and Potter [56] to make attempts at 
comparison pointless. 


possible, since no reliable ones exist in the range covered. 


However, some indirect checks may be made. Thus, for ex- 
ample, a straight-line temperature correction of the present results 
at 267 C and 26 atm to 276.3 results in a value of 1925 x 10 
poise, which agrees within 0.3 per cent with the value of 1932 x 
10-7 poise, measured by Sigwart [47]. In addition, his measure- 
ments at this temperature indicate almost no variation of the 
viscosity of steam with pressure. The trend of the present results 
indicates that such may be the case at a temperature about 280 C. 

The extrapolation of measured data to a pressure of 1 atm re- 
veals very good agreement with values computed from 

25.64 /T 
' A. 1371 x 10 37.4/T 
+ 


< 10~* poise (6) 


This equation is suggested in reference [2] and represents a cor- 
relation of all published low-pressure measurements. The com- 
parison is given in Table 5. 

The data reported, cover too small a range to attempt a cor- 
relation, and further experimental work is necessary. It ap- 
pears, however, that a correlation of the excess viscosity u(p, t) — 
u(0, t) in terms of a single function of density, such as proposed 
by Keyes [57], would fail in the region covered by the present 
measurements. 

This conclusion appears to agree with previous measurements 
in steam where both the available lower temperature data, as well 
as the highest temperature measurements of Timrot [52] show 
marked departures from a single curve of excess viscosity versus 
density [2]. 

No definite explanation of the observed anomalous behavior of 
steam in the low-pressure range can be offered at the present time. 
One may speculate, however, that an agglomeration of molecules 
near the saturation curve may be responsible for the decrease of 
viscosity with pressure. 

In assessing the accuracy of the foregoing measurements, a 
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Table 5 Viscosity of steam at 1 atm 
yoise ———- —— — 
‘rom equation (6) 


————z X 10’ 
From measured data 
(extrapolated ) 

1922 

1764 

1626 

1540 

1400 


Temp, deg C 
267 
232 
198 
168 
138 


1883 
1752 
1626 
1514 
1403 


clear distinction must be made between the absolute and relative 
precision. In view of the excellent reproducibility of the results, 
and their strikingly regular behavior, as well as careful elimina- 
tion of secondary effects, it is believed that the relative precision, 
particularly when comparing data at the same temperature, is of 
the order of 0.2 per cent. With regard to the absolute accuracy, 
it is necessary, however, to make a much more conservative 
estimate since uncertainties are still present regarding the exact 
theory of the measurements. An additional uncertainty is intro- 
duced by the fact that when the measured data of the period of 
oscillation were extrapolated to 25 C, the resulting value was 
34.630 sec as compared to 34.890 sec measured in vacuum at 35 C 
prior to filling the instrument with steam. This was the only 
time that such a change in the period of oscillation was en- 
countered and no explanation can be offered. The experiments 
could not be repeated owing to the failure of the starting mecha- 
nism. The lower value of the period was used in the calculations 
and in view of the fact that the viscosity depends primarily on 
T,'/*, there is a residual uncertainty of 0.35 per cent. 

If the possibility of relative movement of the disk and plates, 
and other errors, are accounted for one arrives at an estimated 
absolute accuracy of 0.7 — 1 per cent. 


Conclusion 


The foregoing results indicate that the method of small oscilla- 
tion provides an excellent alternative to the usually employed 
capillary-flow technique of measurement of viscosity. It is 
capable of excellent reproducibility but in order to extend the 
range of operating conditions, while maintaining high absolute 
accuracy, some development is still necessary. For the present 
work, large-scale design modifications were not feasible. 


Transactions of the ASME 





The measured values of the viscosity of steam fill a gap in the 
range of investigated conditions and will, it is hoped, contribute 
to the effort aimed at obtaining reliable measured viscosity data 
over a wide range of temperatures and pressures. 

The data for water confirm the earlier measurements of Sig- 
wart, Hardy and Cottington, and others, but the effect of compres- 
sion on the viscosity requires additional investigation. 
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DISCUSSION 
Charles F. Bonilla‘ 


Our previous work on the viscosity of steam at atmospheric 

ire’ vielded a very definite straight-line plot of 7°'/*/u versus 
1/T over the range of 0.0008 deg K~! (ca. 1000 deg C) to 0.002 
This result was strongly confirmed by an identical 


with the 


M7 deg ( 


finding similar heavy water molecule. However, Pro- 


fessor Moszynski’s equation (6) contains an appreciable curva- 
While the capillary efflux viscometer should be particu 


wecurate 


for determining relative effects of temperature, 
partic over wide temperature ranges, due to its simplicity, 
the oscillating body viscometer may be even more precise an in- 
strument over its range 
It would th 


measuremen 


its on steam with Professor Moszvynski’s viscometer 


of considerable interest to carry the 


is seem to be 


to somewhat higher temperatures than those in Table 5, if feasible, 


Sutherland 
In this connection, what 


or disprove the straight-line relation (a 
for this type of molecule. 
does seem to be the high-temperature capability of this instru- 


ment, and of the method in general? 


J. Kestin 


I am sure that the audience will be interested to hear about the 
levelopments which took place during the two years since the 
measurements described in the paper were completed. So far, 
we have remeasured only the steam values and I shall confine 
my remarks to these 

When the first results began to appear and to show that the 
viscosity of steam at rather low temperatures decreases along an 
isotherm with increasing pressure or density, I was surprised 


* Columbia University, New York, N. Y 

‘C. F. Bonilla, 8. J. Wang, and H. Weiner, “The Viscosity of 
Steam, Heavy-Water Vapor, and Argon at Atmospheric Pressure Up 
to High Temperatures,” Trans. ASME, vol. 78, 1956, p. 1285. 

6 Professor of Engineering, Brown University, Providence, R. I. 
Mem. ASME 
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and quite skeptical. A result of this kind is incomprehensible in 
terms of statistical mechanics without postulating the existence 
of two kinds of molecules. In order to explain these results one 
would have to admit the possibility of a process whose over-all in- 
fluence would be to effect an increase in the mean free path of HO 
molecules. The simplest way in which the mean free path can in- 
crease is by the removal of some molecules from the available 
volume, say by the agglomeration of molecules into more complex 
entities. Since the H,O molecule is strongly polar, one could 
imagine that for relatively short periods of time two, or even 
more, such molecules would become trapped in each other’s fields 
of force and move as one ensemble, leaving, so to say, more room 
for the others. If this were the case, one would expect the effect 
to be stronger near the saturation line, and near that portion of it 
where the change in volume on condensation is largest. The reason 
for asserting this is the fact that along the saturation line the HO 
molecules lose their mutual mobility and coalesce into water 
Thus 
molecular agglomeration could be regarded as a forerunner of 


droplets as energy is removed from them by cooling. 


condensation, in agreement with the trends revealed by the in- 
vestigation 

However, the preceding explanation constitutes an ex post 
rationalization of a puzzling result. In addition, as is usual in 
experimental work, one did experience certain difficulties which 
The 
main difficulties were associated with the arrangement for heat- 
ing the instrument and for controlling its temperature; further, 
the bearing on which the instrument rested was enclosed inside 


could have led to some falsification of the measurements. 


the heat envelope and at the later stages of the investigation the 
instrument could be rotated on the bearing only with some dif- 
ficulty; finally, natural convection currents caused the observer 
For 


all these reasons it was decided to continue with the measurements 


to see a “shimmering’”’ rather than a uniformly moving scale. 


in order to remove such doubts as far as possible and to see 
whether the elimination of experimental difficulties would or 
In all, 


two such modifications were undertaken, one partially, and the 


would not make a significant change in trends observed. 


other, in our opinion completely successful. The first modification 
consisted in designing a jacket around the instrument through 
which hot glycerine was circulated from a smali thermostatic 
bath, as shown in slide 1.7 The bearing was kept at atmospheric 
pressure and a funnel eliminated free convection from the front 
of the window. This modification proved only partly successful 
owing to the inadequacy of the thermostat and its circulating 
pump and to the high viscosity of glycerine at temperatures 
near 100 deg C. The second modification consisted in the pro- 
bath 


Union Carbide Corporation's 


vision of a mechanically superior thermostatic which 


circulated so-called “Ucon,” a 
proprietary heat-exchange fluid, and in some minor, but never- 
theless important, mechanical improvements, particularly to the 
quartz window and to the miniature chuck holding the disk and 
Suspension wire 

In our Series 2 measurements (described in a paper by J. Kestin 
and H. E.. Wang, “The Viscosity of Superheated Steam Up to 
250° C,”" to be 
disaster in that on dismantling it was found that the quartz disk 
had cracked. There was sufficient circumstantial evidence to 
show that cracking occurred after the completion of the tests, but 
enough doubt remained to induce us to undertake a third series of 
measurements. 


published in Physica)’ we suffered a minor 


This has just been completed with the co-opera- 


tion of Dr. P. D. Richardson, Assistant Professor of Engineering 


? Note added in proof. Since both slides shown during the meet- 
ing have now appeared in print, there is no need to reproduce them 
here. Slide 1 appeared as Fig. 3 in “The Viscosity of Helium,”’ by 
J. Kestin and W. Leidenfrost, Physica, vol. 25, 1959, p. 537, and 
slide 2 appeared as Fig. 4 in ‘“‘The Viscosity of Superheated Steam 
Up to 270° C,” by J. Kestin and H. E. Wang, Physica, vol. 26, 1960, 


coc 


p. of0. 
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at Brown University, and the instrument seems to have per- 
formed without any flaws, having been operated for about five 
weeks without interruption under thermostatic control with the 
circulating pump operating continuously. At the present time 
we have evaluated the results from Series 3 in a very preliminary 
way only, and the discusser shall confine himself to discussing 
Series 2, and to a short remark about Series 3. 

The results obtained in Series 2 are shown compared with the 
author’s in slide 2, from which it is seen that the agreement is re- 
markably good. Individual values, except along the lowest iso- 
therms, agree to within a fraction of one per cent, and the trends 
are identical. The combined results provide a sufficient number 
of experimental points to give reasonable confidence in the ex- 
trapolations to zero pressure and to the saturation line. 

The preliminary results from Series 3, which I cannot show on a 
slide because they were completed only last week, do not seem 
to agree quite so well with those of our Series 2 and the author’s 
Series 1, but even so, the discrepancies do not exceed | per cent. 
The important point, however, is that at the lower temperatures 
the viscosity of steam still decreases with increasing density along 
an isotherm, lending support to my previous microscopic hypothe- 
sis. The slope increases in the vicinity of the saturation line and 
decreases as the temperature is increased. However, the most 
important feature of Series 3, not visible in either Series | or 2, is 
the circumstance that by increasing the upper temperature limit 
of operation to 285 deg C we succeeded in locating the isotherm 
along which the viscosity remains constant (at 270 deg C) and 
one along which the density coefficient of viscosity is positive, 

285 deg C), 
peratures. 


as it presumably continues to be at higher tem- 


In accepting these results the discusser wishes to emphasize one 
point made in the paper, namely, that most uncertainties in the 
determination were functions of temperature and that, conse- 
quently, the relative values measured along one isotherm were 
very precise, being burdened with errors of the same magnitude, 
and differing, therefore, by at most 0.2 per cent. 

The discusser wishes to record here the debt we 
Prof. F had many profitable ex 
changes and to the ASME Committee on Steam Properties which 


all owe to 
G. Keyes with whom we 
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continued to provide not inconsiderable funds for this work. I 
should also like to mention the name of Prof. W. Leidenfrost 
now of Purdue University, who suggested several essential modifi- 
cations and that of Mr. M. Mello of the staff of the Brown Uni- 
versity Engineering Laboratory whose skill kept us in operation 
through many difficulties. 


Author's Closure 


Equation (6) was obtained by a least-squares correlation of all 
low pressure data available until 1958, using a modified Suther- 
land equation in the form suggested by Prof. F. G. Keyes, [57] 
The 
points chiefly responsible for the curvature have all been obtained 
at temperatures below 200 C. 


Details of the correlation are described in reference [2 


It is entirely possible that in the 
range indicated by Professor Bonilla, the simple Sutherland equa- 
tion would fit the experimental data equally well or better than 
equation (6). In view of Professor Keyes’ experience with several 
gases [57] one would tend to conclude that at lower temperatures 
the failure of the Sutherland equation is not restricted to polar 
molecules 

It is interesting to note that equation (6) represents quite well 
the most recent Russian data of Shifrin,* as shown in Fig. 10. 

With regard to the question of accuracy it is this writer’s be- 
lief that the oscillating-body viscometer offers at least an equally 
precise alternative to the efflux viscometer and should provide a 
very useful confirmation of the data obtained by the latter 
method. The reproducibility and relative accuracy of measure- 
ment appear even to surpass those achieved in the most precise 
measurements using a capillary. 

In extending the range of the instrument to higher temperatures 
two major difficulties will have to be overcome. The first is the 
p irasitic damping of the suspension wire, which increases quite 
rapidly at elevated temperatures. The use of quartz fibers and 
tubes, currently being tried at Case, offers some hope of eliminat- 
ing this problem. The second difficulty is the largely unknown 

* A. 8. Shifrin, “Viscosity of Steam at Atmospheric Pressure,”’ 
Teploenergetika, vol. 6, 1959, p. 22. English translation by Morris D 
Friedman, Ine. 
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Fig. 10 Comparison of measured data with those of Shifrin 
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nature of the secondary motion. It is hoped that a study now in 
progress will shed sufficient light on this problem to permit pre- 
diction of conditions under which these secondary motions occur. 

It was very gratifying to hear that the somewhat unexpected 
results and data reported in the paper were confirmed by subse- 
quent measurements. It would indeed be surprising if the very 
close agreement of the present data with those reported by Pro- 
fessor Kestin and Dr. Wang were merely coincidental. The hy- 


pothesis of agglomeration or clustering of the molecules, sug- 


124 / may 
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gested to the author by Professor Keyes and discussed by Pro- 
fessor Kestin, appears to be supported by, e.g., x-ray diffraction 
measurements,’ and also to some extent by the conclusion of 
Dorsey” that temporary clusters of double molecules exist in 
steam at densities in excess of about 0.03 gm/cm!‘. 

* F. G. Smith, “Review of Physical-Chemical Data on the State of 
Supercritical Fluids,’’ Economic Geology, vol. 48, 1953, p. 14. 

” N. E. Dorsey, “‘Properties of Ordinary Water Substance,”’ Rein- 
hold, New York, N. Y., 1940. 
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Mixtures at One Atmosphere 


By measuring laminar recovery factors in a high velocity gas stream, experimental de- 
terminations were made of the Prandtl number of carbon dioxide over a temperature range 
from 285 to 450 K and of carbon-dioxide air mixtures at an average temperature 
of 285 K with a predicted maximum error of 1.5 percent. Thermal conductivity values 


were deduced from these Prandtl numbers and compared with literature values measured 


by other methods. 


Using intermolecular force constants determined from literature 


experimental data, viscosities, thermal conductivities, and Prandtl numbers were 
calculated for carbon-dioxide air mixtures over the temperature range 200 to 1500 deg for 
mixture ratios from pure air to pure carbon dioxide. 


Introduction 


RANSPORT PROPERTY information for carbon dioxide 
and carbon-dioxide mixtures is useful for a variety of engineering 
and scientific purposes. At the present time, however, such data 
are not plentiful and are available mainly in the area of dilute, 
low temperature gases (below 700 K). 

An important parameter in convective heat-transfer processes 
is the Prandtl number (nc,/A), which contains two transport 
properties, the thermal conductivity (A), and the dynamic viscosity 
(m). Usually the thermal conductivity, specific heat, and vis- 
cosity are determined separately and the Prandtl number calcu- 
lated from its individual properties. Thus Prandtl number in- 
formation has the same reliability as the combined accuracies of 
its constituents. 

A survey of the available literature on the thermal conduc- 
tivity, specific heat, and viscosity of gases indicates that the 
viscosity and specific heat are known to within 1 per cent over a 
wide temperature range but that the thermal conductivity data 
differ by as much as 10 per cent at temperatures near 700K. Thus 
this uncertainty will carry over into the calculated Prandtl 
numbers. 

The chief difficulty accounting for the uncertainty in measured 
thermal conductivities arises from the fact that the conventional 
measurement technique; i.e., the application of Fourier’s equa- 
tion to thin gas layers, requires a knowledge of the heat flow 
through the layer. This heat flow is difficult to measure ac- 
curately since conduction losses from the apparatus, convection 
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effects in the gas layer, and radiation exchange through the layer 
must be accounted for by corrections to the data. In addition, to 
avoid undesirable free convection currents, the gas pressure is 
often reduced to the point where the data require temperature 
jump corrections whose accuracy is questionable. 

The basis of the present work which attempts to circumvent the 
above difficulties is a reversal of the conventional procedure. An 
experimental method is utilized which measures the Prandtl 
number directly and the thermal conductivities are calculated 
from the Prandtl number. These thermal conductivities have 
accuracies which compare favorably with data obtained from 
more conventional techniques as well as furnishing an independent 
check because of the difference in methods. 


Experimental Apparatus 


A description of the experimental technique for Prandtl num- 
ber measurements has been reported previously [1, 2, 4],' and 
only a brief discussion will be presented here. The method con- 
sists of expanding the gas to be investigated through a convergent 
nozzle with the pressure ratio adjusted so that the velocity of the 
issuing gas is slightly subsonic. Suspended along the nozzle 
axis is a butt-welded differential thermocouple constructed so 
that one junction is upstream of the nozzle where the velocity 
is low and the other junction is immediately downstream from 
the nozzle exit plane. 

With this arrangement, the upstream junction under proper 
conditions is in temperature equilibrium with the total tempera- 
ture of the gas stream and the junction near the exit plane as- 
sumes the recovery or adiabatic wall temperature. By proper 
selection of the geometry and flow conditions, the boundary layer 
over the downstream junction approaches a steady, two-dimen- 


1 Numbers in brackets designate References at end of paper. 
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termolecular potential func- 
tion, deg K 

heat-capacity ratio 

dynamic viscosity, grams/cm- 
sec 

thermal conductivity cal/cm- 
sec deg K 
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Q@2* = eollision cross section, func- 
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= species 1 
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= experimental 
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sional, laminar incompressible boundary layer over a flat plate. 
Thus the 
perature recovery factor to the Prandtl number of the fluid is 


solution of E. Pohlhausen [3] which relates the tem- 


pplicable. This solution which is given by 


Recovery factor = — - ; ’ L) 


illows the Prandtl number to be determined from a knowledge of 
the temperature difference between the total and recovery tem- 
peratures, the total temperature, and the nozzle pressure ratio 
wecording to the relation 


Pr 


I quation 2 


which follows from equation (1) by using the first law 
thermodynamics and the isentropic flow relations is the basis 
the experimental procedure and contains the quantities which 
ire measured directly 
In addition to the apparatus described in [2], special provisions 
ud to be furnished in the present experiments to determine the 
mixture concentration of the gases when mixtures of carbon diox- 
le and air were under consideration. The constituent gases 
vere introduced into a mixing tank from standard metal bottles 
ontaining dry air and carbon dioxide. Since the pressure of the 
mixture never exceeded 20 atmospheres, Dalton’s law of partial 
ires was used combined with 


press a compressibility corrected 
equation of state to obtain an equation for the mole concentration 
of the mixture which depends only on temperature and pressure 
measurements in the mixing tank. To check the applicability of 
Dalton’s law a separate set of temperature and pressure measure- 
ments were taken in the supply tanks, thus giving an independent 
heck of the mixture concentrations. These separate concentra- 
tion measurements differed in the worst case by a random scatter 
of 0.5 per cent, thus indicating the measurements are quite satis- 
factory 
\ careful analysis was made of the possible experimental 
errors which might exist in the Prandtl number determinations. 
[hese included such effects as instrument and calibration errors, 
radiation and conduction errors in the differential and total tem- 
perature thermocouples, the effect of substituting a cylindrical 
geometry for the Pohlhausen flat plate, and errors in the mixture 
oncentration determination. With the exception of two errors, 
namely, those introduced by gaseous radiation of the carbon 
dioxide surrounding the recovery junction and the measurement 
of the mixture concentration, a discussion of the error analysis is 
4 re-estimate was made 


given in {1 and 2]. Using this analysis 


or carbon dioxide. This re-estimate combined with a prediction 
of the mixture concentration measurement error, which took into 
sccount impurities in the gas, incomplete mixing, instrument and 
ilibration errors of the pressure gages and thermocouples, and 
ompressibility considerations, gives a maximum systematic 
error in the experimental carbon dioxide Prandtl number of 1.5 
A careful 


snalysis of the gaseous radiation of carbon dioxide to the recove ry 


per cent with random fluctuations of 0.5 per cent. 


junction and its shielding predicted negligible contribution to the 


systematic error. Since, as reported in [2], the air Prandtl! num- 
ber can be measured with a systematic error of 1 per cent and a 
random error of 0.5 per cent, the maximum deviation in the mix- 
ture Prandtl number was taken as 1.5 per cent with a random 
fluctuation of 0.5 per cent. The random error prediction was well 
substantiated by the experimental data and the maximum pre- 
dicted systematic error was taken as the uncertainty of the ex- 
perimental results 


It may be mentioned that the boundary-layer solution used in 
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relating the Prandtl number to the recovery factor did not take 
into account the possible effects of thermal diffusion arising from 
boundary-iayer temperature differences. Previous calculations 
[4] for the case of helium-air mixtures indicated that thermal dif- 
fusion may introduce a maximum uncertainty into the Prandtl 
number data of 1.2 per cent. For the present case of carbon- 
dioxide air mixtures, the greatly reduced thermal diffusion 
effect, because the ratio of molecular weights of the two gases is 
closer to unity, would indicate a negligible influence on the re- 
sults. 


Experimental Results 


Using the apparatus described in the previous section, the 
Prandtl number was measured for carbon dioxide at atmospheric 
pressure over the temperature range from 287 to 450 K. 
sults are shown in Fig. 1 and tabulated in Table 1. 
this figure indicates that the Prandtl number increases only 
slightly over this temperature range and that the random scatter 
of those data agrees well with the predicted value of +0.5 per cent 


The re- 
Reference to 





Table 1 Prandtl 
mospheric pressure 


meas ts for carbon dioxide at at- 


Temperature, deg K Prandtl number 
286 0.7450 
287 0.7428 
290 .§ 0.7420 
309: 0.7470 
312.; 0.7470 
32: 0.7524 
323 .6 0.7472 
325.6 0.7464 
325.6 0.7435 
335.6 0.7562 
335 0.7515 
339.{ 0.7500 
350 0.7492 
357 . 2 0.7514 
371.$ 0.7486 
373.5 0.7545 
377.; 0.7510 
401 0.7550 
418. ¢ 0.7525 
0.7560 
0.7524 
0.7525 








300 320 340 360 380 
TEMPERATURE °K 


400 


Fig. 1 
dioxide 


Experimental Prandtl numbers versus temperature for carbon 


The next series of experiments concerned the measurement of 
the Prandtl number of carbon-dioxide air mixtures at a tempera- 
ture of 285 K + 6 K over mixture concentrations from pure car- 
bon dioxide to pure air. The variation in the temperature level 
arose from changes in the environmental conditions for the 
different runs. These results are shown in Fig. 2 and tabulated 
in Table 2. The figure shows that the Prandtl number of mix- 
tures exhibits an interesting behavior in that the value at some 
mixture ratios may be lower than the Prandtl number of either 
pure constituent. A similar behavior has been noted previously 
in mixtures of helium and air [4]. The dashed line in Fig. 2 repre- 
sents calculated Prandtl numbers and will be discussed in a later 
section. 
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Table 2 Prandtl number measurements for carbon-dioxide air mixtures, 
T = 285 deg K + 6 deg K 
Mixture concentration 
mole CO-/mole mixture Prandtl number 

0000 0.7110 
0000 0.7080 
0000 0.7070 
.0548 0.7021 
0548 0.7032 
1162 0.7040 
1162 0.7032 
1957 0.7030 
1957 0 

4101 0.7 
4101 0.7 
6106 0.7 
6106 0.7 
7101 0 

7101 0 

9357 0 
0000 0 
0000 0 

0000 0 


080 
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Fig. 2 Experimental Prandtl numbers versus mole fraction for carbon- 
dioxide air mixtures compared with calculated values. T = 285 K. 


Analytical 


The problem of selecting an analytical method for determining 
the transport properties of binary gas mixtures has been con- 
sidered by a number of investigators. In a recent paper [4] such 
a study was carried out on helium-air mixtures, where a number 
of calculation schemes of varying complexity were checked against 
experimental results. It was found that the Chapman-Enskog 
theory combined with empirical mixture rules presented by 
Hirschfelder and his co-workers [5], using the Lennard-Jones 6-12 
molecular model, gave the most satisfactory agreement between 
theory and experiment for the helium-air mixture. Although the 
basic assumptions of the Chapman-Enskog theory for pure com- 
ponents apply only to nonpolar, monatomic gases, the theory may 
be usefully applied to polyatomic molecules that are not too non- 
spherical. The Eucken correction must also be used for the 
thermal conductivity to account for the additional degrees of 
freedom in the polyatomic molecule. In the case of carbon di- 
oxide, which is polyatomic, and very slightly, if at all, polar,? the 
calculated viscosity and thermal conductivity of both the pure 
components and mixture can be compared to experimental data 
with a restrained degree of confidence. The deviations between 
experimental data and calculated results will be discussed later 
The equations for the Lennard-Jones 6-12 molecular model that 


2 References [5 and 24] list carbon dioxide as a nonpolar molecule, 
whereas reference [25] associates a very slight polar moment to carbon 
dioxide. 
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were used for the property calculations in this paper are pre- 
sented in Table 6. 

Basically the foregoing method involves a kinetic theory calcula- 
tion in which molecular collisions are described by two parameters; 
o which is a characteristic distance of the interaction potential 
energy between two molecules (the average collision diameter in 
simple kinetic theory) and €/k which specifies the depth of the 
minimum in the potential energy of interaction. However, since 
the use of the theory is not completely rigorous, no physical mean- 
ing can be ascribed to €/k and o. Thus €/k and @ are constants 
which are adjusted such that the analytical results agree with 
existing experimental data. In the case of mixtures, effective 
values of o and €/k for interaction of unlike species are deter- 
mined empirically from the values of these parameters for the 


. F O11 + O2 € € 
pure constituents using ¢:. = ——>- and €/k)i2 = Ek 
1h fe 


where 1 and 2 refer to the species in question. Since viscosity 
data are the most accurate, the molecular parameters are usually 
determined from low temperature viscosity data (below 1000 deg 
K). These values are then used for predicting both the viscosity 
and thermal conductivity below 1000 deg K and at higher tem- 
Reference [4] 
indicated that both pure component and mixture properties can 
be predicted with greater accuracy if the molecular parameters are 
evaluated from the pure component viscosity and thermal con- 
ductivity data separately. This procedure has been followed in 
In all calculations, one set of molecular 
parameters for each property have been used over the entire tem- 
perature range of calculations (200 to 1500 K). 


peratures where data are scarce or nonexistent. 


the present paper. 


A number of calculations were performed in order to compare 
predictions with the experimental data presented in the previous 
section and to extend the property information for carbon-dioxide 
air mixtures into regions where no data exist. All of these calcu- 
lations, which are discussed below, were programmed on a Rem- 
ington Rand 1103 Computer. 


The first series of calculations concerned the thermal conduc- 
tivity of air. Existing literature data were statistically analyzed 
to give the best pair of force constants to be used for the thermal 
conductivity coefficient. The molecular force parameters ob- 
tained from the data are listed in Table 4 and the data sources 
are given in Table 5. The conductivity was then calculated for 
the temperature range of 200 to 1500 K and the results are shown 
in Fig. 3 as a solid line. Also shown in Fig. 3 for comparison are 
the experimental correlations from [6] and the recent high tem- 
perature data reported in [7]. Because of limited space the re- 
maining literature data were not presented in Fig 3. Since the 
calculated results represent a statistical fit of literature data 
whose uncertainty at 750 K is approximately 10 per cent, the un- 
certainty in the calculated results for temperatures in excess of 
750 K is at least 10 per cent. 

Fig. 4 shows the results of a similar series of calculations for the 
thermal conductivity of carbon dioxide. The molecular parame- 
ters and data sources are shown in Tables 4 and 5. Here the 
NBS correlation [6] only exists to a temperature of 600 K, but an 
extrapolation would indicate that for temperatures in excess of 
this amount the calculated values agree better with the data of 
Vines. Again, as in the case for air, if a comparison is made be- 
tween existing experimental data and the calculated results, there 
is an uncertainty of approximately 10 per cent at 700 deg K. Also 
shown as an insert in Fig. 4 is a comparison between the thermal 
conductivity values obtained from Prandtl number measurements 
and the calculated and correlation lines. The agreement is within 
3 per cent. The thermal conductivities in the insert were calcu- 
lated from the measured Prandtl numbers by using the viscosities 
calculated from the carbon dioxide force constants listed in 
Table 3 and the specific heats from [6]. 
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Fig. 3 Calculated variation of air thermal conductivity with temperature 
compared with experimental data 
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Fig. 4 Calculated variation of carbon dioxide thermal! conductivity with 
temperature compared with NBS correlated data. Insert: Comparison of 
calculated thermal conductivity with data from present experiment. 
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Fig. 5 Comparison of measured and calculated carbon-dioxide air 
thermal conductivities 
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Table 3 Viscosity intermolecular force constants given by [5] 
Gas o, A e/k, deg K 
CO, 3.897 213 
Air 3.689 S4 


Table 4 Thermal conductivity intermolecular force constants 
(Calculated from data sources given in Table 5) 
Gas o, : e/k, deg K 
CO, 3.721 309 
Air 3.421 154 


Table 5 Sources of thermal conductivity data 
Gas 
CO; 
Air 
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Using the empirical mixture equations presented in Table 6 
and the pure constituent conductivities calculated with the 
molecular force constants listed in Table 4, thermal conductivities 
of carbon-dioxide air mixtures were calculated at 285 K and 313.2 
K. The thermal conductivities were then deduced from the 
Prandtl number data at 285 K by calculating mixture viscosities 
with equations in Table 6 (using the pure component force con- 
stants given in Table 3), and mixture heat capacities which were 
calculated by summing the contribution of each component ac- 
cording to its mole fraction. A comparison between the calcu- 
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Fig. 6 Dimensionless viscosity for carbon-dioxide air mixtures 


Table 6 Equations used for the prediction of the transport properties 
Pure gases: 


_ 266.93 /MT 
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AX 10’ = - 


ri /‘T/\ 
1989.1 V7/M [ 0.354 


R + 0.115 | 


oe.d* 


Gas mixtures: 


266.93 2M MsT/(M, + Ms) 


20),9'2,2*) 


m X 107 = 
C12 
1 _ Xat+ Va 
mix m 1 + Za 
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X», Yn, Z» are functions of 2, 22, Mi, M2, T, «2/k, and mn. (See 
reference [5], pp. 529-530.) 
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Xx, Ya, Za are functions of 21, 22, Mi, Ms, T, e2/k, and Aw. (See 
reference [5], pp. 534-535.) 


Journal of Heat Transfer 


lated results, the Prandtl number data, and the measurements re- 
ported in [8] is shown in Fig. 5. The comparison indicates that 
with the limited data available the maximum deviation is of the 
order of 3 per cent. A similar investigation on the prediction of 
binary mixture viscosities [9] indicates that the same accuracy 
prevails in the prediction of mixture viscosities at low tempera- 
tures. 

Using the mixture viscosities, conductivities, and specific heats 
that were calculated previously, the Prandtl number of carbon- 
dioxide air mixtures at 285 K was calculated and compared to the 
experimental results in Fig. 2. Again, the maximum deviation is 
approximately 3 per cent; however, it is noticed from Fig. 2 that 
if the calculated pure carbon dioxide Prandtl number agreed with 
the experimental results (this disagreement is due to the fact that 
the molecular parameters for the thermal conductivity of carbon 
dioxide are average values calculated from literature data), the 
calculated results would agree quite well with the experimental 
results. 


Results of Calculations 


Using the molecular force constants given in Tables 3 and 4 
and the calculation scheme proposed in [5] and presented in 
Table 6, calculations were made of the viscosity, thermal con- 
ductivity, and Prandtl number of carbon-dioxide air mixtures. 
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Fig. 7 Dimensionless thermal conductivity for carbon-dioxide air mixtures 


Che temperature was varied between 200 and 1500 K and the 
mole fraction was varied in steps of 0.1 from pure air to pure 
irbon dioxide Due to the lack of experimental data on mix- 
tures, there is no basis for discussing deviations of the calculations 
other than those already mentioned at low temperatures 
lhe results of the calculation are shown in Figs. 6, 7, and 8 
The information is presented in a dimensionless manner but ap- 
propriate conversion factors for various unit systems are given 
in the inserts of Figs. 6and 7. Full seale charts 


may ve obtained from the authors on reque st 
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DISCUSSION 
Charles F. Bonilla® 


It would be of interest to know the exact procedure followed 
and ranges covered in the statistical analysis of the available 
transport property data to obtain the corresponding force con- 
stants, since variations can considerably change their values, and 
thus the extrapolated property values. Furthermore, extrapola- 
tion of these properties to high temperatures by kinetic theory is 
not always found to be as accurate as use of the simpler Suther- 
land equation. 

In view of this situation, it would be appreciated to have the 
authors’ estimate of the reliability of the trend of Prandtl number 
with temperature for the pure gases, as shown in Fig. 8. A con- 
tinual decrease to above 1500 deg K is shown for COs, and possibl) 
to 1100 or 1200 deg K for air. This trend seems to disagree with 
the authors’ Table 1 for COz, and with Vines’ data and Glass- 
man’s extrapolated data for air. 


P. E. Liley* 


Fig. 3 only compares the experimental measurements of Vines 


32]5 with the NBS tabulation. 
Keves for temperatures above 600 deg K. 
values for the range 600-1200 deg C are given. 


The latter used an equation of 
In Table 7 other 


The data of columns (1) and (4) are based upon experimental 
measurements, while columns (3), (5), (6) represent calculated 
values based upon experimental data which do not in all cases fall 
in this temperature range. The data of column (6) are those 
calculated by the Keyes formula [34] and the Vines measure- 
ments are given in column (7). 

One conclusion is evident, that the values calculated by the 

*Columbia University, New York, N. Y. 

‘School of Mechanical Engineering, Purdue University, Lafayette, 
Ind 

Numbers in brackets from [ 26 to 35] designate References at end of 
discussion 
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Table 7 Thermal conductivity of air 


10®k(1)* 
14.65 


10®k(2)* 
14.88 


T, deg C 
600 
626.85 
648.89 
700 15.64 
704.44 
726.85 
760 
800 
815.56 
826.8 
871 
900 
926 
982 . 2: 

1000 
1026 . 85 
1037 .7 
1093 
1100 
1126.85 
1200 (19.63) 


10®k(3)* 


16.05 


20.2 


* Data sources for column | 


Keyes formula are somewhat large at the higher temperatures and 
that more probable values would be 18.1 + 0.2 at 1000 deg C 
and 20.1 + 0.4 at 1200 deg C. Below about 750 deg C the Keyes 
formula should be accurate. The experimental data of Vines also 
seem a little high as compared with other values, a deduction also 
confirmed by analysis of the carbon dioxide data below. 
Several sets of data for carbon dioxide have been omitted from 
Fig. 4. Two of the more significant sets are listed below: 
deg Cc 
900 


:, 
deg C 10*[33] 10*k[26] 
300 9.1 9.5 
400 10.9 
500 2.6 


10% [33] 
18.1 
19.1 


10° [26] 
18.36 
3 1000 19.46 
2.96 1100 (20.47) 

1200 (21.39) 
5.87 1300 (22.24) 


700 6 


l 
] 
600 1 1 
l 
800 0 1 


The tabulation of Keyes [34] to 1000 deg C has not been added 
as the data are extrapolated above 300 deg C and quite serious 
errors result, the value quoted at 1000 deg C being 26.89. Also 
omitted here are values of Lenoir [30] which are given in British 
At 760 deg C Lenoir 
quotes 16.96 which may be compared with the experimental value 
of 17.5 0f Vines. At the highest temperature (982.2 deg C) Lenoir 
quotes 20.10; i.e., intermediate between (26), (33), and Vines. In 
Table 7, column (8), are values recommended by Rothman and 
Bromley [33] while column (26) gives data calculated from an 
equation of Stops [26]. 


units for even Fahrenheit temperatures. 


The writer has found that below some 
400 deg C this equation can lead to error but that the higher tem- 
perature values are satisfactory, as can be deduced by comparison 
at 1000 deg C with the experimental value of 19.5. Values calcu- 
lated above this limit of measurement are enclosed in parentheses. 

If these data are plotted in Fig. 4 two curves are found which 
lie below the thick line. In fact, the molecular parameters leading 
to the black line appear to be a very satisfactory choice as values 
indicated thereby fall nicely between those of Vines [7], on one 
hand, and those of Stops [26] and of Rothman and Bromley 
[33], on the other hand. The data for carbon dioxide may there- 
fore be regarded as quite accurate. 

The use of an intermolecular potential should be justified by 
comparison with experiment, if at 


all possible. Klibanov, 


132 / may 1961 


10°k(4)2 10®k(6)* 


10*k(5)* 
= 14.68 


10°k(7)* 
14.85 <a 
‘on 15.18 , 
, 15.84 
: 15.76 
15.94 
16.42 


17 


19.81 


(1), [26]; (2), [27]; (3), [28]; (4), [29]; (5), [30]; (6), [31]; (7), [32]. 


Pomerantsev, et al. [35], measured the diffusion coefficient of these 
mixtures to 1500 deg K and a comparison of their data with that 
predicted by the Lennard-Jones potential function would be in- 
teresting. 
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Authors’ Closure 


The data analyzed for determining the force constants for both 
air and carbon dioxide are presented by the sources listed in Table 
4. In both cases the highest temperature is 1173 deg K (Vines’ 
The results of Rothman and Bromley and Stops were not 
included in the carbon-dioxide analysis since only the smooth 
curves were available. The statistical analysis is carried out in 
the following manner: Successive values of €/k are chosen and for 
each €/k a @ is calculated for each experimental value of A, thus 
giving a set of o’s. The €/k associated with the set of o’s having 
the least-square per cent deviation from the average o for that 
set is taken along with the average o as being the best set of 
force constants. 

The reliability of the conductivity calculations can be only as 
good as the scatter of the experimental data which are analyzed 
to give the average force constants. This, for both air and car- 
bon dioxide, is approximately 1 to 3 per cent at 300 deg K and 10 
per cent at 750 deg K. Since the calculated conductivity results 
are average values from a large number of investigations, one 
will find trends in the calculated Prandtl number as mentioned in 
the discussion of C. F. Bonilla. The maximum difference in the 
CO, results, Fig. 1, and the calculated results, Fig. 8, is 3 per cent. 
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The Influence of Sound on Free Convection 
From a Horizontal Cylinder’ 


In a previous publication the authors described a new type of acoustic streaming, called 
thermoacoustic streaming, which occurs near a heated horizontal cylinder in the presence 
of horizontal transverse sound fields. 
results are presented, which show that thermoacoustic streaming causes a marked in- 
crease in the coefficient of heat transfer from a heated cylinder; for a given temperature 
potential, the superposition of a sound field can increase the heat-transfer coefficient 


In the present paper, quantitative experimental 


by a factor of 3, relative to the free-convection heat-transfer coefficient in the absence of 


sound. 


An empirical equation is provided by means of which the coefficient of heat 


transfer from a horizontal cylinder in the presence of horizontal transverse sound fields 
can be computed for many cases of practical interest. 


Introduction 


I. RECENT YEARS, a few pioneer experiments have 
been performed in which the influence of vibrations and fluctua- 
tions upon the rate of convective heat transfer from heated sur- 
faces to fluid media has been investigated. In this context the 
term vibration refers to relative periodic motion between a sur- 
face and a fluid medium in which the relative velocity vector ex- 
periences a periodic change both of magnitude and sign; taken 
in this general sense the term covers cases in which, through the 
action of external forces, an oscillation is impressed either upon 
the surface, or upon the medium, or upon both. Fluctuation re- 
fers to relative periodic motion between a surface and a fluid 
medium in which the relative velocity vector undergoes a periodic 
change in magnitude but not of sign. 

The above-mentioned experiments indicate that the rate of 
convective heat transfer generally increases in the presence of 
strong vibrations. The data are few, however, and due to the in- 
herent difficulty of conducting precise measurements in this field, 
are sometimes of doubtful validity. Nevertheless, upon the basis 
of currently available information, one important general con- 
clusion can be drawn, namely, that the influence of vibrations up- 
on the rate of convective heat transfer becomes appreciable only 
under circumstances in which the vibration is of sufficient in- 
tensity to alter the fundamental character of the boundary-layer 
flow in the neighborhood of the heat-transfer surface; when the 
vibratory contribution to the flow is merely a weak perturbation 
superimposed upon a convective field, the effect upon the rate of 
heat transfer is negligible. Thus, in order to understand the 
influence of vibrations upon heat transfer, it is necessary to in- 
quire into the behavior of fluids in the presence of vibrations of 
various amplitudes and frequencies. 

Little is known concerning this behavior in the presence of 
temperature gradients, but during the past eighty years substan- 
tial progress toward understanding the isothermal flow of viscous 
fluids in the presence of vibrations has been achieved. Isothermal 
flow studies have been made for three basically different physical 


1 This paper is based on a portion of a doctoral thesis entitled ‘“The 
Influence of Sound on Free Convection From a Horizontal Cylinder 
in Air,” presented by Richard M. Fand to Cornell University in 
February, 1959, in partial fulfillment of the requirements for the 
PhD degree. 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society oF MECHANICAL ENGINEERS and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 
1960. Manuscript received at ASME Headquarters, May 13, 1960. 
Paper No. 60—HT-14. 
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situations; for the case of a vibrating solid surface in contact 
with an otherwise undisturbed fluid medium; for the case of a 
stationary surface in contact with a medium subjected to vibra- 
tions (sound); and for the case of vibrations in a fluid in the 
absence of boundary surfaces. In all three cases the interesting 
observation has been made that under certain conditions, steady 
currents arise in the fluid medium, which are superimposed upon 
the periodic motion. This phenomenon is commonly referred to 
as acoustic streaming. 

The general mathematical theory of isothermal streaming, be- 
ginning with the Navier-Stokes equations for a viscous compressi- 
ble fluid, shows that streaming is generated by the combination 
of viscous and nonlinear terms appearing in these equations. The 
mathematical treatment shows that streaming in the absence of 
boundaries is caused by volume source terms, whereas streaming 
associated with boundaries or obstacles is attributable to surface 
source terms. The streaming which occurs near surfaces is a com- 
plex phenomenon and depends upon the properties of the fluid 
medium, the geometry of the surface, and the characteristics of 
the vibratory motion. From the foregoing discussion it can be 
concluded that, inasmuch as streaming effects may alter the basic 
flow pattern around a heated surface, they may also alter the 
rate of convective heat transfer from that surface. 

As far as we can ascertain, all attempts to obtain a general 
mathematical solution to the problem of convective heat transfer 
coupled with vibrations have thus far been unsuccessful. One 
major difficulty in solving this problem analytically is a lack of 
knowledge concerning the relative importance of the physical 
quantities and mathematical terms which appear in the general 
continuity, energy, and momentum equations of fluid flow; 
without such knowledge and the resulting simplifications, the 
general equations are very complex. 

The present experimental investigation was undertaken with 
the objective of providing an understanding of the physical 
mechanism which governs the coupling between vibrations and 
convective heat-transfer rates. The specific case of a heated 
horizontal cylinder in air was chosen for this study because the 
uncoupled vibrations and heat-transfer phenomena are well 
understood for this geometry, thereby providing a basis for com- 
parison. This particular geometry is also of practical engineering 
interest. 


Survey of the Literature 


leath IA 





tic Streaming. In 1931 Andrade {1]* performed a 
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Fig. 1 Streaming around a circular 
cylinder in a standing .wave tube 
(after Andrade) 


7 


Fig. 2 Streaming around a circular 
cylinder in unlimited space (after 


Schlichting) 


photographic study of isothermal streaming in a standing wave 
tube using smoke. When 


antinode in the standing wave tube under suitable 


tobacco a cylindrical obstacle was 
placed it an 
vibrational conditions, Andrade observed that a vortex motion 
with four loops formed about the cylinder as shown in Fig. 1. 
In Fig 
away from the surface along the line of sound propagation which 
passes through the center of the cylinder. 


| it is to be noted that the direction of the streaming is 


Spheres exhibited a 
It was found that the size 
of the obstacle affected the size of the vortex system; for con- 


similar pattern in three dimensions. 


stant frequency and intensity, the vortexes were larger for cylin- 
ders of larger diameters 

A year after Andrade’s experimental investigation appeared, 
Schlichting [2] published the first mathematical solution to the 
problem of streaming around a circular cylinder. Schlichting’s 
solution predicted that there would be two regions of streaming 
in each quadrant around the cylinder; a thin layer next to the 
cylinder, called the d-e boundary layer, with streaming directed 
toward the surface along the propagation axis, and an outer 
streaming with direction away from the surface along this axis. 
The outer region forms a vortex when the fluid is bounded, but in 
unlimited space the outer vortex core moves to infinity. Fig. 2 
shows a typical streaming pattern around a circular cylinder in 
unlimited space as predicted by Schlichting’s mathematical 
analysis. Schlichting obtained corroborating experimental evi- 
dence for his analytical results by vibrating a circular cylinder in 
water 

In a more recent experimental investigation, West [3] ob- 
served streaming patterns around thin lamina and small cylinders 
vibrating in air and in water. West reported that streaming, be- 
ginning with a feeble motion, increased gradually with increasing 
frequency and increasing amplitude to a certain point where sud- 
denly a second type of circulation started. The circulation around 
a pin of diameter 0.077 cm vibrating in air at a frequency of 550 
eps and with an amplitude less than 0.040 cm was similar to Fig. 3. 
With an increase in amplitude to 0.045 em, this circulation had 
shrunk to a region near the cylinder and around it was a vigorous 
circulation in the opposite sense as shown in Fig. 4. The second 
type of circulation takes place, according to the above data, when 
the Reynolds number, based on pin diameter, is greater than 80. 
The shrinking of the inner vortex system with increasing intensity 
at constant frequency reported by West has also been observed 
and commented upon in papers by Raney, et al. [4], and Skavlem 
and Tjétta [5|. Up to the present time no adequate theory has 
heen developed to account for this effect 

It is important to note that West’s experimental apparatus 
consisted of a vibrating cylinder in an otherwise undisturbed fluid 
medium, whereas Andrade employed sound waves and stationary 
cylinders Although the two experimental methods may result 
in similar streaming patterns under certain conditions [6], this is 
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f = 550 cps 
amplitude<0.040cm 
diameter of 

cylinder = 0.077cm 


Fig.3 Streaming around a vibrating cylinder (after West) 


f= 550 cps 
amplitude >0.04O0cm 
diameter of 

cylinder = 0.077cm 


Ce) 


Fig. 4 Streaming around a vibrating cylinder (after West) 


not true in general and extreme care must be exercised in making 
assumptions or extrapolations into unexplored regions. 

Schuster and Matz [7], Westervelt [8], and Nyborg [9] have 
analyzed streaming in its general aspects. Holtsmark, et al. [10] 
have conducted an extensive theoretical and experimental in- 
vestigation of the problem of streaming around a cylinder and 
have found two regions of streaming, on the pattern of the 
Schlichting predictions. The agreement between the theory and 
experimental evidence of the Holtsmark group is good; for a 
cylinder 0.22 cm in diameter and a vibration Reynolds number of 
approximately 12 they observed a maximum radial component of 
the streaming velocity in the outer vortex system equal to 0.06 
cm/sec, and a maximum tangential streaming velocity in this 
vortex system equal to 0.15 cm/sec. 

The Influence of Vibrations and Fluctuations on Heat Transfer. In 
1938 Martinelli and Boelter [11] investigated the effect of vertical 
vibrations upon the rate of heat transfer from a horizontal tube 
immersed in a tank of water. The tube diameter was */, in., the 
amplitude of the sinuosidal motion of the cylinder was from 0 to 
0.10 in., the frequency range was 0 to 40 cps, and the range of Af 
was from 8 deg F to 45 deg F. It was found that at low Reynolds 
numbers the coefficient of heat transfer was unaffected; this re- 
sult was attributed to the dominance of free convection in this 
range. For sufficiently intense vibrations, however, the coefficient 
of heat transfer was observed to increase by as much as 400 per 
cent of its value without vibrations. No effort was made to ob- 
serve the boundary-layer flow around the cylinder. The data 
were correlated by means of a dimensionless equation relating the 
Nusselt number with the Grashof, Prandtl, and vibration Reyn- 
olds numbers. Unfortunately, the accuracy of these results 
are in doubt since Boelter has reported [11] that results obtained 
from a later experiment did not agree with the original data. 

The effect of transverse vibrations upon the heat-transfer 
rates from horizontal heated wires to air has been investigated 
by Lemlich [12]. A study has been made [13] of the effect of 
vibrations on heat transfer from wires to air in forced parallel 
flow. Increases in the heat-transfer rate due to vibrations up to 
130 per cent were observed. A correlation of the data showed 
that the increase in heat transfer was controlled by the ratio of 
the mean vibrational velocity to the air-stream velocity. 

Tsui [14], in a combined theoretical and experimental investi- 
gation, has concluded that the general mathematical equations 
relating vibrations and heat transfer are not solvable at the present 
state of knowledge. He performed an experimental determina- 
tion of the effect of transverse vibrations on the heat-transfer 
rate from a vertical heated plane surface. Tsui noted increases 
in the heat-transfer coefficients up to 25 per cent under the in- 
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fluence of vibrations. Shine [15], employing methods similar to 
Tsui’s, observed increases in the rate of heat transfer up to ap- 
proximately 50 per cent when he vibrated a vertical heated plate 
norma! to itself over a frequency range of 11 to 315 eps, an ampli- 
tude range from 0 to 0.061 in., and a plate temperature range from 
131 to 279 deg F. The results of these tests showed that as the 
vibration intensity, defined as the product of amplitude and fre- 
quency, af, was increased, the heat transfer was unaffected until 
a certain critical intensity was reached—above this critical in- 
The 
critical intensity for the vertical heated plate was found to be 
equal to af 


tensity the heat-transfer coefficient increased appreciably. 


0.083, where a is in feet, and f in cycles per second. 
Shine performed an analytical study in which it was assumed 
that the change in the heat-transfer rate depends on an orderly 
variation of the boundary-layer thickness as the plate oscillates. 
The results of this analysis showed that the variations in bound- 
ary-layer thickness were not sufficient to explain the increase in 
heat-transfer coefficient that was found experimentally. From 
this analytical result, as well as from experimental evidence ob- 
tained with the Zehnder-Mach interferometer, it was concluded 
that the mechanism for the change in the coefficient of heat trans- 
fer is a transition in the type of flow in the boundary layer, 
rather than an orderly compression and expansion of the boundary 
layer. 

West and Taylor [16] have been able to increase the coefficient 
of heat transfer to water in turbulent flow in pipes by as much 
as 70 per cent by producing pulsations in the flow. Harrison, et 
al. [17] performed an experimental study of the effects of sta- 
tionary sound waves upon heat transfer to air in a vertical 
heated tube with superposed free and forced convection. The 
Harrison group found, as have other experimeters, that below a 
certain vibrational (sound) intensity, the heat-transfer rate was 
unaffected; above this critical intensity the heat-transfer rate 
increased markedly. Over-all increases in the logarithmic mean 
heat-transfer coefficient up to 54 per cent were observed due to 
the application of sound. Data for short increments of length of 
the test section suggested that local coefficients with acoustic 
vibrations were up to three times as large as corresponding values 
without vibrations. 

Lighthill [18] has made a study of laminar boundary-layer 
response to fluctuations in the external flow about a steady mean 
The particular case of two-dimensional flow about a cylindrical 
body was considered. He showed that when the surface of 
the body is hot, the maxima in the heat-transfer rate tend to 
lag behind the maxima in the stream velocity. 

In a recent study Nickerson [19] performed a combined 
theoretical and experimental investigation of the effect of fluetua- 
Nickerson’s 
analysis predicted a negligible change in the steady rate of heat 
transfer from the plate surface. 


tion on the laminar boundary layer on a flat plate. 


Experimental data corroborated 
this prediction. His data were limited, however, to operating 
frequencies below 20 eps. 

Kubanskii [20, 21] has studied experimentally the influence of 
stationary sound fields on free convection from an electrically 
heated horizontal cylinder in air. In Kubanskii’s test arrange- 
ment the direction of sound propagation was longitudinal, that 
is, parallel to the axis of the cylinder. The sound field was pro- 
duced by a vibrator, the radiations of which were focused in a 
parallel beam with the aid of parabolic reflectors. As a result of 
the collimation into a beam, the sound wave had an uneven in- 
tensity along its front. The test cylinder, which consisted of a 
brass tube 2.4 cm in diameter and 32.5 em long, contained a 
thermocouple embedded in its surface. The axis of the test 
cylinder was placed in coincidence with the center line of the 
sound beam. The intensity of radiated vibrations in the center 
of the beam varied from 0.03 to 0.16 watts/em? (approximately 


145 to 152 db) and the range of frequency was from 8 to 30 ke 
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Measurements indicated an increase in the free-convective heat- 
transfer coefficient up to approximately 75 per cent due to the 
presence of sound. 

Kubanskii deduced from shadowgraphs that a standing sound 
wave, directed parallel to the axis of a heated horizontal cylinder, 
produces cells of circulation near the hot surface. Near the wall 
of the cylinder, the medium flows from the antinodes to the nodes; 
these mutually opposed streams meet at the nodes, merge into a 
single stream, and move away perpendicular to the surface. The 
flow is asymmetrical with respect to the cylinder due to deforma- 
tion caused by free convection. 

Kubanskii [22] has also obtained heat-transfer data for the 
case of a horizontal cylinder in a standing sound field with a super- 
imposed horizontal crossflow. The standing wave was perpen- 
dicular to the direction of forced flow and also to the axis of the 
cylinder. Observations were carried out at wave lengths of 2 em 
and 2.5 cm using the same sound generating system as in the free- 
convection experiments described above. In order to achieve 
marked increases in heat emission, the stream velocity was kept 
low at 1.45 to 1.77 meters per second. This velocity range cor- 
responded to a Reynolds number range from 1450 to 1770. 
Kubanskii was able to either increase or decrease the convective 
heat-transfer rate by moving the cylinder relative to the nodes of 
the stationary wave. Changes in the boundary layer and in heat- 
transfer rates were found to be significant only if the average value 
of vibravional velocity was equal to or greater than the crossflow 
velocity of the stream. The maximum increase in the coefficient 
of heat transfer observed by Kubanskii in his series of tests in- 
volving forced convection was of the order of 50 per cent. 

It should be noted that the sound generating system employed 
by Kubanskii exposed the test cylinder and its immediate en- 
vironment to extremely nonuniform sound fields, particularly in 
the experiments involving crossflow. Although Kubanskii’s re- 
sults are valuable in that they prove conclusively that the in- 
fluence of sound waves upon heat transfer can be appreciable and 
indicate certain trends, it is our opinion that the quantitative re- 
sults which Kubanskii obtained cannot be applied to systems for 
which the distribution of sound intensity differs appreciably 
from the prototype. 

Fand and Kaye [23] have performed a photographic study of 
the boundary-layer flow near a horizontal cylinder, */, in. in 
diameter, in the presence of sound fields whose direction of propa- 
gation was horizontal and perpendicular to the axis of the cylinder. 
This investigation, employing smoke as the indicating medium, 
has demonstrated the existence of a new type of streaming, called 

thermoacoustic streaming,’’ which is characterized by the de- 
velopment of two vortexes above the cylinder; the flow pattern 
resembles vortex shedding behind a cylinder in forced flow normal 
to its axis. The vortex flow begins to form when the sound 
pressure level reaches a so-called critical SPL and becomes fully 
developed at a higher sound pressure level which has been 
referred to as the “SPL for fully developed vortex flow’’; further 
increases in the sound pressure level cause the vortexes to increase 
in size but the basic character of the flow remains unaltered. 
Table 1 contains values of the critical SPL and the SPL for fully 
developed flow for several values of the ratio 1/D, where 1 is the 
half wave length and D is the diameter of the heated cylinder; 
for this tabulation the cylinder was located at pressure antinodes 
The data show, for 1/D 2 6, 
first, that the sound intensity required for vortex development is 


ol plane stationary sound fields. 


independent of frequency; and second, that the size of the vortexes 
For 1/D < 6 the 
vortexes become smaller as the frequency is increased at constant 
SPL. The results in Table 1 were found to be independent of the 
temperature potential for the range At from 20 to 250 deg F. 


is independent of frequency at constant SPL. 


Experiments were performed with the heated cylinder placed 


in progressive sound fields of different frequencies. Due to limita- 
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tions in the sound generating system, it was not possible to ob- 
tain direct SPL readings for fully developed vortex flow for this 
case. Nevertheless, there is reason to believe that the data in 
Table 1 are valid for both plane and progressive sound fields for 
values of 1/D greater than 2.5; for values of 1/D less than ap- 
proximately 2.5, differences in the streaming flow corresponding 
to the two types of wave systems begin to appear. Differences 
in streaming patterns corresponding to high frequency stationary 
and progressive wave systems were anticipated since, at low fre- 
quencies (high 1/D), the distributions of air particle displace- 
ment near the cylinder are very nearly identical for both plane 
and progressive sound waves, whereas at high frequencies (low 
1/D) this is not true. 

Thermoacoustic streaming is a much stronger flow phenomenon 
than isothermal streaming for the same geometry and sound in- 
tensity. The visual evidence for this conclusion is corroborated 
by quantitative heat-transfer measurements to be discussed be- 
low 

Ther tic Transducti The state of a real fluid is com- 
pletely specified by its velocity, density, pressure, and tempera- 
ture fields. When the fluid is in turbulent flow, all these quanti- 
Moyal [24] has shown 
that these field variables separate into two physically distinct 
groups, one corresponding to fluctuating acoustical waves or 
random noise, and the other to fluctuating vorticity or eddy tur- 
bulence. The two groups interact only through inertia effects. 
The interaction is strongest at high levels of turbulence and large 
Reynolds numbers; under such conditions eddy turbulence may 
be expected to act as a source of noise and vice versa. On the 
other hand, at low levels of turbulence and small Reynolds num- 
bers the two phenomena tend to proceed independently of one 
another. 





ties fluctuate in a disordered manner. 


Kovasznay [25] in a further development of these concepts 
has shown that first-order perturbation theory indicates that the 
Navier-Stokes equations for a compressible, viscous, and diabatic 
gas can have three distinctly different types of disturbance fields 
obeying three independent differential equations. These three 
modes of disturbance fields are: The vorticity mode; the entropy 
mode; and the acoustic (compression) mode. The modes are in- 
dependent when fluctuations are small, but they interact at large 
fluctuation intensities when linearization is not permissible. 

The analyses of Moyal and Kovasznay deal in general terms 
with the transformation of energy from one form to another 
through the coupling between different modes. These studies 
were simplified by restricting the investigations to cases which do 
not include the influence of boundaries on the motion of the fluid. 
Mawardi [26] has studied the mechanism of transduction of 
thermal energy into acoustic (compressional) energy in greater 
detail. He introduced boundaries into the domain of flow, but 
in order to eliminate the complication of the vorticity mode, con- 
fined his attention to the case of an inviscid fluid. The investiga- 
tion was concerned specifically with the weak interaction between 
an acoustic field and a thermal field set up by forced convection. 
It was shown that irrespective of the temperature distribution, 
an incident sound wave extracts energy from a thermal field, 
thereby resulting in an apparent amplification of the acoustic 
energy in the sound wave. The reinforcement which the sound 
wave incurs in its passage through the thermal field was repre- 
sented by an expression called the amplification factor. Although 
this factor was not evaluated numerically, the demonstration of 
thermoacoustic transduction is significant in itself and is per- 
tinent to the present work. 


Apparatus 


The apparatus used in this study consisted basically of an elec- 
trically heated circular test cylinder instrumented to provide 
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convective heat-transfer data and a system for generating and 
measuring plane stationary and progressive sound fields in the 
region surrounding the test cylinder. The cylinder was suspended 
horizontally in an anechoic chamber and the direction of sound 
field propagation was horizontal and perpendicular to the axis of 
the cylinder. 

The test cylinder, */,-in. OD, consisted of five separate sections 
placed end to end as shown in Fig. 5. The middle three sections of 
the test cylinder consisted of copper sleeves, 6 in. long, each of 
which contained an individual electric resistance heater. The 
central heated section was the test section since this section alone 
provided the final heat-transfer data. The remaining two in- 
dividually heated sections, one of which flanked the test section 
on either side, were guard sections. The purpose of the guard 
sections was to prevent the conduction of heat longitudinally 
away from the ends of the test section to adjacent contiguous 
members. Surface temperatures of the heated sections were 
measured by means of thermocouples which were embedded in 
the surfaces by an electroplating process. 

Four compression-type drivers were employed to create high 
intensity sound fields in the neighborhood of the test section. 
For the production of a stationary field the four drivers were 
operated in pairs facing each other with the test cylinder between 
them as shown in Figs. 5 and 6; for this geometry each driver was 
provided with an individual exponential horn. For the produc- 
tion of progressive waves, only two drivers were used, both of 
which were connected to a common throat, using a so-called 
“Siamese’’ horn. The intensity and form of the sound fields 
were determined by means of a calibrated high-intensity con- 
denser microphone system. The sound pressure levels so deter- 
mined were considered to be accurate to within 1 db. 

The sound generators were mounted on a test stand which 
permitted location of the drivers relative to the stand with an 
accuracy of +0.001 in. Fig. 6 indicates the geometrical relation- 
ship between the test cylinder, drivers, and microphone. 


Experimental Procedure 


The heated test cylinder was suspended horizontally in air and 
allowed to reach steady-state temperatures in the presence of 
ambient sound of various frequencies and intensities. In order 
to create large air-particle displacements in the vicinity of the test 
section, the sound generating system was tuned so as to produce 
stationary sound fields with pressure antinodes at the mid-plane, 
Apo, as shown in Fig. 5; the sound intensity of stationary sound 
fields was measured by means of a condenser microphone placed 
at the pressure node, N;, nearest the mid-plane, as indicated in 
the figure. Nominal SPL readings obtained with the condenser 
microphone located at nodes in stationary sound fields were cor- 
rected for harmonic content and for the finite size of the micro- 
phone diaphragm before heat-transfer calculations were made. 
A series of heat-transfer tests was taken in which the test cylinder 
was moved away from plane Ao; the results of this series of tests 
are indicated in Fig. 24. The test cylinder was also subjected to 
progressive sound waves of various frequencies and intensities. 
It was verified experimentally that all sound fields used in this 
investigation were essentially plane in the vicinity of the test 
section. 


Experimental Results 


Heat Transfer Without Sound. The computed values of the heat- 
transfer coefficient without sound, ho, are plotted in Fig. 7. This 
curve can be represented by the equation 


At\'/* 
he = C (*) (1) 
0 
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GEOMETRY FOR TESTS USING STATIONARY SOUND FIELDS 


Fig. 5 


where D, is the OD of the test cylinder and the constant c) = 
0.245 + 2.0 per cent. This value of co compares favorably with 
values found in the literature; the small variation, + 2.0 per cent, 
over the entire temperature range represents the expected experi- 
mental error. 

Heat Transfer With Stationary Sound Fields, Cylinder at Ao. Figs. 
8 through 14 are plots of the heat-transfer coefficient in the 
presence of sound vibration, h,, as a function of At at constant 
SPL; re 0.0002 microbar. For this series of tests the cylinder 
was located at antinodes, Ao, of stationary sound fields. Inspec- 
tion of Figs. 8 through 14 reveals that the free-convective heat- 
transfer coefficient increases in the presence of sound waves of 
sufficient intensity. These graphs of log h, versus log At at con- 
stant SPL are straight lines at all frequencies. At each frequency, 
the slopes m of the lines are equal to '/, at the lowest recorded 
intensities and increase gradually until they reach constant maxi- 
mum values. The maximum, or terminal, values of m, where 


Fig. 6 Close-up view of equipment in anechoic chamber for production o log h, at const SPL (2) 
of stationary sound fields d log At 
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are recorded in Table 1 and have been plotted in Fig. 21 as a func- 
tion of 1/Do; in this plot the frequency is, of course, implicit. It 
is important to note that the terminal values of m are equal to 
1/; for f < 1496 cps; 1/Dy 2 6.04. 

Algebraic equations for the families of lines in Figs. 8 through 
14 were obtained by the point-slope method. These families of 
equations were then used to calculate points for the cross-plots 
shown in Figs. 15 through 20. The cross-plots, which indicate the 
variation of log h, as a function of SPL at constant At, reveal a 
most important aspect of the behavior of h,. The curves show 
that for low SPL the increase in A, is slight until a critical [23] 
sound intensity is reached. Immediately upon surpassing the 
critical sound intensity the increase in h, becomes comparatively 
rapid, as indicated by the steep rise of the plotted curves. How- 
ever, this rapid increase in h, is not maintained indefinitely; 
beyond a sufficiently high sound intensity, referred to as the sound 
intensity for fully developed vortex flow [23], the curves of h, at 
constant At become parallel straight lines with reduced slopes. 


= d log h, hw 
rhus at a given frequency n : at constant At is invariant 
oSPL 


in the region of fully developed vortex flow. 


CONSTANT At 


Fig. 17 
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From the definition of sound pressure level and from the rela- 
tionships between pressure, amplitude, and frequency in a plane 
stationary sound wave it follows that 

- p? rms z 
SPL = 10 log = 10 log (af)? + const 
p? ref 
Hence 


d log h, 
= = at const Af. 
010 log (af)? 


d log h, 
 OSPL 


The seales in Figs. 15 through 20 have been selected so that 


o log h, 


n= - 
d log (af)? 


at const At, (3) 


The numerical 
values of n for fully developed vortex flow are recorded in Table 1 
and have been plotted in Fig. 22 as a function of 1/Do; it is im- 
portant to note in this tabulation that n = '/; for f < 2942 eps; 
1/D 3.07. 
particle velocity is proportional to the quantity af; more pre- 


where n is the measured slope of the curves. 


At the antinode of a stationary plane wave, the 
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Table 1 Critical SPL and minimum SPL for fully developed vortex flow; cylinder | 
plane stationary sound fields 
Critical 
SPL, db 
(onset 

of vort.) 


fed at +i A of 





Min. SPL 
(db) for 
fully dev. 


vort. 


Crit. af, 
ft/sec 
(onset 

of vort.) 


f . 
cps Ds 
1101 8.208 140 0.358 146 
1496 6.039 140 358 146 
2116 4.268 138 285 145 

3 
2 
l 
l 


Min. af (ft/sec) m for fully 

fully dev. vort. dev. vort. 
0.715 1/3 l 
0.715 1/3 lf 
0.675 0.293 lf 
0.451 0.279 1 
0.451 0.273 
0.568 0. 266 
0. 568(?) 0.260 


n for fully 
dev. vort. 


2942 071 136 226 142 
3378 674 136 226 142 
4872 854 140 358 144 
6120 476 140(?) 


0 283 
0.158 
0.100 


358(?) 142(?) 


Table 2 Average values and mean deviations of correlati t 
cylinder located at antinodes of plane stationary sound flelds 





for fully developed vortex flow; 





Mean 
f L No of dev., C, 
cps Dy runs C Y/ c 
1101 §. 208 6 0 
1496 >.039 19 0 
2116 268 22 0 
2942 3.071 6 0.7 
3378 2.674 8 0 
41872 1.854 3 0 
6120 1.476 1 0.335 


ee ee 
OM ono" 


* The average value of these four numbers is 0.722. 
53 runs for these four frequencies is 2.0 per cent. 
> The average value of these two numbers is 14.2. 


25 runs for these two frequencies is 2.5 per cent. 


The average deviation of c, from 0.722 for all 


The average deviation of C, from 14.2 for all 
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sely, 2mraf, where v is the particle velocity at the antinode, a 





s the antinodal displacement amplitude, and f is the frequency. 
It follows that the quantity (af)? is proportional to the kinetic 
energy density at the antinode 

The form of the plots of A, at constant SPL and at constant 
At suggested the adoption of the following dimensional correla- 
tion equation in the range of sound intensities corresponding to 
fully developed vortex flow: 


AtD,*)*_ 
D af)*F\* 


where c,, m, and n are constants, f is the sound frequency, and a 
The 
factor F is a weighting factor which accounts for the sinusoidal 


is the sinusoidal amplitude of air particle motion at Ap. 


CORRELATION CONSTANTS FOR FU 


distribution of air particle displacement over the finite diameter 
of the test cylinder; thus the quantity (af)? is proportional to the 
kinetic energy density in the stationary sound wave at Ag, 
whereas the quantity [(af)’F] is proportional to the mean kinetic 
energy density in the standing wave, averaged over the diameter 
of the test cylinder. Fig. 25 is a graph of F computed as a func- 
tion of 1/D) for cylinders located at antinodes of stationary 
sound waves 
1/De. 


The functional dependence of h, on Do, that is, the direct pro- 


140 


It is to be noted that F approaches unity for large 
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DEVELOPED VORTICES 


Fig. 23 


portionality between h, and D,“"-» imposed by equation (4 
was adopted for two reasons: first, for weak sound fields, m 

'/, and (3m — 1) = —!/,, which is precisely the exponent on D, 
for the case of heat transfer without sound. In other words, the 
exponent (3m — 1) collapses to the correct value without sound 
as the sound vibration is continuously reduced; second, for strong 
sound fields and relatively low frequency, m = '/; and (3m — 1) 
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= 0. Thus for strong sound fields and relatively low frequency 
equation (4) implies that h, is independent of Do. This inde- 
pendence is a reasonable assumption on the basis of similarity 
reasoning. 

Table 2 and Fig. 23 display the average values of c, for fully 
developed vortex flow for all test frequencies. Table 2 and Fig. 23 
show that for all test frequencies equal to or less than 2942 cps 
the constant c, = 0.722; mean deviation for 63 runs = 2.0 per 
cent. For frequencies above 2942 cps the magnitude of c, 
diminishes. 

The experimental data were converted into dimensionless 
form, yielding the following equations, analogous to dimensional 
equations (1) and (4), respectively. 


(Nu) = 0.485 (GrPr)'/* (5) 
(Nu), = C,(GrPr)'”? (M,2F)" (6) 


where Nu, Gr, Pr are the Nusselt, Grashof, and Prandtl numbers 
evaluated at the mean film temperature, M, is the vibration 
Mach number evaluated at ambient conditions, F is the weighting 
factor, C, is an empirical constant whose numerical value is given 
in Table 2, and n is the parameter defined earlier and plotted in 
Fig. 22. It is to be noted that the correlation constant in 
equation (4) is more consistent than the constant in equation (6). 
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Heat Transfer With Test Cylinder Not at Ao. Fig. 24 shows the 
variation of h, as a function of the position of the test cylinder in 
These data indi- 
cate that if the test cylinder is located at the node of an intense 
stationary sound wave, the rate of heat transfer h, is equal to ho 
for the analogous case without sound 


stationary sound fields of various frequencies. 


From this fact it may be 
concluded that pressure fluctuations in sound waves are not of 
of heat transfer; 
this conclusion further emphasizes the fact that the vibrational 


sufficient magnitude to influence the rate 
kinetic energy is the important factor in this connection. 

Heat Transfer With Progressive Sound Fields. Table 3 contains the 
test data and the corresponding values of h, with the cylinder ex- 
posed to progressive sound fields. For reasons explained earlier, 
the amount of data taken with progressive waves was severely 
limited. Nevertheless, the information which was gathered is 
valuable inasmuch as it provides a basis of comparison between 
results using stationary waves with those using progressive 
waves. In order to facilitate this comparison, the values of h, for 
comparable tests with stationary sound fields have been included 


in Table 3. 
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Heat Transfer From Vibrating Cylinders. It has been suggested that 
the results of the present investigation might prove useful in pre- 
dicting the rate of convective heat transfer from transversely 
vibrating cylinders to otherwise undisturbed air. The high de- 
gree of consistency in the behavior of h, for different orientations 
of the test cylinder, including (a) location at antinodes of station- 
ary waves, (b) location in stationary waves at positions other than 
antinodes, (c) location in progressive waves, is interpreted as 
strong evidence that the results of the present investigation are 
directly applicable to the case of transversely vibrating cylinders 
for 1/D, ratios greater than approximately 4. 

The quantity (af)? was chosen for inclusion in the dimensional 
heat-transfer equation (4) instead of v? = (2aaf)? because it was 
believed that for vibrating cylinders the amplitude and fre- 
quency would be experimentally measured quantities, thus 
rendering the equation and the critical vibration criterion some- 
what more direct. In order to facilitate the application of equa- 
4) to situations in which the data is obtained in the form of 
SPL measurements, Fig. 26 has been supplied; this figure relates 
af in ft/sec to SPL in db; re 0.0002 microbar. 


tion 


Resume and Conclusions 


The experimental portion of this investigation consisted of a 
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Table 3. Data and calculations with progressive sound fields 


Test cylinder diameter = 3/4 in. 

Test cylinder length = 6 in. 
= total convective heat dissipation, watts 

Per cent 
deviation 
h(Stat.) 
. hy — h,(Prog.)| 
SPL Q Btu Btu ~~ hh. Prog.) 
db watts hr ft? °F hr ft? °F x 100 
1101 eps 


Stat. field 


Prog. field (Comparison) 


82 96 92 
S4 2.08 2.08 
82 96 92 
92 70 66 
92 82 .79 
69 2.07 2.11 
73 2.26 2.25 


84 2.10 2.08 


Oe ee 


= 


1500 cps 
69 2.03 2.05 
69 04 2.11 


3400 cps 
3 9.81 .93 2.08 
4 91 70 81 
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Fig. 26 


214 heat-transfer test runs performed with a horizontal 


in. diameter under four 'ifferent test conditions: 


Heat Transfer Without Sound (22 runs 
Heat Transfer With Stationary 
Cylinder at Antinodes 
Heat Transfer With 
Cylinder Not at Antinodes (26 runs 
IV Heat Transfer With Progressive Sound Fields (12 
runs 


Sound Fields 
154 runs 
Stationary 


Fie lds, 


Sound 


imental ranges of the primary variables were as follows: 
1100 eps to 
0 to 250 deg | 
0 to 151 db 


vf 6120 cps 
potential At 


re 0.0002 microbar 


of these that 


rate of free- 


experiments demonstrat« intense 


yuind vibrations strongly influence the 
heat transfer from a horizontal cylinder in air For 
yt pl ine stationary sound waves a critical sound pressure 


136 and 140 db (re 
which the heat-transfer coefficient is 


level exists between 0.0002 microbar), de- 


frequency 


d and 


with increasing intensity 


below 


above which the rate of heat transfe r rapidly in- 


Thisr apid rise in the coefficient 
of heat transfer is not, however, maintained indefinitely; even- 
is reached between 142 and 146 db, depending on 
yond which the 


increase in the rate of heat transfer 


3] flow visualization study has revealed the ex- 


istence of an acoustically induced vortex flow in the neighborhood 
of a heated cylinder expos d to transverse sound fields; this mo- 
tion is the agent which causes the observed increases in the rate 
of heat transfer It has been demonstrated that the transition 
region, within which the rate of heat transfer rises most rapidly, 
corre sponds to the inception und deve lopment of these thermo- 
acousti After this vortex flow called 


vortexes thermoacoustic 


streaming’ is fully developed, the increase in the heat-transfer 
coefficient obevse a well-defined power law This law 


determined empirically and is expressed with a high degree of 


has bee n 


consistency by the following correlatior equations 


AtD 
D 
GrPr) /*(M,2F}" (6 
The constants which appear in the dimensional equation (4) 


and in the dimensionless eq iation (6) are tabulated in Tables 1 
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D, 2 6.04, the correlation equations may 


and 2 and in Figs. 21, 22, These tabulations indicate 
that for f < 1496; 1 


be written in the simple form 
h 0.722| At af he 


(Nu 14.2((GrPr)M,2F]‘/* (8 


The quantities [(af)*F] and [M,?F] are proportional to the 
vibrational kinetic energy density averaged over the diameter of 
the test cylinder. 

For operating frequencies below 2000 cps the heat-transfer 
data taken with the cylinder subjected to test Conditions II, III, 
and I\ 
This fact has led to the conclusion that, for sufficiently low fre- 


are identical, within the experimental limit of error 


quencies, the relative vibratory motion is the sole factor which in- 
fluences the 


equations ( 7) and 


heat-transfer rate. Hence it is anticipated that 
(8) are also valid for the case of transversely 
vibrating horizontal cylinders in otherwise undisturbed air. 
This conclusion is further strengthened by the knowledge that for 
sufficiently high 1/D, rates, isothermal streaming around cylinders 
is similar whether the cylinder or the air is vibrated. 

and (8) predict that the coefficient of heat 
transfer is independent of the cylinder diameter Do. 


Equations (7) 
This aspect 
of the problem requires further investigation. It is probable, 
however, that the results of the present investigation are valid 
for '/ein. < Dg « 


of practical importance 


lin.; this range covers a large number of cases 


\ rapid estimate of the effectiveness of sound as an agent for in- 
creasing heat transfer may be obtained by dividing equation (7 
by the formula for heat transfer without sound (1 The result of 


this operation gives 


Me = 2.95( Dy)“ At 

h 
Equation (9) shows that the ratio h,/h 
of At. For D ,in 0.0625 ft, At 100 deg F, and SPL 
152 db (af 1.42 ft/sec), the ratio h,/ho = 3.05. 
the effect of sound in this case is to triple the heat-transfer co- 
at the 
Heat-transfer effects of this magnitude due to sound 


is a very weak function 
In other words, 


efficient relative to heat transfer in the absence of sound 
same At. 
can doubtlessly be utilized in a practical sense to improve the 
efficiency of certain categories of heat-transfer equipment 
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DISCUSSION 
J. Kestin® 


1 Introduction 

The authors have investigated one aspect of an extremely 
interesting and important complex of phenomena, involving the 
interaction of boundary lavers with sound fields, or, more gener- 
ally, with oscillating streams. In particular, their interest cen- 
tered on the rate of heat transfer from a horizontal cy linder, which 
Brown University, Providence, R. I. 
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is conditioned by the thermal boundary layer present near the 
surface of the body under the circumstances. 

The results of the investigation are cast in acoustical terms 
which are not readily understood by those active in the fields 
of heat-transfer and boundary-layer research, and this fact 
presents some difficulties in bringing together the results ob- 
tained by the authors and by other investigators when an attempt 
is made to understand the mechanisms which lead to the some- 
what puzzling phenomena described in the paper. However, 
sound is always connected with the motion of the medium, in 
this instance air, through which it is propagated, and it is the 
purpose of this contribution to demonstrate how the problem 
We hope, 
to bring out the relation between the problem treated 
by the authors and several other problems of current interest, 


might be analyzed in purely hydrodynamic terms. 
thereby, 


namely, the effect of free-stream turbulence on the rate of heat 
27-30] * 
and reviewed in the new edition of Prof. H. Schlichting’s ““Bound- 
ury Layer Theory”’ [31], or the effect of mechanically oscillating 
a body in an incompressible flow. 

An initial understanding of the problem can be obtained by 
following through the steps which lead to its mathematical 
formulation in terms of the governing differential equation and 
the boundary conditions relevant to it. 


transfer, studied, for example, in several publications 


In this way it will be 
possible at least to identify the dimensionless variables which 
influence the final result. As usual, a preliminary analysis of 
this kind must be confined to the study of laminar boundary 
layers which are alone amenable to such treatment. The com- 
plications arising from the possibility that the boundary layer 
may turn turbulent must be examined separately. In this con- 
tribution we shall confine ourselves to sketching the former, 
neglecting the latter aspect completely. In any case, a full 
treatment of the subject cannot be given at this time, as further 
inalytie and experimental research will be required before this 
In order to make 
our remarks as concise as possible, we shall follow the notation as 
well as the line of reasoning given in Section d of chapter XIV 
3! 


whole problem can be satisfactorily clarified. 


2 Natural Convection 
rhe transfer of heat in a steady regime is governed by the 
following differential equations, written here in dimensionless 


form. The equation of continuity 


Ou Ov 
Or OY 
l 1 


Che equation of motion in the z-direction 
du Ou Op Gr 1 Ou Ou ‘ 
- 7 4 . a : + = oe (11) 
1 oy Or Re? Re \ oz? or? 
] b<b< 1 l s. 2 


rhe energy equation 


oT oT 1 oT 


oy Pr Re \ oz? 


with the boundary conditions 
‘ Numbers in brackets from [27 to 33] designate References at 
d of discussion. 
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T= Tf. — f.) aty = 0 
T = T./(T. =~ #.) aty = @ 


u=vy = 0: 


(13) 
“= U(z); 


Here 7’, and 7. denote dimensional quantities. 

In the foregoing equations, the quantities displayed under the 
respective terms denote their orders of magnitude in powers of 
the velocity boundary-layer thickness 5, made dimensionless with 
respect to the characteristic length |. Thus ds is a small quan- 
tity. In natural convection there is no forced external flow, 
and it is implied that the reference velocity U.. is of the order of 
the maximum flow velocity in the boundary layer. This will 
cause the dimensionless terms u and du/dzr to be both of order 
unity, as shown. 

The inertia and viscous forces will be of the same order of 
magnitude if the dimensional velocity boundary-layer thickness 
satisfies the condition that 


l 


~ ‘ . 
Re’? 


bs (14) 
Similarly, the buoyancy force, represented by the term Gr/Re? 
will become of the same order of magnitude as the viscous and 
inertia forces on condition that 


Gr ~ Re? (15) 


so that, consequently 
(16 


and the Reynolds number ceases to be an independent variable. 
Similarly, one can conclude from the energy equation (12) that 
the thermal boundary-layer thickness is given by 


£ l l 
or ~ i oS a ive 
(Re Pr) ’* Gr/’* Pr* 


so that, consequently 


in natural as well as in forced convection 

By omitting higher-order terms, and by assuming that the 
Eckert number Ec = U,.*/c,(T,, — T..) is small, we arrive at the 
standard, boundary-layer form of the equations for natural con- 
vection, now written in dimensional form. Since the external 
pressure is “impressed”’ on the boundary layer, the pressure gra- 


dient Op/dzr vanishes identically. Thus we obtain 


Ou 
Or 


Ou 


where 
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The system of equations (19), (20), (21) with the boundary 
conditions (23) determine the flow field and the temperature field 
in every individual problem, and quite generally, for classes of 
similar bodies we can write 


l 06 
= f(Gr, Pr). 
ty = 3a (*) Gr, Pr) 


It is possible to go one step further, and to notice that the intro- 
duction of a stream function W defined by u = dW/dy, v = 

(OW /dz) eliminates the Grashof number, from which it follows 
that 


Nu = (24) 


Nu =Gr'* at Pr = const. 


3 Oscillating Flows 

When a sound field is superimposed on a hot body transferring 
heat to its surroundings by natural convection, the principal 
difference with the case discussed previously consists in the fact 
that the free-stream velocity is no longer identically equal to 
zero. Instead, it oscillates in some periodic way about a zero 
mean value. In forced convection, or in combined forced and 
natural convection, it will oscillate about a nonzero mean value. 
When the external stream is a turbulent one, the free-stream 
velocity will also oscillate, but now the oscillations become 
quasi-periodic owing to the random nature of the oscillations 
associated with turbulence. Even more, the free-stream ve- 
locity U(z) may now acquire two more oscillating components 
V(z) and W(z), each of them oscillating in a random manner 
about a zero mean value. 

From our point of view it is immaterial how the oscillations 
were produced, and whether they are harmonic, as they will be 
in some sound fields, or random, as in turbulence. Hence what 
we are about to state applies with equal force to the effects of 
sound fields in natural or forced convection, to the effects of free- 
stream turbulence in forced convection, and to the effect of os- 
cillating a body in an incompressible, stationary fluid, thus ex- 
hibiting the mathematical unity of all these classes of problems. 
The essential fact is that the boundary condition for u at y = 
has now become time-dependent, and the analysis must take this 
circumstance into account. Since the boundary condition has 
become time-dependent, we must include in the equation of 
motion (20) the time-derivative of u as well as the pressure 
gradient 


1 Op ia vy ou 


p ox ol Or 


which causes the oscillation. For the sake of simplicity, we shall 
once more confine our remarks to natural convection. 

Thus equations (20) and (21) will be replaced by 
ou ou ou _ ow 


l 
ot Or 


oy? 


o# 06 
> =a 


ot or Oy 


0°4 
oy? 


and the analysis must now center on the orders of magnitude of 
the additional terms 
ou OU .. ov 
-—,s (28 
ol ol Or 
The combination of the oscillation with viscosity, as is well 
known, will cause a new boundary-layer thickness to appear in 
the analysis. This is the thickness over which a harmonic wave 
makes itself felt in a viscous layer, and is given by 
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bo = (v/w) ”? (29) 


where w is the circular frequency 27f of the oscillation. In 
acoustics it is common to refer to it as the “‘ac boundary layer’’ 
but we prefer to use the term “‘viscous wave thickness”’ or “depth 
of penetration.” If the oscillation is purely harmonic, there will 
exist one viscous wave thickness 5p, but if it is more complex it is 
necessary to note that to every frequency w,; of the spectrum 
there will correspond a separate viscous wave thickness 55; = 
(v/w,)'’. 

Problems of oscillation have been studied extensively; they 
ean be found summarized in chapter XI of reference [31]. The 
mathematical formulation of such problems differs from our 
present problem only in that the buoyancy term g@(7,, — T..)/T'x 
is absent from equation (24). It is known that in such problems 
it is not possible to satisfy the boundary condition 


0 at y= (30) 
which is a mathematical statement of the physical fact that 
oscillations give rise to a steady secondary flow known as “‘stream- 
ing’’ in acoustics. 

The appearance of additional terms in the differential equa- 
tion must modify the velocity as well as the temperature profile, 
compared with nonoscillatory flow. In fact, the present equa- 
tion (26) is a mathematical expression of the interaction between 
two velocity fields, that due to oscillation, and that due to 
buoyancy. Since the equation is nonlinear, the interaction is 
not, in general, a simple superposition, as implied in [32]. Fur- 
thermore, owing to the presence of oscillations in the external 
field, the velocities in the boundary layer will also acquire oscilla- 
tory components but, owing to the appearance of steady, second- 
ary flow, the velocity components will not oscillate about the 
same mean values, as in their absence. This would be the case 
only if the problem were governed by a linear differential 
equation. 

Evidence in support of this statement can be found in the 
process of thermoacoustic streaming referred to in the paper. 
The formation of vortexes is conditioned by the shape of the 
velocity profiles in the boundary layer in the neighborhood of the 
upper stagnation point. Vortexes are absent, in most cases, 
when the oscillation is absent; their development at high in- 
tensities of sound can be interpreted as evidence of some funda- 
mental change in the velocity profiles in the downstream region 

The appearance of additional terms in the equation of motion 
will give rise to the appearance of additional independent, di- 
mensionless variables in the heat-transfer equation (24), and we 
shall now attempt to derive them. The most convenient method 
is to estimate the order of magnitude of the terms (28), noting 
that the terms du/dt and 0U/dt are of the same order, since 
they are the only derivatives with respect to time appearing in 
the differential equation. We shall begin by comparing the term 


T, — Tx 


dU /dt with the buoyancy term g 6. We can estimate 


that 
ou 


(31) 
ol 


where s denotes the particle amplitude of the oscillation, assumed 
harmonic and of frequency w. Hence 


t~-Tf. /% 
¢————— 6 ~ 
T. ot 


AT = T, 


gAT (32 
T .w*s ond 
with 


-T. and @~1. (33) 


The right-hand term in (32) constitutes a new dimensionless 


Journal of Heat Transfer 


parameter of the problem. Its physical significance can be ob- 


tained if it is noted that 
gAT . 5o* l (2 y l 
a= Gr = . 
T .W*s Its 6s/ 8 


It was shown in Section e of chapter XI of reference [5] that 
the relative order of magnitude of the last two terms in (28) is 


(34) 


Uaujex 8 
oU/ot l 


(35) 


and it is clear that on transforming equation (26) into a dimen- 
sionless form, we shall obtain two additional dimensionless 
groups. Rather than adopting the groups as they appear, it is 
convenient to choose the following two additional dimensionless 
variables: 

6 


and —”. 
l 


(36) 
It is easy to verify that the term 06/dt in the energy equation 
does not lead to an additional dimensionless group, and we can 
now replace equation (24) by the following equation applicable 
to natural convection in the presence of an oscillating external 
field: 

Nu = f(Gr, Pr, 59/l, s/l) (37) 
It is clear that in view 
of the relation in equation (16), the Grashof number could be 
eliminated in favor of the dimensionless boundary-layer thickness 
6</l. 


containing four independent variables. 


4 Discussion 

W. P. Raney, J. C. Corelli, and P. J. Westervelt [33] have 
shown that the boundary-layer thickness of the secondary flow 
field (de, or streaming velocity field) associated with an oscillating 
cylinder, in the absence of free convection, agrees very well with 
H. Schlichting’s theory [31] for the case when s/1—> 0. Since H. 
Schlichting omitted the term UdU/dz from his equation, the 
estimate in equation (35) shows that there is excellent agreement 
between theory and experiment. In accordance with our pre- 
ceding analysis, the ratio of the measured boundary-layer thick- 
ness of secondary flow to that calculated from Schlichting’s 
theory must be a function of two parameters, say 59/I and s/l, 
or of s/5g and one other parameter, for example 59/l. Their 
measurements provide a general confirmation of this fact but 
also reveal that for values of s/59 > 0.15 the observed secondary 
flow field deviates progressively from that predicted by the limit- 
ing theory (s + 0). Moreover, they show that the inner second- 
ary flow layer ‘“‘collapses’’ for certain values of s/59 which, in each 
case, depend on the ratio s/l (here / denotes the diameter of the 
cylinder), again in agreement with the preceding analysis which 
shows that similarity is contingent on the equality of two param- 
eters. The “collapse” of the inner, secondary-flow boundary 
layer is accompanied by a flow field, not investigated very closely, 
which is reminiscent of the onset of turbulence. This prompted 
P. J. Westervelt [32] to conjecture that this radical change in the 
flow pattern must cause a large increase in the rate of heat trans- 
fer, irrespective of the nature of the interacting velocity field 
of the natural convection process. It is very likely that this is 
the case in the interaction of a strong oscillating field with a weak 
one due to natural convection; i.e., when the forces associated 
with the oscillation dominate those due to natural convection. 
In the limiting case when s/l — 0, the criterion for this to happen 
is contained in equation (25) which can be rearranged to yield 
the condition 
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Gr< (38) 


l 8 
bo l 
for high frequencies, is very small, 
P. J. Wester- 
to be valid for large temperature 
differences, for very small values of the ratio s/l, for large sizes 
of bodies, and for small frequencies 


In general, dy, particularly 
and hence the condition (38 
velt’s hypothesis will cease 


is not too stringent. 


The preceding remarks have been restricted to the case when 
there exists no imposed pressure gradient on the flow. In the 
case of natural convection such imposed pressure gradients do 
not exist, but they may become important in forced flows, such 
as the case investigated by R. J. Nickerson quoted in the paper. 
Judging by analogy with our work [28], no effect from oscillation 
can be expected on an oscillating flat plate, but the imposition of 
a pressure gradient may radically alter this conclusion. It is, 
therefore, difficult to see the relevance of R. J. Nickerson’s ex- 
periments to the present problem. 


5 Cenclusion 


The analysis presented in this contribution suggests that it 
would be very useful to recast the authors’ experimental data in 
terms of the dimensionless parameters which seem to govern the 
problem, and to perform experiments at different cylinder diame- 
ters, because the limiting Grashof number for the case when the 
oscillation dominates over natural convection depends on the 
cylinder diameter. The difficult geometry used in the experi- 
ments, namely, one in which the axis of symmetry of the sound 
field is at right angles to the axis of symmetry of the convec- 
tion field, makes it difficult to attempt a supporting mathe- 
matical analysis. 

It appears that the following two simple cases might be in- 
vestigated with that aim in view. In the first, a flat plate could 
be placed vertically in a sound field consisting of plane, horizontal 
waves, moving, or standing. In the second, a heated flat plate 
could be placed horizontally and the stagnation boundary layer 
under it could be investigated. The latter case is, of course, 
partly equivalent to the lower stagnation point near a blunt 
body. 

In order qualitatively to test the type of interaction between 
the two fields, it would be very useful to observe the boundary 
layers with the aid of E. Schmidt’s Schlieren arrangement or with 
the aid of an interferometer. The combination of oscillation, 
secondary, and convection flow would result in boundary layers 
of different thicknesses 
measured directly. 


which could then be observed and 


I wish to congratulate the authors, and to thank them for 
initiating an extremely interesting and promising line of investi- 
gation. I also wish to express my thanks to Dr. E. Soehngen 
and to Prof. P. J. Westervelt for several discussions which helped 
me to clarify my views 
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P. D. Richardson’ 


In recent years studies have been made of heat transfer from 
cylinders under a wide variety of combining or interacting flow 
conditions. A study of the natural convection from a hori- 
zontal heated cylinder when the cylinder was rotated at various 
Reynolds numbers was made by Anderson and Saunders.*® 
With this it was found that when the velocity due to rotation was 
of the same order as that due to natural convection the flow 
became unstable and underwent a transition to turbulent flow. 
In the fully developed flow it was found that the Nusselt number 
was proportional to the */; power of the Reynolds number. 

When studying the present paper, it might at first be thought 
that the SPL played a role analogous to that of the Reynolds 
number on the rotating cylinder. However, it appears that 
sound has a very different effect upon the natural convection 
flow. With low sound levels, the influence of the sound is small 
and it does not alter the basic laminar boundary-layer character 
of the flow. It is quite possible that sound will increase heat 
transfer through a laminar boundary layer in a manner which 
is nonlinear with sound intensity. This could be analyzed as 
indicated by Professor Kestin in his Discussion. However, the 
flow around a cylinder due to free convection is not merely a 
simple boundary-layer flow (except at lower Grashof numbers), 
for the region of flow on the top of the cylinder is somewhat un- 
stable. The stability of the flow in this region decreases with 
increasing Grashof number. If the effect of sound is to increase 
and develop the instability in this region (as indeed is suggested 
by flow visualization), we would expect to find that for a given 
sound intensity and frequency the low Grashof number flow 
would not depart appreciably from that without sound, because 
it is considerably stable; at higher Gr the sound would increase 
the instability, with consequent effects on the heat transfer. 
This also implies that the Gr at which the influence of sound on 
stability will first appear decreases somewhat with increasing 
intensity. This effect is the converse of that on the rotating 
cylinder, for which at low Gr and fixed Re the forced convection 
predominates, while at high Gr the free convection predominates. 

If such an effect occurs, it might be possible to see it in experi- 
mental results plotted as h against At at constant SPL, though 
the effect would be somewhat diluted because the cylinder aver- 
age heat transfer has been measured. In Figs. 8 through 14 
in the paper, straight lines have been drawn through the points, 
some lines having but one or two points upon them. There is 
no reason to expect all these lines to be straight; but the lines do 
not, in general, have enough points upon them for one to be able 
to distinguish between the slight curvature which they might 
have and the scatter due to experimental uncertainty. By look- 
ing through Figs. 8, 9, and 10 one can see that the change in slope 
from low SPL, where the flow is predominantly laminar, to high 
SPL, where the flow has developed the vortex state, is from '/, 
to '/;. At some intermediate SPL one might expect to find re- 
sults which would be best correlated by a line of slope '/, for 
At below some value which corresponds to instability and transi- 
tion at that SPL, and by a line of slope '/; for temperature dif- 
ferences above that value. If one inspects the points in Figs. 
8, 9, and 10 for the SPL of 146 db and temperature differences 
below 100 deg F, it can be seen fairly readily that lines drawn 
through the centers of such points would in each case be virtually 


§ Assistant Professor, Division of Engineering, Brown University, 
Providence, R. I. 

*J. T. Anderson and O. A. Saunders, “Convection From an 
[solated Heated Horizontal Cylinder Rotating About Its Axis,”’ 
Proceedings, Royal Society, London, England, series A, vol. 217, 
1953, p. 555. 
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parallel to the lines for 0 db; and the points in Figs. 8 and 9 for 
the same SPL but with temperature differences above 100 deg F 
would then lie on lines of slope '/;, the latter lines intersecting 
the lines for low temperature difference in the region of 100 deg F. 
While the evidence of these three graphs is not conclusive be- 
cause there are insufficient points, the foregoing lines described 
could correlate those results better than the lines actually used. 
If one accepts that all the lines in Figs. 8 through 14 need not 
be straight, but that some are curved or change slope at distinct 
points, then Figs. 15 through 20 must be regarded as somewhat 
uncertain. The temperature differences lay 
between about 30 deg F and 250 deg F, while in Figs. 15 through 
20 isotherms are cross-plotted with values of temperature differ- 
ences including 20 deg F and 400 deg F, and any error in the 
original supposed lines in Figs. 8 through 14 will have an effect 
on the accuracy of these cross-plots. It is unfortunate that the 
experiments were not performed at a series of constant tempera- 


experimental 


tures instead of at a series of constant electrical inputs to the test 
cylinder, because the need to cross-plot in this way would then 
be avoided. 

It is interesting that for fully developed flow the Nusselt num- 
ber is proportional to the two-thirds power of the characteristic 
velocity (af), as it is for fully developed turbulent flow on the 
rotating cylinder. Flow on rotating cylinders is understood to 
belong to a class of flows possessing similarities in their heat- 
transfer characteristics, the class including high-intensity 
leigh convection and turbulent separated flows. The mechanism 
f transfer in the present case may be similar to that for this class 
f flows. What is unique to the present case is that the Nusselt 
number is also proportional to the one-third power of the tem- 


tay- 


perature difference, as it is in high-intensity Rayleigh convection. 
That 
is suitable for the present case suggests that a transduction of 


a product-correlation rather than an addition-correlation 


thermal energy to acoustical energy occurs, with a consequent 
increase in the heat transfer. If such a transduction occurs in 
the fully developed flow, some measure of it may occur also in 
the transitional flow, so that once instability has been promoted 
it could then spread relatively rapidly around the cylinder 

Many of the phenomena suggested in this discussi would 
be difficult to analyze on a theoretical basis. Further experiment 
could resolve the phenomena more clearly, and while this dis- 
cussion is highly speculative, it may suggest suitable experi- 
ments. The authors of the paper are to be commended for a 


very interesting study of a complex problem. 


Authors’ Closure 

Professor Kestin’s objection to the use of the single acoustical 
term which appears in our paper, namely, SPL, is difficult to 
justify. For it is our opinion that researchers who are intimately 
concerned with thermoacoustic effects must learn to accept this 
term, since SPL is the commonly accepted measure of acoustical 
intensity. Nevertheless, in consideration of those readers who 
are unfamiliar with acoustics and are interested only in the most 
important heat-transfer results of our investigation, and not in 
its details, we have taken care to present our final correlation 
equations [equations (4) through (9)] in terms of amplitude and 
entirely. 
in order to facilitate the conversion of our own, 


frequency, thereby avoiding acoustical terminology 
Furthermore, 
as well as other acoustical data which appear in the literature, 
we have 
provided, in Fig. 26, a set of curves by means of which SPL read- 
ings can readily be converted into units of the product of ampli- 


tude and frequency. 


into what Professor Kestin calls “hydrodynamic terms,”’ 


The phenomenon, called thermoacoustic streaming, which 
Professor Kestin finds puzzling, is described in reference [23]. 
However, in order to add clarity to the present discussion, we add 
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Fig. 27 Ther 


f 1100 cps 
SPL = 148 db 
At 200° F 
Fig. 27 taken from reference [23] which shows thermoacoustic 
streaming. 

Examination of this photograph clearly indicates that Schlicht- 
ing’s analysis for laminar boundary layers, presented in Professor 
Kestin’s discussion, does not apply to this case, because the analy- 
sis does not take into account the dynamics of the oscillating 
vortex flow which is observed to occur. Thus the analysis in 
question cannot be used to evaluate the influence of the vortex 
flow upon the heat-transfer rate; and this is a very serious limita- 
tion of the analysis, since the heat-transfer rate increases most 
significantly on the upper portion of the cylinder,’ corresponding 
to the area where the thermoacoustic vortexes are present. 

The mathematical formulation of coupled sound vibrations and 
heat-transfer problems is very difficult, and it is precisely because 
of this difficulty that we have resorted to empirical means in order 
to discover the governing parameters. We believe that our 
careful empirical determination of the governing parameters in 
this complex physical problem is more reliable than the results of 
1 dimensional analysis whose premises are to a large extent 
conjectural. Our correlation equations represent the data with 
in accuracy better than 3 per cent; for this reason we cannot 
igree with Professor Kestin that it would be useful to recast our 
results in different form. In particular, it can be shown that the 
set of dimensionless parameters proposed by Professor Kestin 
For the data 
show with a high degree of consistency that, for fully-developed 
flow and sufficiently 


cannot be used to adequately represent our data. 


long wave lengths, the kinetic energy of 


vibration is the governing vibrational parameter. Since no 
ilgebraic combination of the four independent variables in equa- 
tion (37) will result in a quantity containing the kinetic energy- 
that is, a quantity proportional to (af)*—these four variables do 
not represent an adequate set of dimensionless parameters for this 
particular problem. 

We agree with Professor Kestin that the influence of the cylinder 
diameter requires further investigation; we pointed this out in the 
Also, the additional in- 


formation which would result from the experiments suggested by 


concluding paragraphs of our paper. 


Professor Kestin, utilizing flat plates, would certainly be valuable 
ind interesting. However, a word of caution is in order here: 
Although these geometries may be slightly more amenable to 
mathematical analysis, they are far from being ‘simple cases” 
from an experimental point of view. The creation, control, and 
measurement of intense sound fields in the neighborhood of finite 
flat plates presents many difficulties. For this and other reasons, 


we believe that a more promising line of attack is to investigate 


? The authors have measured the local heat-transfer coefficient 
around the entire circumference of the cylinder—results to be pub- 
lished. 
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thermoacoustic streaming by making local measurements around 
the circumference of a cylinder and to use these more readily 
obtainable data, together with the data already published, in 
formulating a mathematical model. 

One reason why coupled nonlinear phenomena are such difficult 
and at the same time fascinating subjects for investigation is the 
fact that experimental and analytical results are generally un- 
predictable. Even systems which are superficially very similar 
often exhibit surprisingly different behavior when investigated 
in detail. For example, the authors have recently completed a 
study (to be published) of coupled vibrations and free convection, 
employing a system which was practically identical to the setup 
described in the present paper, except for one important differ- 
ence: The direction of the vibratory motion was vertical instead 
of horizontal, as in the present case. Now one might reasonably 
expect that the vortex flow described herein would also be en- 
countered in the case of vertical vibrations—but such is not the 
case. In fact, the boundary layer in the presence of intense 
vertical vibrations is characterized by random turbulence, and 
the heat-transfer data exhibit trends which are quite different 
from the pattern in Figs. 8 and 9. Thus the unpredictability of 
coupled nonlinear systems would, in itself, provide sufficient 
cause for hesitation in accepting Professor Richardson’s specula- 
tion as to what might or might not happen at low or high Grashof 
numbers, since his reasoning is based on experience with models 
which are quite different from the case at hand. However, in 
the present situation, the questions which have been raised need 
not be left in the limbo of philosophical speculation, for ample 
visual and quantitative data are available which permit the 
resolution of these questions. The fact that thermoacoustic 
vortex flow is fully developed at 146 db over the entire range of 
temperatures investigated here was conclusively demonstrated 
by the flow-visualization studies reported in [23]. Therefore 
Professor Richardson’s hypothesis that the lines for 146 db might 
correspond to two regimes of flow—a stable regimefor At < 100 deg 
F, and an unstable regime for At > 100 deg F—is not supported by 
observation. Furthermore, the slope, upon which Professor 
Richardson has concentrated his attention, is not the only indica- 
tion of the extent to which the sound field has disturbed the free- 
convection boundary layer. It will be noticed by inspecting 
Figs. 8 and 9 that the lines corresponding to 146 db not only have 
greater slope than the line corresponding to free convection (0 db), 
but are also displaced vertically upward from the line labeled 0 db. 
This vertical displacement is consistent with the afore-mentioned 
visual observation that thermoacoustic streaming is fully de- 
veloped at 146 db over the entire range of temperatures investi- 
gated 

In order to facilitate the presentation of one additional remark 
relative to Professor Richardson’s discussion concerning the slopes 
of the lines in the figures and the sufficiency of data points, we 
present in the following a table containing the values of the 
slopes of the families of lines in Figs. 8 and 9, as measured on 
larger scale plots than appear here. 
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As Professor Richardson has pointed out, the numerical value of 
the slope increases from '/, at low SPL to '/; at high SPL in Figs. 
8 and 9. However, the tabulation emphasizes one important 
aspect of the results which is not immediately evident from Figs. 8 
and 9. 

The table shows that the measured values of the slopes are 
exactly the same for the same values of SPL in both figures. In 
fact, the data plotted in Figs. 8 and 9 determine the same family 
of straight lines, within the experimental limits of error. This 
experimental result is embodied in equation (7) for SPL > 146 db; 
that it holds for all values of SPL is emphasized by Fig. 15, since 
Fig. 15 is a common cross-plot of the lines in both Figs. 8 and 9. 
Thus the slopes of the lines at constant SPL in Figs. 8 and 9 are 
well-defined by two sets of data. If the data in Figs. 8 and 9 were 
distorted, by arbitrarily breaking the lines for 146 db into two 
segments with slopes '/, and '/;, respectively, as suggested by 
Professor Richardson, the question would then arise how to recon- 
cile this break with the lines for 144 db, whose slopes are 0.290. 
The foregoing remarks emphasize the fact that the lines in Figs. 
8 through 14 were drawn in such a way as to provide a consistent 
set of curves for all the data—not just a part of the data—taking 
due account of the results of the flow-visualization studies. 

The reason why the experiments were performed at constant 
electrical inputs, rather than at constant temperature [potentials], 
as suggested by Professor Richardson, is a practical one. The 
experimental determination of each data point plotted in Figs. 7 
through 14 required approximately 3-hr time. It is conserva- 
tively estimated that if one were to attempt to obtain data of 
comparable accuracy by holding At constant, the time required 
per determination would be increased by a factor of 5. 

We believe that the density of points, particularly at the lower 
sound frequencies, is sufficient to permit interpolation with con- 
fidence. With regard to the question of extrapolation, we wish to 
point out that the lines in Figs. 7 through 14 indicate that log h, is 
proportional to log At at constant SPL. Hence we consider that 
the proper quantity upon which to focus attention when discuss- 
ing the matter of extrapolation is log At, and not At itself. 
From this point of view, our maximum extrapolation is from log 
At = 2.4 (corresponding to 250 deg F) to log At = 2.6 (correspond- 
ing to 400 deg F). We do not believe that this amount of ex- 
trapolation is excessive. 

We thank Professors Kestin and Richardson for their interest- 
ing and stimulating discussion of our paper. 
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Introduction 


= OCCURRENCE of two-phase, steam-water flows 
in water-cooled nuclear reactors has accentuated the need for 
improved design data as well as better understandings of the 
phenomena of flows regimes, pressure drops, critical flow, void 
fractions, transient flows, heat transfer, and maximum heat flux 
or “burnout.’’ This paper is concerned with a simplified model 
for spray-annular flow in round tubes and rectangular channels 
and its use for the prediction of the maximum heat fluxes for 
steam-water flows. Results reported are the comparisons of the 
predictions with the experimental measurements obtained at the 
Westinghouse Bettis Atomic Power Laboratory. The data are 
for upward flow at 2000 psia for uniform and “hot-patch’”’ heat 
fluxes [4]. Burnout has been defined experimentally as the 
heat flux incipient to or in the interval of the very rapid rise in 
temperature that accompanies the transition to film boiling. 
Departure from nucleate boiling (DNB) is the Westinghouse 
Atomic Power Laboratory basis for designating the allowable 
peak flux [1]. 
The model represents an approach which differs from the em- 
pirical correlations developed by G. Sonneman [6], by 8. J. 
Green and his colleagues [1], and by D. W. Bell [8]. 
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Nomenclature 


A Model for Correlating Two-Phase, Steam- 
Water, Burnout Heat-Transfer Fluxes 


Model for Burnout Predictions 


The model was developed by one of the authors [7], further ap- 
plied to Bettis Atomic Power Laboratory data [5], and extended 
to include nonuniform or hot-patch data [3]. A spray-annular 
flow is assumed in the model with a portion of the liquid flowing 
as dispersed droplets in the central core of steam and the re- 
mainder as a liquid film flowing along the channel walls. The heat 
transfer is from the channel walls and need not be uniform. The 
liquid film on the channel walls decreases in thickness as the 
steam mixture flows through the channel. Liquid is lost from 
the film by heat transfer leading to vaporization and by re-en- 
trainment of liquid droplets into the vapor core; but liquid is also 
returned to the film by a liquid droplet diffusion from the vapor 
core to the wall. For purposes of the model, burnout is assumed 
to occur at the position in the channel where the liquid film dis- 
appears. 

In principle, simple differential material and energy balances 
on the liquid in the film integrated over the length of the boiling 
section are sufficient to define the system proposed. However, 
the re-entrainment and liquid droplet diffusion phenomena are 
complex, and for the work presented, an empirical approach was 
used to define the mass-transfer rates. The forms of the func- 
tions expressing the transfer rates were assumed and the charac- 
teristic parameters required were determined empirically by fit- 
ting the predictions of the model to the data. The functional 
forms could be generalized, so that, for example, a set of measure- 
ments for DNB heat fluxes for a given channel operating at 2000 
psia, for a given inlet subcooling (saturation temperature at 2000 
psia minus inlet temperature of water to the heated channel), with 
flow rate as a variable, is sufficient to provide the burnout model 





m — j(1l — n) 
— - , constant 
1—j 
heated area 
parameter in equation (10) 
k,/V ,, dimensionless ratio 
concentration of liquid droplets in the vapor 
l1—-m—n 
Saad. 
inside diam, D, = equivalent diameter 
re-entrainment function, equation (9) 
constant, equation (9) 
total mass flow rate 
enthalpy, h; = inlet enthalpy, hy = saturation liquid 
enthalpy, h,, = enthalpy change upon vaporization 
constant, equation (10) 
droplet transfer coefficient, equation (10) 
length of heated channel 
= total heated length 


, const 
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constant, equation (9) 

subcooling number, (hy — h,)/h,, 

heat flux 

cross-sectional area of channel 

specific volume, v, = specific volume of liquid, v,, = 
specific volume change upon vaporization 

velocity, V, = velocity of annular film, V, = velocity 
of core 

boiling velocity = v,,9q"/h,, 

bulk quality, weight fraction steam in flowing mixture 

fraction of the cross-sectional area occupied by the vapor 
core 

fraction of the liquid dispersed in the core at the initia- 
tion of bulk boiling 

E,,(v,;,)'*™~*(A/S)*b-4 const 

vy 


sg 
subscript referring to burnout conditions 
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with the constants necessary. The burnout predictions for the 


two-phase flow may then be made for any inlet subcooling condi- 
tion, and interpretations may be made for hot-patch or nonuni- 
form heat fluxes. Under these restrictions, the burnout model is 
s useful tool for exploring a wide range of operating conditions 
with a minimum of data on a specific geometry and operating pres- 
sure 

Some progress has been made [7] in predicting the characteristic 
different L/D,) and 


ting pressures, but further work needs to be done to justify 


parameters for length-to-diameter ratios 
opera 
such treatments 

The details of the model, basic assumptions and simplifications, 
and the analytical treatment are summarized in the Appendix. 
the model requires three constants to be determined from 
irnout data (b, z, EZ, 


veloped for the functional forms of the liquid droplet diffusion 


in addition to the generalizations de- 


und the re-entrainment for the rectangular channels and round 
} 


tubes. The question is then raised whether the model does in fact 


become simply an empirical correlation. The simplicity of the 


spray-annular flow model is recognized, and thus the develop- 
ment of the mathematical model was restricted to the simplest 
ts which might with an effective in- 
Judgment of the effectiveness of the model may 


elemen still be consistent 
terpretatior 
’ 


made by determining not only how well do the predictions 


compare with the experimental data over a wide range of operat- 


ing conditions, but whether some insight on the burnout phe- 
nomena is provided. As already noted, the constants determined 
of subcooling data are sufficient to enable reasonable 


Further, pre- 


Irom one set 
predictions to be made at any other subcooling. 
dietions can be made for tests in which small sections are receiving 
increased heat inputs (hot-patch tests). Also, the model predicts 
in inverse flow rate effect (burnout flux decreases with increased 
flow rate at constant burnout enthalpy Future analyses will 
include similar model developments for flow in an annulus with 
heat input from one and two sides. The true worth of the model 


might well hinge upon the application to these tests. 


Uniform Heat-Flux Results 
The 2000 psia burnout data used for the model are presented as 


points in Figs. 1, 4, and 7 for the following three test sections: 


0.097 by 1 by 27 in. 
0.101 by 1 by 6 in 
0.186 in. ID length 12 in. 


tectangular channel: 
Round tube: 
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Comparison of experimental and predicted values of burnout quality versus mass 
flow rate for 0.097 in. by 1 in. by 27 in. channel 
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Fig. 2 Comparison of experimental and predicted values of burnout heat 
fluxes versus mass flow rate for 0.097 in. by 1 in. by 27 in. channel 


The plots of burnout quality versus total mass velocity at speci- 
fied inlet subcoolings illustrate the general characteristics of the 
observed burnout phenomena for the two-phase, steam-water 
flows. 

The following constants were selected to represent the data for 
the burnout model: 


E,, 
(1 — 2) (lb/hr ft?)(ft/hr)~'”* 
0.06 
0.06 
0.02 


b xX 10° 
(Ib /hr*)‘/2 
0.05 
0.056 
0.08 


0.097 by 1 by 27 in. 
0.10 by 1 by 6 in. 
0.186 ID, by 12 in. 


(See Appendix for definition of the constants and the subsequent 
interpretations.) 
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Fig. 3 Comparison of experimental and predicted values of burnout fluxes for 


0.097 in. by 1 in. by 27 in. channel 
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Fig. 4 Comparison of experimental and predicted values of burnout quality versus mass flow 


rate for 0.101 in. by 1 in. by 6 in. channel 
The solid curves given in Figs. 1, 4, and 7 are the predictions of 
the model, based upon specifying the flow rate and the inlet sub- 
cooling 
The predictions and experimental data are presented also in 
Figs. 2, 5, and 8 which are plots of the burnout heat fluxes versus 
total mass velocity with the inlet subcooling and exit burnout 
Direct comparisons of the pre- 
dicted and experimental values for the burnout fluxes are given 
in Figs. 3, 6, and 9. 


qualities noted as parameters 


Other bases might be selected for the model, such as specifica- 
tion of the inlet subcooling and the burnout quality, with the 
burnout heat flux and the mass flow rate being the calculated 
values. The selection of the flow rate and inlet subcooling, al- 
though it yields a more favorable comparison of the burnout flux, 
is more closely related to survey or parametric studies of burnout 
limiting conditions. 

For the results reported, the re-entrainment mechanism does 
not appear to be significant for the rectangular channels at 2000 
psia. 
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Nonuniform Heat Flux or Hot-Patch Heat-Flux Results 

The model was used to predict values of burnout heat flux and 
burnout quality for specified flow rates and inlet subcoolings for 
thé following tests of steam-water upward flow at 2000 psia: 


Model 
parameters 
bx 108 (1 — 2) 


tectangular 
channel 


0.097 by 1 by 27 in. 


Hot-patch 

conditions E 

13/, in. long, lo- 
cated */, in. 
from exit of 
channel 


0.050 0.06 


0.093 by 1 by 27in. 1'/¢ in. long, lo- 
cated %/, in. 
from exit of 
channel 


0.051 0.06 0 


The model parameters were those derived from data for uni- 


formly heated channels. 
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In one series of runs, the heat flux in the hot patch was twice 
the value in the rest of the section and burnout was observed to 
occur in the hot-patch section. A two-step calculation was em- 
ployed for the model. The first step was used to define the inlet 
droplet concentration to the hot patch based upon the given total 
flow rate, inlet subcooling, and normal heat flux. The second 
step was used to predict the burnout heat flux in the hot patch. 
Comparisons of the predicted and experimental values of the 
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Fig. 5 Comparison of experimental and predicted valves of burnout heat 
fluxes versus mass flow rate for 0.101 in. by 1 in. by 6 in. channel 
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burnout quality and burnout heat flux (in the hot patch) are 
given in Figs. 10 and 11. In Fig. 12, the predicted burnout heat 
flux gz in the 2 to 1 hot patch is compared with the predicted 
burnout heat flux q; for a completely uniform heat flux (no hot 
patch). Points corresponding to q, are one half the corresponding 
values for gq: and correspond to the heat flux in normal portion of 
the test section. 

A second series of hot-patch tests was reported by Westing- 
house Atomic Power Laboratory in which the ratio of the heat 
flux in the hot patch to that in the rest of the section was 1.3 to 1. 
With the exception of two runs, the burnout excursion was taken 
to occur '/s in. from the exit of the hot patch. The burnout 
model calculations were made in three steps: First, over the 
normal test section to define entrance droplet concentration to the 
hot patch; second, over the hot patch to define entrance 
droplet concentration to the last section; and third, to pre- 
dict burnout flux in the last section. The corresponding inlet 
qualities were calculated from the known heat fluxes. For the 
other two runs, burnout.was assumed to occur at the exit of 
the hot patch and a two-step calculation was made to predict 
the burnout heat flux in the hot patch. The comparisons of the 
predicted and experimental values are given in Fig. 13. 


Summary of Burnout Model Results 


The burnout model has been successfully applied to both uni- 
form and nonuniform or hot-patch heat-flux tests. Burnout flux 
versus flow rate data obtained for uniform heat flux for a given 
inlet subcooling are sufficient for the evaluation of the character- 
istic parameters needed in the burnout model. (Some progress 
has been made toward the generalization of the dependency of the 
parameters upon equivalent diameter, length, and system pres- 
sure.) For a given set of parameters, the burnout heat flux may 
be calculated for any specified inlet subcooling and flow rate. 
Comparisons of predicted and experimental values of the burnout 
heat flux are encouraging, including 2 to 1 hot-patch tests 
Further, the predictions for the 1.3 to 1 hot-patch tests are in 
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Fig. 6 Comparison of experimental and predicted valves of burnout heat fluxes for 0.101 in. by 


1 in. by 6 in. channel 
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Fig. 7 Comparison of experimental and predicted values of burnout quality versus mass flow 


rate for 0.186 in. ID by 12 in. tube 


accord with the experimental data that the hot-patch effective- 
ness is approximately zero. Thus the effect of nonuniformity of 
heating was correctly predicted by the model—quantitatively as 
well as qualitatively. 


Acknowledgment 


The burnout analyses were made possible thréugh support re- 
ceived from the Atomic Energy Commission contract AT(11-1)- 
433 with the Department of Chemical Engineering. 

Acknowledgment is also made for the use of the Westinghouse 
Atomic Power Laboratory data and the suggestions by Mr 
Stanley Green. 


References 


1 R.A. DeBartoli, 8. J. Green, B. W. LeTourneau, M. Troy, and 
A. Weiss, “Forced Convection Heat-Transfer Studies for Water in 
tectangular Channels and Round Tubes at Pressures Above 500 
Psia,”” WAPD-188, June, 1958. 

2 R. A. Egen, D. A. Dingee, and J. W. Chastain, BMI-1163, 
February, 1957. 

3 Hans K. Fauske, “Analysis of Burnout in Two-Phase Flow,” 
MS thesis, Dept. Chem. Eng., Univ. Minnesota, 
Minn., August, 1959. 

4 8. J. Green, Westinghouse Atomic Power Division, Bettis Site 
reports: 

M. Troy, WAPD-TH-340, July 18, 1957. 

R. Masnovi and M. Troy, WAPD-TH-289, January 15, 1957. 

R. A. DeBartoli and R. Masnovi, WAPD-TH-308, April 12, 1957 

WAPD-TH-339 August 7, 1957. 

WAPD-TH-412, August 4, 1958. 

5 Surendra P. Singh, “Burnout in Steam-Water Flow at 2000 
Psia,”” MS thesis, Dept. Chem. Eng., Univ. of Minnesota, Minne- 
apolis, Minn., March, 1958. 

6 G. Sonneman, “A Method of Correlating Burnout Heat 
Data,’ Nuclear Sci. and Eng., vol. 5, 1959, pp. 237-241. 

7 Robert G. Vanderwater, ‘An Analysis of Burnout in Two- 
Phase, Liquid-Vapor Flow,”” PhD thesis, Dept. Chem. Eng., Univ. of 
Minnesota, Minneapolis, Minn., December, 1956. 

8 Donald W. Bell, “Correlation of Burnout Heat-Flux Data at 
2000 Psia,”’ Nuclear Sci. and Eng., vol. 7, 1960, pp. 245-51. 


of Minneapolis, 


Flux 


APPENDIX 
Derivation of Burnout Model 


The model utilizes a spray-annular flow model for the steam- 
water mixture flow. The term annular is used to imply that a 
portion of the liquid flow is along the walls of the heated channel. 
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The steam flows in the central core, and the term spray is intro- 
duced to note that the remaining portion of the liquid flow is in 
the form of droplets carried by the steam. Fig. 14 is a schematic 
sketch of the spray-annular flow model. 

Liquid leaves the annular film through a process of liquid re- 
entrainment, and the rate of re-entrainment per unit area of 
liquid is designated as EZ. Liquid is returned to the annular film 
by the movement of liquid droplets from the core. A concentra- 
tion C (Ib liquid water/ft*) is assigned to the core, and since the 
droplets unite with the annular liquid film upon striking it, a 
concentration C = 0 is assumed at the surface of the liquid film. 
Further, the mass-transfer rate of the liquid droplets is repre- 
sented by kgC, where kg is a droplet coefficient and is determined 
from the burnout data. Finally, liquid is lost from the annular 
For the model, burnout conditions are 
reached when the liquid film is depleted. 

The model presented is confined to steam-water flows, and con- 
sists of material and energy balances. At a given cross section, z 
designates the fraction of the area occupied by the flow in the 
core, and (1 — z) is the fraction occupied by annular liquid film. 
For pipe flow, the diameter of the pipe is D and the diameter of 
the core is Dy/z. A material balance on the liquid dispersed 


film by the vaporization. 


in the core is 


d 
s— @ev.c 
i @Y© 


ah 


—@7D Vz(ke C — E) (1) 


For the flow of liquid in the annulus, 


Sd{(i — 2)V,] 


dL 


mDq" 


= #D vV/2z (kgC — E) - 
hy 


(2) 
vy Q 

(A constant cross-sectional area S has been used.) Neglecting 
any subcooling or superheating of either phase, the material bal- 
ance on the flowing liquid stream is 


i. (1 — 2)V, 
Gil — 2) ‘ 


= zV.C + 


(3) 
0s 

The energy balance (through neglect of the potential and kinetic 

energy terms) reduces to a heat balance, which in terms of the 

quality for a uniform heat flux over the length L, is 


()(:)-» 
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Fig. 8 Comparison of experimental and predicted values of burnout heat 
flux versus mass flow rate for 0.186 in. ID by 12 in. tube 
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where N,. is called the subcooling number or “‘negative quality,” Ve. = Va = V = Gr, (x + v) (5) 
h,; — h,)/h,,, and A is the heated surface area. If the heat flux ‘ : 

J Equations (1) and (2) with equation (5) can be written in terms 
of the quality change: 


eL 
were not uniform, g”L would be replaced by a q"adL. For the 


test data used in this paper, constant heat fluxes were employed 
over given lengths of test sections. Vp 
The pressure is assumed to be sufficiently high so that the pres- dx 


d 


[z(x + v)C] —V2(k,C — E) 


sure drops can be neglected and constant system pressure may be 
used. 


Ve (1 — z)(x + v)] 
It is recognized that velocity distributions exist in the annular 0, de 

film and the core, and that the steam flow is faster than the liquid 

flow; however, a simplification introduced which becomes more where the boiling velocity is defined as Va 

reasonable as the quality is increased or at higher pressures is 


Equation (3) becomes 


1 , 
—) = 2,C 4 (8) 
“er 


The following functional forms are assumed and introduced into 
equations (6) and (7): 
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Eq 1ation (6) becomes 
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Fig. 14 Schematic sketch of the spray-annular flow model 


Fig. 15 Effect of the exponent j of the ' ) 
droplet mass-transfer coefficient , : Fig. 16 Effect of re-entrainment 


Fig. 17 Effect of zo, the fraction of liquid which is assumed to be dis- 
persed in the core at x = 0 
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€ E,(v,,)'*" ~*(A/S)*(6) . (15) 


Equation (12) is made an exact differential by multiplying by the 
factor (x + v)8dzr. The limits of integration for z and C are from 
z = Oand C = ~/v,tozandC. The parameter z is the fraction 
of the liquid which is assumed to be dispersed in the core region 
at the initiation of bulk boiling (2 = 0). The condition assumed 
is related to the existence of void fractions due to local boiling 
[2] and represents only a relatively crude approximation. Inte- 
gration of equation (12) produces 


ce” ( , i+B €B4(z + v)™ 
vy = >. 
% v\r+yp B +m + 1)(tg0 + N,.)* 


v 1+B+m 
f1-(-2,)"""] on 
z+ P 
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The burnout conditions are reached when the liquid film thickness 
is zero (z = | 


(l — Zg0 
= ZIpno _— . 
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is then solved for B: 
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Equation (16 


—log (1 — Zpo 


— log v 


y'* ; (Zgo + v)'*™ 


' ; “ya 
Zpo0 + : 1 — 2g0)(Zp0 + N,.) 


(19 


With the value of B obtained from equation (18), the cor- 
responding values of heat flux or mass velocity may be found 


using 


L j 


bh \i-3 A/S l—) 
B + N. 
b(A 
G (21) 
Bv,,(Zp0 


If a several-step calculation is used, equation (12) is integrated 
ver each section in turn using the applicable limits of integra- 
tion and the corresponding Vg for the section. The exit con- 
centration from each section is used as the inlet concentration to 
the follow.ug section. 


Discussion of Parameters in Theoretical Model 


First, consider the case for E, = 0 (hence € = 0) and z l 
and the illustrations (for a given pressure) represented in Fig. 15. 
The burnout quality decreases from 1 to 0 as the mass flow rate 
increases from 0 to some limiting value, with the shape of the 
curve depending upon the exponent j of the droplet mass-transfer 
coefficient [equation (10)]. For 0 <j < 1, the decrease in z,p is 
gradual, and for 7 < 0, the decrease is relatively sudden. The 
possibility of 7 > 1 is eliminated since this range would give a 
curve with a positive slope which is contrary to the experimental 
results 

The effect of the re-entrainment ¢€ in lowering the burnout 
quality is illustrated in Fig. 16. The effect is greatest at low flow 
rates where the burnout quality is high. The parameter d [equa- 
tion (14)] governs the relative effect of € at high and low values 
of G. The smaller the value of d the smaller is its effect on quali- 
ties at low mass velocity. On the other hand, for values of d of 
1/, or greater, the effect is primarily at low mass velocities. For 
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d = 1, a maximum burnout quality less than 1.0 is predicted 
even in the limiting case of G = 0. 

The effect of zo, the fraction of the liquid which is assumed to be 
dispersed in the core at the initiation of bulk boiling (x = 0), is 
shown in Fig. 17. A value of zo less than one means that some 
liquid goes directly into the annular film at the point where bulk 
boiling begins. This increases the fraction of the liquid available 
at the wall to prevent burnout. The effect of zo is greatest for 
high values of G and corresponding low values of zg. 

The effect of inlet subcooling is determined primarily by the 
exponent j. If the small effect of subcooling on B [equation (18)] 
is neglected, the effect is predicted by equations (20) and (21). 
For negative values of j and a given burnout quality, an increase 
in subcooling would increase the predicted heat flux while the re- 
quired mass velocity decreases. 

The parameters chosen for the models were based upon com- 
parisons of the predicted curves with the experimental data. 


Correlation of Burnout Model Parameters 


The burnout data for vertical upward flow of steam-water 
mixtures for round tubes and for rectangular channels were cor- 
related using a droplet transfer coefficient 


i8 


k, = bG-"/: 


. 
For round tubes the re-entrainment function was of the form 
E = E,V,”* 
and for rectangular channel, 
E = E.V;, 
—'/, is to be contrasted with the value of 0.8 


which ordinarily applies to the molecular mass-transfer coefficient 
in turbulent single-phase flow. 


The use of j = 


In addition to noting that the 
transfer of matter considered for the model is in the form of drop- 
lets rather than separate molecules, the transfer is made counter- 
current to the boiling velocity Vz. As Vg increases, k, would be 
expected to decrease, and since G increases as Vg increases, k 


Q 
should also decrease as G increases 


Phus the effect of V, may 
explain the mass velocity dependency and the negative exponent. 
Another factor which may contribute to this effect of G on droplet 
transfer coefficient is the mean droplet size. An increase in tur- 
bulence within the vapor-droplet core would be expected to de- 
crease the mean droplet size. A smaller drop has a lower ter- 
minal velocity and thus may be more readily swept back into the 
vapor-liquid core by the boiling velocity V ,. 

The values for b decreased with an increase in pressure and the 
effect is greatest at high pressures. Properties most likely to cause 
the variation of b with pressure are the phase densities and the dif- 
ference in these densities, and steam viscosity. Other properties 
which should be considered include the surface tension and the 
liquid viscosity. No correlation of b with pressure is offered. 
The values for b for the round tube data do not show any con- 
sistent trend with diameter or with A/S; however, the data for 
rectangular channels at 2000 psia indicate that b may be propor- 
tional to D,~*-5(A/S)~°-* where D, is the equivalent diameter and 
A/S is the ratio of heated surface area to the cross-sectional area. 

The re-entrainment function for the round tube data yielded a 
value of d = '/;. Hence the re-entrainment was relatively small 
at high mass velocities and low burnout qualities, and significant 
at low mass velocities and high burnout qualities. For the rec- 
tangular channel, d = 0, and the effect of re-entrainment on burn- 
out quality was only slightly greater at low mass velocities than at 
high mass velocities. 
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DISCUSSION 
K. Goldmann,‘ H. Firstenberg,® and C. Lombardi® 


In this paper a physical model for burnout in flowing steam 
systems is postulated and applied to experimental data. We have 
independently developed a somewhat similar model [9].7 One 
principal difference between the two models is that the one pro- 
posed in this paper assumes that a liquid film flows on the heat- 
transfer surface up to the point of burnout. The model pro- 
posed by us [9] assumes that the amount of liquid moving 
through a liquid film, if one exists at all, is negligible. Visual 
observations are needed to resolve this difference. In analyzing 
vapor volume fraction data [10] and liquid-film thickness meas- 
urements [11] it is apparent that a substantial fraction of the 
total liquid flows along the wall under adiabatic conditions, even 
in the so-called fog-flow regime. However, analysis of data in 
the same range of flow quality with heat addition [12] appears to 
substantiate our assumption of negligible liquid film flow at the 
wall. The authors of this paper also appear to reach this con- 
clusion when applying their model to the data, since in setting 
z = | in equation (6) they found that the maximum difference 
in the predicted burnout quality was only about 6 per cent. 

We also speculated that the evaporation process, even prior 
to burnout, involved vaporization of droplets which have dif- 
fused to a layer of superheated vapor adjacent to the heat- 
transfer surface. We had difficulty visualizing bubbles growing 
in a thin liquid film nor could we convince ourselves that film 
evaporation is the appropriate mechanism at these high heat 
fluxes. 

Another difference in approach is that in the present paper, 
constants and exponents are evaluated from actual burnout data, 
thus raising questions of the empirical nature of the relations. 
Six such empirical constants, although the authors state that 
only three are required, must be evaluated for each experiment; 
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namely, b, zo, E,,7, m, and n. On the other hand, we have hopes 
that an understanding of droplet diffusion and evaporative 
processes in turbulent streams may provide relations for mass- 
transfer coefficients and slip ratios which can be readily used in 
predicting burnout values over a wide range of conditions. 
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Authors’ Closure 


We wish to express our gratitude to Messrs. Goldmann, Fir- 
stenberg, and Lombardi for their many valuable comments. The 
question of liquid distribution is quite pertinent. So far as we 
know, it remains unanswered. Vaporization from droplets near 
the wall is a distinct possibility. However, it would seem likely 
that in the highly turbulent flow many of the droplets would 
penetrate to the heated surface. Whether or not a film of liquid 
exists on the surface under conditions approaching burnout, it 
would be expected that the surface would be wet at least inter- 
mittently. We would also agree that film evaporation could not 
accommodate the high heat fluxes which are found to be possible. 

The 6 per cent difference upon setting z = 1 in equation (6) 
referred to above does not imply that the liquid film is negligible. 
Because of the density difference a liquid film at the wall may 
contain an appreciable fraction of the liquid while the vapor 
occupies most of the tube cross section (i.e., while z is nearly 
unity). 

Of the six empirical constants referred to above, one (n) has 
been used at only two different values (depending on the tube 
shape). Another (j) has been kept at a fixed value in all applica- 
tions of the model. A third (m) has, in effect, been dropped from 
the model by assuming a zero value in all applications. The more 
general equation including m is presented in the derivation of the 
model, but it was used in the simpler form. 
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Burnout in Turbulent Flow—A Droplet 
Diffusion Model 


Two-phase flow regimes are reviewed briefly 


A physical model, which is based on the 


concept that droplet diffusion through a steam boundary layer is the limiting mechanism 
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Introduction 


B RNOUT presents one of the principal limitations in 


the design of liquid or wet steam-cooled nuclear reactors, rocket 
nozzles Because of 


this 


and other high-specific-power equipment. 
the subject of burnout has received considerable attention 


luring the past decade. The present state-of-the-art in the U.S. 


ind abroad is well described in several reviews [1-6]. It is ap- 


parent trom these publications that today’s knowledge is not 
sufficient to predict burnout with the desired degree of accuracy. 

Analytic methods for predicting burnout have utilized physical 
models which have generally been based on visual observations 
ot pool boiling These observations have led to methods which 
re tied to bubble dynamics or to the movement of liquid and 
vapor spikes in regular geometric cells. Since they are based on 
pool-boiling observations, it is not surprising that these analyses 
orrelate pool-boiling data quite well However, they fail for 
flowing systems 

It is the that 


nechanism for burnout in flowing systems, particularly at high 


suggested in present paper the controlling 


Reynolds numbers, is not to be found in bubble behavior but 


rather in the eddy diffusion-limited transport of liquid droplets 
through a steam boundary layer to the heated wall. This concept 


ippears particularly attractive for fog flow, but may also be 


applic ible to flowing low -qu ilitv steam and even subcooled liquid 
systems 
This concept grew out of an earlier one described by Cicchitti, 
rhey postulated that the heat-transfer area is covered 


S.-Euratom Joint Research 


Atomic 


This work was sponsored by the I 
ind Development Board, under the U.S 
Contract AT (30-1)-2303 

2 Numbers in brackets designate References at end of paper 
Heat Transfer Division of THe AMERICAN 
Society oF MecHANIcAL ENGINEERS and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y.. August 15-17, 
1960. Manuscript received at ASME Headquarters, June 2, 1960 
Paper No. 60—HT-34 


Energy Commission 


Contributed by the 


Nomenclature 


for burnout in turbulent flow, 
other parameters in fog flow 
agreement between analysis and experimental burnout data in fog flow is demonstrated. 


is described. An equation is derived relating burnout to 
With simplifying assumptions, an order-of-magnitude 


by a thin liquid layer which is continuously fed by water drops 
carried hy the steam flow. During the preparation of the present 
paper our attention was called to theories by Vanderwater [8], 
, and Fauske [10], who similarly proposed that burnout 


occurs when the liquid mass flow through an annular film and 


Singh [9 


from diffusing droplets is insufficient to support the heat flux. 
Reynolds il l 
the liquid being in an annular film at the wall. 


proposes a correlating factor which is based on all 


In this paper, two-phase flow regimes are briefly reviewed, a 
burnout model is described, basic equations for burnout in fog 
flow are derived, and a preliminary comparison is made between 
analysis and the results from burnout experiments in the fog- 
flow regime 


Two-Phase Flow Regimes 


Much of the burnout data, needed for the design of nuclear 
reactors, has been obtained experimentally with high-pressure 
water in the quality region. It is instructive to attempt to 
visualize what the appearance of the two-phase mixture might 
be in this region 

The flow of two-phase mixtures has been observed by numerous 
investigators under isothermal conditions and has been summa- 
12, and 13}. 
regimes are well described by the names frequently applied to 


rized in References [5, The observed two-phase flow 
them; namely, annular, slug, dispersed, bubble, froth, and so on 
There is no uniform agreement on terminology or even on the 
number and boundaries of regimes that do occur. One can never- 
theless construct a flow-pattern chart for steam and liquid water, 
based, for instance, on Baker’s plot [14], as shown in Fig. 1 
Keeping in mind that the boundaries between regimes shown as 
lines in Fig. 1 are really not sharply defined and that heat addition 
in small channels will move the boundaries toward lower qualities 
and lower mass-flow rates, one can still reach certain over-all 
conclusions 

First, it will be noticed that at mass-flow rates larger than 500.,- 
000 Ib/hr-sq ft, which are of interest to nuclear reactors and other 





average liquid droplet concentra- 
tion, lby /cu ft 

liquid droplet 
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film coefficient for mass transfer, 


“transfer coefficient 

liquid droplet 
lby/hr-sq ft 

Reynolds number 

uy = axial slip ratio 

Schmidt number y= 


u = average velocity at a section; fph 
xz = average steam flow quality at a 

section, weight fraction 
burnout heat flux, Btu/hr-sq ft 
viscosity, lby /hr-ft 


dimensionless mass- 


Pro = 
= 
Subscripts 
liquid phase 


mass current, 


= vapor or gas phase 
wall 
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Total Mass Flow Rate (G,), Ib/hr-ft* 
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Steam Quality (x), weight percent 
Fig. 1 Steam-water system flow pattern chart. - — - — 14.7 psia; 
800 psia; ---- 1500 psia. (Based on reference |14).) 


high-velocity systems, and for which most of the experimental 
burnout data have been taken, the fluid is either in the bubble- 
Bubble-froth flow, as 
shown in Fig. 1, occurs at steam qualities of less than approxi- 
mately 10 per cent depending on pressure and probably on heat 
flux. As the name indicates, in this regime, the fluid is essentially 
a liquid containing vapor bubbles. At steam qualities between 10 
and 100 per cent and high velocities, the fluid is essentially a fog; 
i.e., steam with a dispersion of liquid droplets. 

In the fog-flow regime most of the liquid is carried in droplet 
form by the steam, although under isothermal conditions a thin 
liquid film can be observed at the wall. Since there are no thick 
layers or slugs of liquid, it is difficult to visualize the growth and 
movement of bubbles in fog flow, and one is forced to abandon 
for this regime burnout models which are based on bubble dy- 
namics. 


froth or in the dispersed-fog flow regime. 


A droplet diffusion model is proposed in its stead as 
follows: 


Description of Burnout Mode! 


Fog Flow. In fog flow, liquid droplets are more or less uni- 
formly dispersed in the high-velocity steam. Under high heat 
fluxes, the liquid which is cooling the wall evaporates and must 
be replenished by droplets from the main stream if burnout is to 
be avoided. It is proposed that this replenishing is accomplished 
by eddy diffusion of droplets. The amount of liquid which can be 
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transported to the wall is limited by this turbulent diffusion 
process, and one may postulate that, to a first approximation, 
burnout will occur when the heat flux becomes greater than that 
needed for the complete evaporation of all liquid droplets which 
diffuse to the wall. At any rate, this heat flux represents an upper 
limit for burnout. 

In this model, the vaporization of droplets at the heated wall 
provides a diffusion sink and thus establishes a concentration 
gradient for a net current of droplets to flow from the main 
stream to the wall. A similar diffusion process has been investi- 
gated by Alexander and Coldren [15]. They performed a series 
of experiments to elucidate the mechanism and to measure typical 
rates of deposition, on the walls of a straight duct, of small water 
droplets suspended in a turbulent air stream. In their experi- 
ments, the thin liquid film at the wall acted as a diffusion sink, 
and the major resistance to droplet transfer from the air stream 
to the duct wall resided in a relatively thin layer of air adjacent to 
the wall. 

From experiments like these and further analyses, it should be 
possible to deduce the droplet-diffusion rates as functions of 
pertinent parameters. By assuming that these diffusion rates are 
controlling, functional relations between burnout and _ these 
parameters can then be established, which in turn would permit 
the reliable prediction of burnout heat fluxes for conditions of 
engineering interest. Some initial steps for doing this are indi- 
cated later in sections dealing with the development of basic 
equations and comparison of data. It should be noted that no 
assumptions need to be made about the evaporating process itself, 
since liquid diffusion rates are assumed to be controlling. 

Although knowledge of the evaporating process is not re- 
quired for the development of the equations, it is interesting to 
speculate as to what this process may be. We presently believe 
that droplets reaching the wall evaporate there without forming 
liquid films which are thick enough to support bubble growth. 
The resulting vapor flows away from the wall into the main 
stream, thus opposing the movement of droplets toward the 
wall. In cases of so-called “slow burnouts’’ [16] a considerable 
fraction of droplets may never reach the wall at all but may 
evaporate in the slightly superheated steam boundary layer. 

Other Flows. One may speculate that the diffusion of droplets, 
rather than the growth of bubbles, is also controlling for burnout 
in low quality and even in subcooled, turbulent flows. The basis 
for this hypothesis is that near burnout fluxes there is a layer of 
vapor near the wall and the “boundary”’ layer is in fog flow. 
Again no bubbles can really grow at the wall. Questions related 
to the thickness of the fog layer, the effective liquid concentration 
in the main stream and radial sprays need to be answered before 
quantitative analyses could be undertaken to predict burnout 
fluxes based on a droplet-diffusion model for these flows. 


Development of Equations for Fog Flow 


The problem of mass transfer of liquid droplets from a turbulent 
stream to a solid boundary may be viewed mathematically in a 
manner analogous to the treatment of turbulent momentum ex- 


change and heat transfer. Implicit in such a mathematical de- 
scription is the assumption that the primary resistance to mass 
diffusion occurs in a layer of low turbulence adjacent to the solid 
boundary. 

One may define a film coefficient for mass transfer by the 
equation 


k, = m,/(€ — c,). (1) 
If the solid boundary under consideration is a heating surface, 


then the potential heat-removal capacity of the system can be re- 
lated to the liquid-droplet mass current by a heat balance, in line 
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with the previously described model. Burnout may be assumed 
to occur when the surface heat flux is equal to the potential heat- 
removal capacity of the diffusing liquid. Combining these con- 
cepts we obtain the basic correlation relating burnout to the dif- 
fusion properties of the system, or 


®no = k Ay ft — ¢,). (2) 


With the assumption that all the liquid reaching the wall is 
evaporated at the condition of burnout, the wall becomes a dif- 
fusion sink and c, = 0. 


Thus equation (2) becomes 


Pao = kh; JZ. (3) 


The average liquid-droplet concentration in the main stream 
can be approximated by 


e=(1 —2)G,/u; (4) 


his assumes that the droplet concentration is essentially uniform 
over most of the cross section and that the concentration gradient 
for diffusion exists in a relatively thin film near the wall. 
bining equations (3 


Com- 
4) and multiplying the right-hand side 
of the r sulting equation by U,/U, 


and ( 
we obtain 
k, wu 

Pno = —* —* (1 — 2G Ay, (5) 


t t 
ty Ay 


Pao = Kos(l — r)G Ay, (6) 


It cannot be 
readily used until more information is available on mass-transfer 


This is the basic equation for predicting burnout. 
coefficients and slip. As will be shown later, the principal uncer- 
tainties in estimating mass-transfer coefficients lie in a lack of 
knowledge of eddy slip. 

Axial Slip. 
introduced into a high-velocity vapor stream, the droplets will 
experience acceleration, or deceleration, until their velocity ap- 
proaches that of the carrier fluid. 


Thus axial and eddy slip are of concern. 
In any flowing system in which liquid droplets are 


In a fog-flow heat-transfer 
Thus 


unless the acceleration of the carrier fluid is occurring at an ex- 


system, the carrier fluid is continuously accelerating. 


tremely slow rate the droplets will always tend to lag the carrier 


fluid; i.e., axial slip will persist. Axial slip has been measured 
st a number of installations, but the available data are too frag- 
mentary to be of practical use for present purposes. Levy [17] 
reviews these data and proposes a model for the prediction of slip 
For use in equation (6) we suggest that slip is a function of a 


number of parameters such as 


d 
ons (p "7 oa 4 pd) 
aL 


and that considerably more work needs to be done to elucidate 
this function. Preliminary studies indicate that axial slip is near 
unity in fog flow. 

Eddy Slip. The eddy motion of the carrier fluid has been postu- 
lated as the mechanism which transports liquid droplets from one 
point in the stream to another. The droplet transport to the wall 
could be calculated from analogy between mass and momentum 
transfer in turbulent streams [18, 19]. This analogy assumes 
that the diffusing material can follow the eddy motion of the 
carrier fluid exactly; that is, eddy diffusivities for mass and 
momentum transfer are equal. However, in the eddy diffusion 
of liquid droplets,«the greater inertia of the droplets prevents 
them from following the carrier fluid motion exactly. This 
“eddy slip’’ results in lower values for mass eddy diffusivities and, 
therefore, mass-transfer coefficients, than would be obtained 
from the analogy. 

An estimate of this effect was made by Longwell and Weiss [20] 
for the eddy slip of a 45 wu diameter kerosene droplet in at- 


160 / may 


1961 


mospheric air flowing through a 6-in. duct at a velocity of 300 fps. 
For these conditions, they found the ratio of the eddy diffusivities 
of mass-to-momentum transfer to be 0.35. 


Comparison of Analysis and Experiments in Fog Flow 


Although we do not know the exact values for axial and eddy 
slips, some preliminary comparison of analysis and experiments 
can be made to indicate that the proposed model does show 
promise. 

For this purpose, one may make the assumption that the axial 
slip ratio is equal to one and calculate mass-transfer coefficients 
from burnout data using equation (6) 

- ] (8) 
hy jsmt- 


[Kg] -~ = | 


Following the analogy between mass and momentum transfer, 
Lin, et al. [19], have shown that 


= F(Re, Sc) (9) 


and for cases in which the Schmidt number is near unity, the 
analysis reduces to 


= F(Re). (10) 


Thus one may plot mass-transfer coefficients and friction fac- 
tors against Reynolds number to test the validity of the postu- 
lated burnout model by observing the spread of data, keeping in 
mind that the spread may be considerable because of the over- 
simplifying assumptions of axial slip ratios, eddy slip ratios, and 
Schmidt number equal to one. 

Fig. 2 serves this purpose. It shows mass-transfer coefficients, 
as calculated from equation (8), plotted against Reynolds number 
for all experimental burnout data which have been available to us 
in the steam quality range of 20 to 100 per cent and pressure range 
of 500 to 1500 psia. The Reynolds numbers have been formed by 
the arbitrary use of saturated steam values for viscosities and 
total steam and liquid flows for calculating mass velocities. 

Also shown in Fig. 2 are the droplet mass-transfer coefficients 
measured directly by Alexander and Coldren and the friction 
factor line, f/2 = 0.023/Re°-*. In view of the oversimplifying 
assumptions, the order of magnitude agreement between mass- 
transfer coefficients and f/2 is remarkable. 

As indicated in Fig. 2, some of the burnout data had been taken 
in the annular and slug flow regimes. Their spread is large be- 
cause the simplifying assumptions which are more nearly ap- 
plicable to fog flow are not valid in these flow regimes. 

The spread of the fog-flow burnout data is also considerable, but 
can be explained qualitatively by slip ratio considerations. It is 
hoped that further work on gaining insight into turbulence levels 
of two-phase mixtures, droplet size distributions, and droplet dif- 
fusion processes will provide functions for mass-transfer co- 
efficients and slip ratios which can then be used to predict 
burnout heat fluxes with the proposed model. 


Conclusions 


1 It is proposed that droplet diffusion through a steam 
boundary layer toward the heated wall is the controlling mecha- 
nism for burnout in fog flow. 

2 It is suggested that the same mechanism may be con- 
trolling for burnout in high-velocity, low-quality, and even sub- 
cooled flow systems. 

3 An,equation, relating burnout in fog flow to variables de- 
scribing the droplet diffusion process, has been developed. 

4 The usefulness of this equation is presently limited because 
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lata for certain quantities such as axial slip and droplet mass- 
transfer coefficients are not available. 

5 Applying the equation, with the axial slip ratio equal to 
one, to experimental burnout data in fog flow, results in an order- 
of-magnitude agreement between calculated mass-transfer co- 
efficients and single-phase friction factors. 

6 It is recommended that future investigations of burnout in 
turbulent flows concentrate on gaining insight into processes re- 
lated to the diffusion of droplets and their evaporation at heated 
walls. 
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DISCUSSION 
H. S. Isbin® and H. Fauske*® 


We are in agreement with the authors’ Conclusion No. 6, and 
we appreciate the value of investigating physical models for gain- 
At the 
University of Minnesota, studies have been under way for about 


ing insight on the steam-water burnout phenomenon. 
five years on burnout models. Our approach has included a 
droplet diffusion, and we have also included re-entrainment and 
vaporization in our balances on the liquid film. The condition 
that we have used for establishing burnout is the disappearance 
of the liquid film. At burnout, liquid water is still present but is 
dispersed as droplets in the vapor core. The details of the model 
and the comparisons with data at 2000 psia have been presented 
at the June, AIChE Meeting, Mexico City, and the paper is being 
submitted for publication along with the authors’ paper.‘ 

We have defined our concentrations of water in the core in a 
more rigorous manner than the equation (4) used by the authors, 
and we have introduced a droplet diffusion coefficient kg, similar 
to the authors’. We were not as optimistic as the authors in 
thinking that we could utilize molecular transport in interpreting 
the droplet diffusion. Our interpretations of burnout data availa 
ble to us yielded the result that kg was proportional to G~**; 
Explanations of this relationship have been offered. 

Further, applications of our model have been made successfully 
to hot-patch burnout tests. 

With the experience we have gained in our model studies, we 
would suggest to our colleagues that Conclusions 1, 2, and 3 have 
been too enthusiastically stated for the actual results presented. 


Authors’ Closure 


We agree with Professor Isbin and Mr. Fauske that we are 
enthusiastic about our model but 


believe that we stated our 
conclusions fairly. 

We do not believe that the diffusion of droplets is handled 
more rigorously by them in the paper referred to in Footnote 4 
of the Discussion than by us in our paper. For instance, their 
assumption of constant velocity throughout the core at any 
cross section, leading to their equation (5), is quite equivalent to 
our assumption of a constant droplet concentration at any cross 
section, leading to our equation (4). Neither assumption is 
that droplet 
centration and velocity profiles are intimately related 

Professor Isbin and Mr. Fauske state that they are not as 
optimistic as the authors in thinking that they 


correct. Experimental evidence suggests 


utilize 
molecular transport in interpreting the droplet diffusion. We 


could 


do not know what prompted their statement, since we too believe 
that molecular effects are negligible, except possibly for the small- 
est droplets. 

We agree that there are burnout data which indicate that &, is 
proportional to G However, there are also other data which 
indicate that the exponent has a value other than —0.5 and, 
in fact, can be positive. 

) Department of Chemical Engineering, University of Minnesota, 
Minneapolis, Minn 

‘H.S. Isbin, R. Vanderwater, H. Fauske, and 8. Singh, 
for Correlating Two-Phase, Steam-Water, Burnout 
Fluxes,”’ published in this issue, pp. 149-157 
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Forced Convection Heat Transfer From an 
c.c. ver § Isothermal Sphere to Water 


Research Assistant 

as Scene ieee Heat transfer from a spherical heating element by forced convection occurs in many 
Stanford, Calif. situations of practical importance. While the present investigation stems from in- 
Student Mem. ASME terest in spherical fuel elements for liquid-cooled nuclear reactors, similar heat-transfer 
conditions may prevail in chemical process reactors and in other engineering applica- 

G. LEPPERT tions 
Aenadhien Veale Previously reported measurements of convective heat-transfer coefficients from spheres 
of Mechanical Engineering, to liquids have been limited to low Reynolds numbers and to negligibly small temperature 
Stanford University, differences. This paper correlates these earlier data with new measurements taken at 
ser ny boo much higher Reynolds numbers and with substantial temperature difference between 
87 the heating surface and the liquid. The significance of the larger temperature difference 
is twofold: Since the viscosity variation of liquids with temperature is usually strong, 
there may be an important visccstty change across the boundary layer. Furthermore, 
natural convection effects may not be ignored in regions of large temperature difference 
and low or moderate Reynolds number. Both of these effects are discussed in the paper. 


_ a single sphere suspended in a channel commmenennatill 
through which a fluid is flowing (Fig. 1).- If the sphere and the m TENSION 
fluid constitute an isothermal system, the flow conditions are well 
known. In particular, Schlichting [1]! indicates that when the 
fluid stream is turbulent and the sphere Reynolds number is less 
than about 3 x 10°, the boundary layer is laminar over the first 
85 deg or so of angle around the sphere, at which point flow sepa- 
ration occurs. Beyond this critical Reynolds number the 
boundary layer becomes turbulent, in which case the fluid, pos- 


sessing more kinetic energy than in the laminar boundary layer, COPPER 
— 





does not separate until an angle of about 140 deg is reached 
Present interest is confined to Reynolds numbers smaller than vasa pose 


is able to overcome the adverse pressure gradient, and the flow , q — 


Owe TURN 


“TWOUCTION CON 
Generator TRANGF OR MER 


3 X 10°. 

If we consider next a heated sphere, and more particularly one 
with an isothermal surface, flow conditions are somewhat similar 
to the unheated case just described. However, heat transfer now 
occurs by conduction through the laminar liquid layer which 





STRAIGHTENING 
'‘ Numbers in brackets designate References at end of paper (INLET TEMPERATURE or 
Contributed by the Heat Transfer Division of THe AMERICAN aceite, OP 

Socrety oF MecHANICAL ENGINEERS and presented at the ASME- 

AIChE Heat Transfer Conference, Buffalo, N. Y., August 15 COLD JUNCTION FOR TEST! 

17, 1960. Manuscript received at ASME Headquarters, February SPHERE THERMOCOUPLES 

27, 1960 Paper No. 60—HT-5. 





Fig. 1 Schematic diagram of experimental equipment 


Nomenclature 





mean cross-sectional flow area, sq Nae Reynolds number, V,,pd/y @ = angle from stagnation point, deg 
ft, defined in text q” average heat flux, Btu/(hr)(sq ft) a = viscosity, lby/(ft)(sec) 

specific heat, Btu/(Iby)(deg F) t bulk (inlet) water temperature 

sphere diam, ft deg I Subscripts 


pipe diam, ft a average temperature difference average film condition 


399 (ft) between sphere surface and extrapolated 


bulk fluid, deg F 


mean cross-sectional velocity, 


proportionality factor, 


lbw )/(Ibe)(sq sec) forced convection 


average heat-transfer coefficient, natural convection 


Btu/(hrXeq ftXdeg F) fl sec, defined in text . stagnation point (zero deg) 
volume coefficient of expansion average surface all) conditi 
thermal conductivity, Btu/(hr) for water, 1/deg F average suriace (wall) condition 
f — = ; 90 = 90 deg position 
ft (deg | } one half the temperature dif- eI 
Grashof number, g8d*p*% At)/8y? ference between the 0 and 90 Nore: Properties in all cases refer to the 
Nusselt number, hd/k deg positions, deg F liquid, and without subscript refer to 


Prandtl number, cu/k = density, lby/(cu ft) the bulk (inlet) liquid temperature. 
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covers about one half of the surface, and by eddy transport else- 
where. If the temperature difference At is significant, there 
may be a marked variation of fluid properties across the boundary 
layer, especially with liquids. Although various investigations 
have been reported over a wide range of Reynolds numbers for 
both heat and mass transfer from spheres to gases, correlations 
from such tests are not necessarily applicable to liquids because of 
the large difference in Prandtl] numbers between liquids and gases. 
\ similar situation prevails with flat plates and cylinders, where 
separate correlations are commonly used [2] for gases and 
liquids 

The only extensive study of heat transfer from spheres to 
liquids is that of Kramers [3], who correlated the average heat- 
transfer coefficient for the Reynolds number range from 1 to 1000 
and the Prandt! number range from 7.3 to 380, using both water 
and oil. He used electrical induction heating with steel spheres 
from 0.279 in. to 0.496 in. in diam. Each of Kramers’ data points, 
which are presented for discussion later in this paper, is the re- 
sult of extrapolating to zero At the average heat-transfer co- 
efficient A. Consequently, his work is applicable only to zero 
or negligibly small temperature differences. Kramers’ water and 
oil data which are presented in McAdams [2] can be represented 
by the relation: 


Nyy: Np,~*? = 0.97 + 0.68Npz,°5 (1) 


The data of various investigations for heat transfer from 
spheres to air have been compiled by Williams [4] and are pre- 


sented in McAdams [2] with the suggested relation: 


Nyy s 0.37N x. ps (2) 


Vee < 70,000. 


crepancies between the results of the various investigations when 


for the range 17 There are considerable dis- 
plotted in the above form, probably because of varying degrees of 
turbulence in the inlet air stream. 

More recent data for spheres in air have been obtained by 
Yuge [5] for the range 3.5 < 1.44 =< 10° using both 
transient and steady-state methods and have been correlated by: 


Nre < 


Nyy se 2.0 a 0.493 Vere / 5 3a) 


for 10 < Nre < 1.8 XK 10° and by: 


Vinu./ 2.0 + 0.300Ne. ’ 3b) 


for the range 1.8 X 10° < Ne. < 1.5 K 10%. Yuge also examined 
the effects of forced convection parallel and counter to the natural 
convection induced velocity. 

Recent information on mass transfer from single spheres to 
water in natural and forced convection has been obtained by 
Garner and Keey [6] and by Steele and Geankoplis [7]. From 
data obtained using single */,-in-diameter benzoic acid spheres in 
water Garner and Keey determined that the average mass trans- 


fer results tend toward the relationship 


Nan: Na '/* 0.94N Rp, /? (4) 


irrespective of the flow direction for 250 < Ne. < 900. Ne, and 
Vae are the Sherwood and Schmidt numbers, respectively, which 
are analogous to the Nusselt and Prandt] numbers, respectively. 
Steele and Geankoplis present mass transfer data from '/--in-diam 
spheres of benzoic and cinnamic acid and 2-naphthol to water for 
the range 600 < Np. < 140,000. The disagreement between the 
results for the three substances when plotted as Ney, 'NaNse/* 
versus Vp. was not resolved by the authors. The results for 
benzoic acid can be represented by: 

Nen- Nee /* = 1.0Ne.” (5) 
for 10? < Np, < 10* but begin to deviate considerably from this 
expression for Nx. > 2  10*. 
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Experimental Procedure 

The primary experimental apparatus which was used con- 
sisted of a high frequency, high current power supply, a copper 
test sphere, and a forced circulation water loop. The power sup- 
ply was a 9600 eps induction machine which provided a high cur- 
rent at the transformer secondary terminals. A water cooled, 
one turn cylindrical induction coil across this secondary winding 
surrounded the 2-in. glass pipe in which the sphere was located 
(Fig. 1). 

A sketch of the 0.872-in-diam copper sphere appears in Fig. 2. 
With a cylindrical induction coil, thermal energy generation in 
spheres from eddy current heating occurs primarily in the region 
of the equator (90-deg position), with very little generation near 
the poles or in the interior. Therefore, to approach an isothermal 
surface, a sphere of high thermal conductivity is required and, ac- 
cordingly, copper was used in these tests. 

In order to establish a meaningful average surface temperature, 
preliminary tests were run using up to five thermocouples on the 
surface of each of several test spheres. These tests established 
that the surface temperature was in all cases greatest near the 90- 
deg position, and that the temperature at 0 deg was always 
somewhat less than at the 180-deg position. This variation could 
be approximated satisfactorily* by a simple function of ¢, the an- 
gular position co-ordinate, as will be explained below. 

During these same preliminary tests, it was established that 
there was no measurable thermocouple error from eddy current 
heating in the thermocouple wires. This was to be expected, be- 
cause such heating is a strong function of diameter, and the wire 
diameter is so small compared to that of the sphere that induced 
eddy currents are negligible. 

To determine the heat-transfer coefficient, the surface tempera- 
ture was measured in two positions, as shown in Fig. 2. Two 
holes were drilled from the top of the sphere to within 0.035 in. of 
the surface at the 0 and 90 deg positions, and calibrated iron-con- 
stantan thermocouples were soft-soldered at these points. A 


thermocouple junction at the inlet served as the reference junc- 


? Because the maximum variation in surface temperature in the 
later tests for the heat-transfer coefficient was only 7 per cent of 
the corresponding temperature difference from surface to bulk 
fluid, the exact form of the surface temperature variation was not 
critical. The probable error in assuming this variation has been 
considered, however, in estimating the uncertainty of the results 
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Fig. 2 Detail of copper test sphere with typical surface temperature 
variation with angular position 
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tion so that the local temperature difference was obtained directly. 
The sphere was centrally positioned within the 2-in. ID pyrex 
glass pipe at the end of a one-half-in-diam phenolic tube through 
which the thermocouple wires were led to a potentiometer. 

The average surface temperature is defined as the integrated 
average over the surface using the variation of @ shown in Fig. 2, 
namely, 


Ats = At, + 26 sin? @ 


The average difference between sphere and entering bulk fluid is 
then 


At Ate + */; (26) 


and the average convective heat-transfer coefficient is defined as 
h=q"/At 


The temperature difference At is referred to the entering bulk 
fluid temperature throughout this paper. The bulk fluid tem- 
perature change from inlet to outlet is so small that it makes no 
appreciable difference in h (jess than '/2 per cent) if the inlet tem- 
perature is used instead of an average bulk temperature. 

The entrance length of pipe preceding the sphere was about 
15 in., which included a 2.5-in-long straightening section packed 
with 4-mm ID glass tubes. Inlet bulk water temperature was 
also measured before this straightening section with an ice junc- 
tion as a reference (Fig. 1). 

Because there is no accurate electrical means to measure the 
power dissipation in the sphere with-induction heating, a calori- 
metric method was used to determine the average surface heat 
flux. An auxiliary apparatus was employed to provide low con- 
stant water flow rates past the sphere during induction heating. 
An accurate calibration of average surface heat flux q” versus 
measured induction coil voltage was obtained in this manner. 
In the later tests for heat-transfer coefficient, it was necessary 
only to read the induction coil voltage to obtain the average heat 
flux, because neither variations in water velocity nor inlet water 
temperature affect the relationship between coil voltage and 
thermal energy generation. 

Since the maximum sphere cross section was nearly 20 per cent 
of the flow area of the 2-in. pipe, the experimental data were re- 
The 
mean flow area A,, is defined as the ratio of the flow volume in the 
2-in. pipe at the location of the sphere to the sphere diameter, 
i.e 


duced on the basis of a mean flow area and mean velocity. 


a D*d rd? 


6 aD? wd? 


4 6 


The mean velocity V,, is accordingly defined as the volume 
flow rate divided by A,,, where the flow rate is measured by 
calibrated orifices. More recent tests than those presented in 
this paper have shown that this method of calculation of V,, is 
satisfactory for pipe to sphere diameter ratios of 2 to 4, which 
includes the 2.3 ratio of the present tests. 

Data for fully established turbulent flow in tubes [1] show that 
the ratio of average to center-line velocity ranges from 0.80 to 0.83 
over the 3000 to 115,000 pipe Reynolds number range covered 
by the present tests. Estimates of this ratio for partially es- 
tablished profiles obtained in present tests are from 0.85 to 0.93 
for the corresponding pipe Reynolds numbers. Such velocity 
ratios lead to variations in the heat-transfer coefficient which are 
no more than about 10 per cent from either the fully established 
or uniform profiles. Two data points at a pipe Reynolds number 
of 2100 may also be assumed to be in turbulent flow because of the 
turbulence in the entrance section. 
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Heat-transfer tests were performed with the 0.872-in-diam 
copper sphere for the two inlet water temperatures 68 and 150 F 
and for various velocities ranging from 0.14 to 3.7 ft/sec. Tests 
were performed for each inlet temperature and velocity at as 
many as five heat fluxes ranging from 16,600 to 56,600 Btu/(hr) 

sq ft). With the exception of tests where boiling or air bubbles 

were evident on the sphere surface, all tests performed are re- 
ported herein. The measured heat-transfer 
Table 1 as q”, t, At., Ato, and V,,,. 

It is estimated that probable uncertainties in the Nusselt, 
Reynolds, and Prandtl numbers and viscosity ratio are 5, 4, 2, 
and 3 per cent, respectively. 
probable uncertainties in the 
estimated to be as follows: 

Heat flux, g”: +3 per cent 

Average temperature difference, At: +4 per cent 

Inlet temperature, t: +0.6 F 

Mean velocity, V,,: +2 per cent 


data appear in 


These estimates are based on 


primary measured quantities 


Table 1 Experimental data and calculated results for substantial tem- 
perature differences 
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* Indicates points initially omitted in establishing forced convection correlation 
because they were felt to be influenced appreciably by natural convection 
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Presentation and Discussion of Results 


The experimental results will next be presented and correlated 


in three different ways. First, extrapolations of the measured 
heat-transfer coefficient to zero temperature difference will be 
obtained for water. 
His data span the Reynolds number range from 50 to 1000, while 
the new data range from 940 to 50,000. Although all these low 


At data for water will be seen to be correlated very well by this 


correlated with those which Kramers [3 


first presentation, Kramers’ oil data are not satisfactorily treated. 

Second, a correlation will be developed for the data obtained 
in the present investigation, with special attention being given 
to the variation of water properties with substantial temperature 
to bulk fluid. It will be seen that this 
orrelation is satisfactory for all the zero temperature difference 


differences from surface 


water data as well. The effect of natural convection is also ex- 
amined and discussed 
Finally, a correlation will be presented for all of Kramers’ data 


(oul and 


water) and for all the new data in the present paper. 
Like the second correlation just described, this method allows for 
the effect of varying properties across the boundary layer by 
the use of a viscosity ratio term similar to that employed by 
Sieder and Tate [8 for pipe flow. 


Che zero temperature difference data of Kramers [3] for water 
For this 


consideration required of fluid property 


nd of the present investigation are plotted in Fig. 3. 


there is no varia- 
wross the boundary layer nor of natural convection effects, 
fluid properties are evaluated at the inlet temperature 
shown in the figure is 

N wu'N pr *5 2.7 + 0.12NR.°" (6) 

which applies to water in the Reynolds number range from 50 


to 50.000 within 10 per cent for “low’”’ 


' 
ites temperature differences up to approximately 20 


temperature differences. 


Fig. 6 indi 
F ¢ in pe 
Nat irai 


nsidered low, at least in present tests.) 
convection may be dismissed from consideration both 


when the temperature difference, and therefore the Grashof num- 


ber, approach zero, as above, and when the Reynolds number is 


ver, the present tests include some measurements 


ions of high Grashof number and moderate Reynolds 
which the dominating mechanism cannot be stated a 


forced convection. The method which has been used 


to identify these data points is described in detail in the Ap- 
pendix. For the present, let it be said that data points which 
seemed upon examination to lie in the mixed heat-transfer region 
have not been used to determine the correlations which follow. 

A correlation to represent adequately all the present data and 
also the data of Kramers [3] for water is now considered. Sieder 
and Tate [8] have proposed a correlation for pipe flow in which all 
dimensionless groups, except for a viscosity ratio, are evaluated at 
bulk fluid temperature. The ratio is the viscosity wu, evaluated 
at wall temperature to the viscosity 4 evaluated at bulk tempera- 
ture. This method of correlation has been applied to the data of 
Table 1 and found to be satisfactory. Fig. 4 shows 


Nwu'Npr-*( yu, /p)™ 


as a function of Na. for the data of the present tests. As stated 
previously, the points which might be influenced by natural con- 
vection have not been used to determine the best fit curve. 

For comparison, Kramers’ water data are also plotted in Fig. 4 
All these data, as well as the present authors’ low Af data, can be 
represented over the Reynolds number range from 50 to 50,000 


by the relation 


Nyu Np, (p/p ™ = 2.7 + 0.12NR°" 


The mean deviation of points from this curve in Fig. 4 is about 3 
per cent, while the maximum deviation of 10 per cent occurs at 
low Reynolds numbers. 

Since it is desirable to have a single correlation for all the ex- 
perimental data of Kramers and of the present investigation, a 
final correlation will now be proposed which adequately repre- 
sents both low Af oil and water results in the range of 1 to 50,000 
in Reynolds number and also the higher At water results in the 
range of 1000 to 50,000 


curve 


This is shown in Fig. 5, in which the 


Nww Nee %( p/P = 1.2 + 0.53NR.°-** (8 
represents all of Kramers’ oil and water data and all the data from 
the present tests within 15 per cent, with a mean deviation of 
about 5 per cent. The present authors suggest that this correla- 
tion can be extrapolated to the transition Reynolds number (al- 
most 300,000) with reasonable confidence. In comparing Figs. 4 
and 5 it is evident that the experimental data are best correlated 
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Fig. 3 Forced convection from a sphere to water for low temperature difference 
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at Reynolds numbers above 300 with a Prandtl number exponent 
of —0.5, while for smaller Reynolds numbers, an exponent of 
—0.3 is required. 

The correlation proposed by Williams [4] is compared to the 
authors’ data in Fig. 5 assuming the air Prandtl] number to be 
0.69. The Prandtl number for air varies only from 0.68 to 0.71 
for the temperature range 60 to 1000 F. 
assumes the form: 


Equation (2) therefore 


Nwu.s Nery oS a 0.41 Npe, 6 (9 


which is plotted in Fig. 5. This relation differs from equation (8 
by 40 per cent at high Reynolds numbers. A limited amount of 
unpublished data obtained at Stanford University [9] using a 
lumped parameter technique with a copper sphere in air is plotted 
also in Fig. 5, and the agreement with the recommended correla- 
tion is excellent 


The results of Yuge [5] for air are also compared to the authors’ 
in Fig. 5 assuming a Prandtl number of 0.69. For NR. > 10° there 
is a difference of about 20 per cent, the authors’ results being 
higher. Below Ngee = 10* Yuge’s data approach Kramers’ and 
then give values up to 10 per cent higher at lower Reynolds num- 
bers; however, the agreement with Kramers is essentially quite 
good. 

The mass-transfer results of both Garner and Keey [6] and 
Steele and Geankoplis [7], also plotted in Fig. 5, with the Nusselt 
and Prandtl numbers substituted for the Sherwood and Schmidt 
numbers, respectively, fall almost a constant 30 per cent above 
the authors’ and Kramers’ data. At Nae = 20,000 the data of 
Steele and Geankoplis increase abnormally and this increase is 
attributed by them to the change in flow characteristics; 
ever, 


how- 
the decrease in the drag coefficient for spheres does not occur 


until Nr. > 3 X& 105. 
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Fig. 4 Forced convection from a sphere to water with substantial temperature difference. 
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Fig. 6 Extrapolati of ed heat-transfer coefficienis to zero 
temperature difference. inlet temperature, 68 F. 


Conclusions 


1 The following empirical relation is recommended for cal- 
culating the average heat-transfer coefficient from a sphere to 


water in forced convection: 


Nieuw Nee? /py™ = 2.7 + 0.12NR.°* 
in the range 50 < Nr, < 300,000. 
2 The following empirical correlation is recommended for 
-alculating the average heat-transfer coefficient from a sphere to 
fluids of Prandtl number from 2 to 380, including water: 


Vu Ver 0-5 ue py™ = 1.2 + 0.53NeR.°"* (8) 
in the range of 1 < Nea. < 300,000. 
demonstrated this 
various observers with air. 

3 In the region of low Reynolds number and high Grashof 
number, where natural convection effects are important, the 
average heat-transfer coefficient should be calculated both from 
a natura! convection correlation and from the forced convection 
correlation above. If the higher of the two numbers so calculated 
is used, it should be no more than 20 per cent below the measured 
coefficients (see Appendix). 


Fair agreement is also 


between formula and measurements by 


APPENDIX 


Data Reduction 


Low Af Results. Since neither variable fluid properties nor 


natural convection effects are present when there is zero or very 
small A‘, each series of heat fluxes at a particular inlet velocity and 
temperature combination, plotted as h versus At, is extrapolated 
to At = 0 to determine the heat-transfer coefficient for small 
At, ae shown in Fig. 6 for an inlet temperature of 68 F 


plot for the 


A similar 
inlet temperature 150 F was made, but it does not 
appear in this paper 
Table 2 were plotted 


; 


evaiuatecd 


The extrapolated results which appear in 
as Ny, versus Nr. with all properties 
The 68 and 150 F inlet tem- 
perature tests were correlated by multiplying the Nusselt num- 


bers by 


at the inlet temperature. 


their respective Prandtl numbers with a —0.5 exponent. 
These results were presented above in Fig. 3 and compared with 
the low At water results of Kramers. 

Data at Substantial Temperature Differences. 
At data 


significantly on both natural and forced convection effects. 
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In contrast to low 
ta at substantial temperature differences may depend 
Col- 
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burn [10] suggested that so long as the forced velocity is below 
the “transition velocity’ of the boundary layer resulting from 
natural convection,’ the mechanism is that of natural convection. 
If the forced velocity is greater, Colburn postulated the mecha- 
nism to be entirely that of forced convection and subject to calcu- 
lation from forced convection correlations. This situation is 
illustrated by the dashed curve in Fig. 7, where the discontinuity 
in h (i.e., in the slope) occurs at the transition velocity. 


Table 2 Extrapolated low Af results (Fig. 6) 


+ x, 
sie? 





$i-84 
55-59 
00-64 
65-69 ise. 
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This hypothetical curve is seen to be made up of two portions. 
At velocities greater than transition velocity, it is a line of nonzero 
slope on log-log paper, i.e., of the form: 


h = ywV,,/ 


where yy and f are constants. For example, f may be 0.66, as in 
equations (6) and (7). At velocities below transition, on the other 
hand, there is no dependence on V,, in the idealized model, since 
forced convection effects are assumed to be negligible in compari- 
son to those of natural convection. Consequently, a line of zero 
slope is used 
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Fig. 7 Transition from natural convection to forced convection 
While this simplified model is useful, both Yuge’s [5] data which 
span the mixed flow region and the present authors’ data 
which partially enter the region show there is no discontinuity in 
slope of the curve of log A versus log V,,, but that the transition 
from natural to forced convection occurs through a transition re- 
gion. This more realistic situation is depicted by the solid curve 
in Fig. Fe 
now be discussed with respect to the results which other investi- 
gators have obtained in the mixed flow region, after which we shall 
show to what extent our own measurements lie in this region. 


The significance of these hypothetical relationships will 


* In natural convection the fluid in the heated film near the wall is 
buoyed upward, and the velocity increases from zero at the wall to 
the transition velocity at the critical film thickness where the flow 
changes from laminar to turbulent. 
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Martinelli and Boelter [11] presented data for flow along verti- 
cal tubes with a correlation which includes both natural and forced 
convection terms, indicating a mixed flow region. Eckert and 
Drake [12] present the data of Eckert and Diagula [13] in which 
forced, mixed, and natural convection regimes are outlined as 
functions of Reynolds and Grashof numbers for vertical tubes. 
They also state the rule proposed by McAdams [2] that one 
calculates the heat-transfer coefficients from forced convection 
and free convection relations and uses the larger value, the larger 
always being within 25 per cent of observed values for vertical 
tubes. Referring to Fig. 7 one sees that using the larger value is 
equivalent to using the dashed curve. If the actual value is, at 
most, 25 per. cent higher, and if this maximum deviation occurs 
at the transition velocity, the actual variation of h with forced 
convection may be supposed to look something like the solid 
curve in Fig. 7. 

If such a mixed heat-transfer region exists for spheres also, this 
should be evident from graphs of h versus V,, at constant At, as 
shown in Fig. 8 for 68 F inlet temperature tests (a similar plot 
not presented was made for 150 F inlet temperature tests). 
These points are obtained from a cross plot of Fig. 6. 
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Fig. 8 Observed variation in transition region between natural and 
forced convection. Curves result from a cross plot of Fig. 6 for 68 F inlet 
temperature. 


Fig. 8 then presents a set of curves based on our data which 
correspond to the hypothetical variation represented by the solid 
curve in Fig. 7. Also shown in Fig. 8 is the locus of intersections 
of the extrapolated experimental curves of the form 


h = yV,0* 


with the calculated natural convection curves, which are inde- 
pendent of V,,. These correspond to points of discontinuous 
slope such as the one in Fig. 7 previously discussed. 

Pure forced convection heat transfer is generally correlated in 
the form: 


hd/k\cu/k} = a + (dV,p/p) 


which, for constant At, reduces to: 
h=a-+t yV,,/ 


where the constants a and contain the fluid properties which 
are invariant at a particular At. Therefore for large V,, where 
a is negligible, forced convection results in approximately a 
straight line on a plot of log h versus log V,, at constant At. 
This is similar to the conjecture represented in Fig. 7. 

Straight lines are next drawn in Fig. 8 through the points at 
higher velocity where natural convection is assumed unimportant, 
and the remaining points for which h deviates by more than 10 
per cent from this line are temporarily omitted from further 
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consideration. These points are indicated by asterisks in Table 1. 
All the remaining test points now are within 10 per cent of the 
pure forced convection h and are correlated in Figs. 4 and 5 in the 
manner discussed in the earlier text which leads to equations (7) 
and (8). In Figs. 4 and 5 it should be noted that each point 
denoted by I represents from two to five data points at the same 
Reynolds number, and the length of the symbol indicates the 
spread of the points. Correlations of this type based primarily 
on bulk fluid properties are advantageous over those based on 
average film properties in that, in the former, the only property 
value not known in calculating h is u,, whereas in the latter type 
of correlation all properties vary with h.‘ 

The rule proposed by McAdams, that the actual heat-transfer 
coefficient for vertical tubes will be within 25 per cent of the 
higher of the two values calculated from natural and forced con- 
vection relations, has been applied to the authors’ sphere data 
which were not included in establishing the forced convection 
correlation, equation (7) (runs indicated by footnote in Table 1). 
The forced convection relation used is equation (7), and the 
natural convection relation used is that proposed for spheres 
in an infinite fluid by McAdams [2], 


hd/2k, = 0.55( Atd?/8)'/* p*gB8c/ pk) ,'/* (9) 


Equation (9) is valid for the region 10* < (g8d*p*cAt/8uk), < 10°. 
This parameter (Nar,;. Npr.s), ranged from 10* to 10’ for tests 
included here. 


Table 3 Prediction of heat-transfer coefficient using McAdams’ rule 


Predicted Predicted Percentage 


Ly ay Error 


Rua Obeerved 
" F 





SSEES See veuene 


The predicted heat-transfer coefficients are presented in Table 3 
and compared to the observed values. It is found that all runs 
can be predicted within 20 per cent of the observed values by 
using the higher of the two values. All of the initially omitted 
runs at 150 F inlet temperature are found to be within 10 per cent 
of the predicted forced convection values from equation (7). 
This seems contradictory in that they were initially eliminated 
because of their deviation of more than 10 per cent from the pro- 
jected straight lines of Fig. 8. However, this basis for elimination 
was simply to exclude all “‘possible” natural convection affected 
runs. On re-examination of Fig. 4 one sees that the curvature of 
the suggested relation is positive and that points at low velocity 
(low Reynolds number) initially eliminated may fall within the 
range of the correlation. The same situation holds for runs no. 9 
and 10 at 68 F inlet temperature. 


Acknowledgment 


The authors gratefully acknowledge the assistance of Prof. 
W. M. Kays in the interpretation of the experimental data. 
Financial support was provided through a research grant by the 
National Science Foundation and, in the earlier phases of the 

‘Another correlation was attempted in which only the Nusselt, 
Prandtl, and Reynolds numbers were considered for which fluid 
properties were evaluated at the average film temperature. This is 
the more common type of correlation, but it did not adequately repre- 
sent the data for substantial temperature differences. 


may 1961 / 169 





work, by Office of Naval Research Contract NONR 225 (23) 
directed by Prof. A. L. London. 


References 


1 H. Sehlichting, ‘Boundary Layer Theory,” English edition, 
McGraw-Hill Book Company, Inc., New York, N. Y., 1955, pp. 16; 
403 

2 W. H. MeAdams, “Heat Transmission,’ third edition, 
McGraw-Hill Book Company, Inc., New York, N. Y., 1954, pp. 259- 
267. 

3 é4H 
Physica, vol. 12 

4 GC 
chussets Institute of Technology 

5 T. Yuge, 


Kramers, ‘Heat Transfer From Spheres to Flowing Media,” 
1946, p. 61. 

Williams, SeD thesis in Chemical Engineering, Massa- 
Cambridge, Mass., 1942. 
Experiments on Heat Transfer From Spheres In- 
cluding Combined Natural and Forced Convection,”’ JouRNAL or 
Heat Transrer, Trans. ASME, Series C, vol. 82, 1960, pp. 214-220. 

6 F. H. Garner and R. B. Keey, “‘Mass-Transfer From Single 
Solid Spheres—I—Transfer at Low Reynolds Numbers,’’ Chemical 
Engineering Science, vol. 9, 1958, pp. 119-129; ‘“II—Transfer in 
Free Convection,"’ Chemical Engineering Science, vol. 9, 1958, pp. 
218-224 

7 L. R. Steele and C. J. Geankoplis, ‘Mass Transfer From a 
Solid Sphere to Water in Highly Turbulent Flow,’’ AICAE Journal, 
vol. 5, no. 2, 1959, pp. 178-181. 

8 E. N. Sieder and G. E. Tate, ‘Heat Transfer and Pressure 
Drop of Liquids in Tubes,” 
vol. 28, 1936, pp. 1429-1435 

9 D. Briggs, W. Brown, M. Larson, P. McCuen, and J. Mitchell, 

Influence of Reynolds Number on Convective Heat Transfer for 
Flow Over a Body,” 
ford University, 1958 (unpublished 

10 A. P. Colburn and O. A. Hougen, “Studies in Heat Transmis- 
sion—Part III, Flow of Fluids at Low Velocities,’’ Industrial and En- 
gineering Chemistry, vol. 22, 1930, pp. 534-539. 

ll R.C. Martinelli and L. M. K. Boelter, University of California 
Berkeley) Publications in Engineering, vol. 5, 1942, pp. 23-58. 

12 E.R.G. Eckert and R. M. Drake, ‘‘Heat and Mass Transfer,”’ 

nd edition, McGraw-Hill Book Company, Inc., New York, N. Y., 

p. 332 
E.R.G 
for Mixed 

l 1954, pp 


Industrial and Engineering Chemistry, 


Mechanical Engineering 232 Laboratory, Stan- 


Eckert and A. J. Diagula, “Convective Heat Transfer 
and Forced Flow Through Tubes,"" Trans. ASME, 
497-504. 


Free 


DISCUSSION 
Robert M. Drake, Jr.° 


The authors are to be commended for their careful experimental 
The work adds 


to our store of information on heat transfer from bluff bodies, and 


work, and their treatment of the resulting data. 


perhaps more importantly introduces and treats these phenomena 
for conditions of variable fluid properties. There are, however, a 
few remarks and conditional statements that should become a 
part of the paper, hopefully to provide for better understanding 
of heat transfer from spheres. 

The problem of predicting flow characteristics and heat-trans- 
fer phenomena about a sphere, in spite of the geometrical sim- 
plicity, does not yet have an analytical solution. For this reason 
there has been much interest in experimental data over wide 
ranges of the controlling variables; the Reynolds, Mach, Grashof, 
and Prandtl numbers, 

In terms of existing experimental results and analyses, however 
incomplete, certain characteristics of flow and heat transfer can 
be deseribed. For zero Reynolds numbers, where the zero is ob- 
tained by the absence of velocity, and not by reduction of the 
density which leads to rarefaction effects, the heat transfer from 
a sphere neglecting radiation is by means of pure radial conduc- 
tion. For continuum flows pure conduction should represent the 


minimum heat-transfer rate. The Nusselt number calculated for 


5’ Professor of 
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the case of pure radial conduction for constant properties has the 
value 2. 

For 0.1 < Re < 0.5 Stokes flow prevails, and analyses are availa- 
ble based on the method first used by Stokes [14, 15].* For 0.5 
< Re < 10’ attached vortexes form behind the sphere distorting 
its shape, thereby changing the velocity distribution about the 
sphere from that proposed by Stokes [16]. No adequate analysis 
exists for this region; however, several experiments have been per- 
formed in this region [18, 19, 20, 21, 23]. For Re > 10* a bound- 
ary-layer type flow exists and analyses based on boundary-layer 
theory are applicable; however, boundary-layer theory is only 
valid up to flow separation, and is invalid beyond that region. 
No completely adequate analyses are available, to the writer’s 
knowledge, for the estimation of heat transfer in the region of 
separated flow. Several investigations have been reported which 
fall in this range of Reynolds number [15, 17, 18, 20, 24] in addi- 
tion to those data presented by the authors. 

Furthermore, it has been long known that free-convection 
effects and radiation effects cause certain known variations in 
foreced-convection data, and recently it has been shown experi- 
mentally by Short, et al. [17] that the heat-transfer rate through 
laminar boundary layers is a measurable function of the turbu- 
level of the The heat transfer from 
spheres, or any bluff body for that matter, is a reasonably compli- 


lence free-stream flow. 
This brings us to the data and correlation 
thereof of the paper under discussion. 


cated phenomenon. 


The authors have gathered a considerable quantity of new data 
and have correlated the data into quite possibly usable form; 
however, this correlation was performed in a way which ignores 
certain physical facts pertinent to sphere heat transfer as dis- 
cussed in the foregoing. Any satisfactory correlation should in- 


I should 


like to propose an alternative correlation which I feel is more repre- 


clude as many physical reference points as is possible. 
sentative of the physical system. Ten years ago the discusser 
[18], in search of the defining variables for heat transfer in the slip- 
flow region, developed an approximate analysis for heat transfer 
from spheres for the slip-flow case, but which was easily reduced 
to the continuum case for small values of Knudsen numbers. 
While the solution was based on a very simplified flow field 
around the sphere it represents the constant property experi- 
mental data for air [19] within +10 per cent in the range 2 < Re 
< 1.5 XK 105. 


in terms of the 


The solution 
significant heat-transfer parameters is 


> (1+ e~**\(1 + B)—'d8 
0 [J:%a,8) + Y:%a,8)] 


The comparison is shown in Fig. 9. 


hD 2 


k = - (10) 
c us 


Vv ‘2RePr, h is the average heat-transfer coefficient, D 
The J; and 

10) is dif- 
ficult to handle it has been approximated to within +1 per cent 
for a range 0.1 < Re < 2 X 10° by the following expression for 
Pr = 0.70, 


where a, = 
the sphere diameter, and k the thermal conductivity. 


Y, are Bessel functions of order one. Since equation 


Nu = 2 + 0.400Re°-% (11) 
An earlier solution of this type was made by Johnstone, et al. 
[20] but it did not correctly satisfy the boundary condition at in- 
finity. The solution of reference [20] is shown in McAdams [21] 

In consideration of equations (10) and (11) 


as well as the 
analyses shown in references [14, 15, 22] it seems reasonable to 
expect that correlations of experimental data for constant property 
heat transfer from spheres should have the following form: 


Nu = 2+ C Re®-Pr* (12) 


— 


* Numbers in brackets from [14 to 24] designate References at end 
of this discussion. 
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Fig. 9 


and that the 
plotting 


could be 


Nu — 2 
in ( — ) =InC+nI1nPr 
Re?-5 


Prandtl number effect determined by 


from which plot the constant C and the exponent n can be deter- 
mined, If this technique is applied in consideration of the data 
given in Table 2 of the authors’ paper, excluding the three points 
of data for runs 46-47, 51-54, and 55-59 which are believed to be 
in error, it appears that the constant C = 0.459 and the exponent 
n = '/; and therefore the equation showing the Prandtl number 


effects can be written as, 


Nu = 2 + 0.459 Re? Pr?.333 (14) 


Reduced for the case of Pr = 0.70, equation (5) becomes 


Nu = 2 + 0.406 Re®- (15) 


which when compared with equation (11) shows acceptable agree- 
ment. 

Equation (14) is suggested as a form more suitable for data corre- 
lation than those used by the authors since the correlation equa- 
tions proposed in the paper cannot satisfactorily represent the zero 
Reynolds number condition. It may be argued that there is not 
much interest in the case of pure radial conduction since it is 
difficult to obtain experimentally because of free-convection and 
radiation effects, on one hand, and rarefiea gas effects on the 
other; however, it is of interest since it represents a minimum 
value of the Nusselts number for heat transfer in the continuum 
region. Free-convection effects and radiation losses would tend 
to increase the heat transfer and thus continuum flow data should 
be always above the value Nu = 2. The authors’ correlation in 
Fig. 5 would yield Nu = 1.08 at Re = 0 which seems improbable. 
The correlations suggested by Yuge [15] seem quite appropriate, 
on the other hand. 

The foregoing discussion alludes to heat transfer under condi- 
When conditions of 
large temperature differences exist it appears to be meaningful to 


tions of negligible temperature difference. 
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apply the correction to the left-hand side of the equation as the 
authors have done since variation of properties with temperature 
will be reflected in the limiting value of the Nusselt number at 
The value of the Nusselt number will 
no longer be constant with a value 2 but will depend upon the 


zero Reynolds number. 


variation of properties with temperature. 

A comment here on the various experimental data shown for 
comparison on the discasser’s Fig. 9 and the authors’ Fig. 5 may 
be appropriate. Experimental forced convection data on bluff 
body heat transfer as we recognize it today is incomplete unless 
information is available which will enable one to correctly estab- 
lish the flow conditions as to turbulence level, slip-flow, free-con- 
vection, and radiation effects. 

Many of the data acquired in the past have no such supporting 
For example, using 
the parameter Re?/Gr by which free-convection effects on forced 


information and some are quite misleading. 


convection results can be estimated, one can calculate that in the 
range 10? << Re< 10* free-convection effects are equally important 
Grashof 
numbers of order 10° are obtained in air with sphere of 3 in. 


when the Grashof numbers are 10‘ and 10°, respectively. 
diameter and temperature differences of about 30 deg F. For a 
3-in. diameter sphere in water free-convection effects are equal in 
importance to forced-convection effects at Re ~ 1.4 X 10‘, for 
The data correlated 
by Williams [21] are somewhat higher than the available theory 
represented by equation (11) and it is quite reasonable to suspect 


temperature differences of about 55 deg F. 


that this is due to free-convection effects. 

Two sets of data in Williams correlation are exceptions and fall 
One set is that of Johnstone, et al. [20] which 
was obtained by the use of very small particles, 0.0013 — 0.002 in. 
Rarefac- 
i.e., slip-flow phenomena, may be observed at values 


below the theory. 
in diameter. The other set of data is for mass transfer. 
tion effects: 
near 1/Re/Ma = 100 according to reference [18] and both experi- 
ments and theory indicate that the heat transfer will be reduced 
In terms of Johnstone’s data ~/ Re/Ma = 
100 is obtained at their lowest Reynolds numbers for particle 
velocities of 50 ft/sec. 


under such conditions. 


It seems correct to assume that these small 
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particles were in the slip-flow region, and as a result show heat- 
transfer rates lower than continuum theory predicts. 

The correlation suggested by Williams favors the data at high 
Reynolds numbers, which almost certainly is too high because of 
free-convection effects, and the data at low Reynolds numbers 
which is probably too low because of slip-flow effects. The re- 
sulting correlation is in considerable disagreement with the 
available theories [15, 18], and with the available data of Yuge 
[19], Kramers [23], and the present authors, for which such 
secondary effects have been reduced to negligible values. Some 
suspicion exists regarding the Kramers’ data which appears high 
in the 200 < Re < 800 range. 

The authors could better treat their combined free and forced- 
convection data in terms of the Reynolds and Grashof parameters 
rather than the Colburn “transition velocity” model proposed. 
One might expect, too, that the authors sphere was rather large 
in comparison with the size of the enclosing ducting, and that as 
a result the data might not agree at all with other data in which 
the flow system more nearly represents a body in an infinite flow- 
field. Apparently, the method used in the reduction of the data 
was sufficiently good that discrepancies, if any, are not noticeable 
on the In-In data representation. 

A final, though undoubtedly forlorn hope, is that we will some- 
day return to the Nomenclature for dimensionless numbers which 
uses the first two letters of the name; i.e., Re, Nu, Ma, and 
eliminate the superfluous capital N. 
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The details of the transfer of heat from an isothermal bluff 
body, such as a sphere, to a fluid stream are quite complex, and it 
is not surprising that the authors find it difficult to obtain one, 
universal correlation curve for their own and other experimental 
data covering a range of gases and liquids, even though they re- 
strict themselves to subcritical Reynolds numbers (Re < 300,000 
approx.). The discrepancies evident in Fig. 5 of the paper, par- 

? Professor of Engineering, Brown University, Providence, R. I. 
Mem. ASME. 


172 / may 1961 


ticularly for benzoic acid, do not necessarily constitute errors of 
measurement, but are, most probably, consequences of the omis- 
sion of several parameters whose effect on the final correlation is 
systematic. The missing parameters can be brought out clearly 
by analyzing the process in terms of boundary-layer theory which 
we shall attempt to sketch here for the case when natural convec- 
tion is unimportant. The same results can be obtained by per- 
forming a more detailed dimensional analysis. 

In the subcritical range of Reynolds numbers the flow near the 
sphere consists of a laminar boundary layer and a wake following 
the circle of laminar separation, and the total rate of heat transfer 
can be compounded from the two corresponding terms. Conse- 
quently, the over-all rate of heat transfer will depend on the 
parameters which affect: 


1 The angular position ¢, of the separation circle. 

2 The local rate of heat transfer, as a function of angular 
position ¢ of the laminar boundary layer (0 < ¢ < ¢,). 

3 The local rate of heat transfer in the separated region, as a 
function of angular position g(¢y, < ¢ < 2m). 


Before discussing the variables which affect the preceding 
three items, it is necessary to remark that the heating of the sur- 
face of the sphere causes the temperature across the thermal 
boundary layer to change from the temperature 7',. of the on- 
coming stream to the isothermal wall temperature 7. Thus 
neither the viscosity u nor the thermal conductivity k can be con- 
sidered constant, and the usual parameters, the Reynolds number 
Re,, and the Prandtl number Pr, of the oncoming stream are in- 
sufficient to insure similarity. This is particularly important in 
liquids for which relatively small changes in temperature cause 
large changes in viscosity. For example, in water, a change of 
temperature from 7'., = 300 deg K to T,, = 400 deg K causes the 
viscosity to decrease by a factor of 6, as against an increase of 
only 35 per cent in air. The effect ir even larger in oils. On the 
other hand, the variation in thermal conductivity is of approxi- 
mately the same order in gases and liquids. 

In incompressible flow (p = const), the velocity boundary 
layer is completely independent of the thermal boundary layer, 
as is well known, on condition that the viscosity of the fluid is 
independent of temperature (4 = const). This is no longer the 
case in the problem under consideration, as seen from the 


boundary-layer equations 
1 0 ou 
— —(p— uU— 16) 
p oy (u =) . dx ? 


ou ov 
} (17 
ox . oy ) 


ou . ou 
u—-+v = 
ox oy 


because the function u( 7) appears as a parameter under the sign 
of differentiation 0/dy. When u = const equations (16) and (17) 
are independent of the temperature field. This is more approxi- 
mately true for gases, than for liquids, for which the viscosity yu 
varies strongly with temperature. As the temperature difference 
T., — T.. becomes larger and larger, the pressure gradient dp/dz 
= —pUdU/dz remains constant, but the effect of varying vis- 
cosity makes itself felt increasingly and the velocity profiles 
u(z, y) depart more and more from the form associated with 
T,— T. = 0, which we may denote by w/z, y). 

If we were to perform a standard dimensional analysis of equa- 
tion (16), we would make the term yu dimensionless with ref- 
erence to u., obtaining 


* Equations (16) and (17) have been written in the usual co-ordi- 
nates for two-dimensional flow, s being measured along the contour 
of the body and y at right angles to it. Since we are interested in 
qualitative results only, the omission of the effect of the curvature of 
the sphere is not serious. 
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U.} adUzx/r) Re, OUy/r) (te  Ay/r) 
where r = '/:d. The equation shows that the velocity profiles 
u(z, y) will depend on the form of the function u/y,, in terms of 
temperature. Strictly speaking, similarity between different 
fluids cannot be expected other than in exceptional cases when 


this function is identical for them. By way of empirical approxi- 
mation, the authors introduced the factor 


Ho 
Ke 


(a) 


as is usual in such cases. There is, however, no assurance that the 
dimensionless parameter (a) must appear in the form of a multi- 
plying factor as in the authors’ equation (7). Consequently, some 
discrepancies must be expected in correlations involving a wide 
range of fluids. 

Performing an analogous analysis with respect to the energy 
equation 


oT oT 1d oT m ou \* 
a — = — — (k — — | — 18 
eh ae + 2( e+e (= a 


(c = specific heat) we can easily see that at least the additional 
parameter 


(bd) 


must affect the correlation. The only justification for omitting it 
is the belief that its range of variation is smaller than that of 
t/t, but this must be verified by empirical means. 
We now revert to a more detailed discussion of the factors af- 
fecting items 1 to 3 enumerated in the foregoing. 
1 The Angular Position of the Circle of Separation. 


for separation is given by 
—} =0 
ow” Je 


which is an equation ing. When 7, = T,,, and when the dissi- 
pation term {(u/pc)} - {(du/dy)2} can be neglected, the problem 
can be solved explicitly [25]® but from the method of solution it is 
clear that the position of the circle of separation given by the 
angle ¢, will depend on the pressure distribution determined by 
U(z) and by the surface temperature T’,, which affects the velocity 
profile u(z, y), as explained earlier. 

The pressure distribution around the sphere depends in a 
sensitive way on two factors. The first factor is the blockage of 
the tube by the sphere described by the ratio 


The condition 


(19) 


d 


D 


of sphere to pipe diameter. By forming the Reynolds number 
with the mean velocity through the annulus #(D? — d?), the 
effect of this parameter is eliminated to a certain extent, but it 
must be borne in mind that in the authors’ experiments blockage 
was quite high, the frontal area of the sphere contributing 20 
per cent of the pipe cross section. It is difficult to assess the 
effect that a variation of d/D from the authors’ value 0.872/2 = 
0.436 to d/D = 0 for D = © (free stream) would have on the 
Nusselt number. In order to do this, it would be necessary to per- 


* Numbers in brackets from [25 to 29]designate References at end 
of this discussion. 
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form experiments over a range of values of d/D and either to 
extrapolate to d/D = 0 or to include d/D in an empirical correla- 
tion. In any case, the data derived from other sources refer to 
different values of this ratio, and discrepancies in the correlation 
must, once more, be expected. 

The second factor which affects the pressure distribution is the 
displacement effect of the wake which, in turn, depends on the 
angle g,. This “feedback” from the wake makes it almost im- 
possible to solve the problem analytically, and it becomes neces- 
sary to perform direct measurements of pressure distribution, or 
of the separation angle itself, for different values of d/D. 

The final factors which affect the value of the angle ¢, are the 
intensity and scale of turbulence in the oncoming stream. Owing 
to the random oscillations carried by the oncoming stream, the 
circle of separation will oscillate about its mean position g, which 
need not be the same as for a stream free from oscillations. 

2 The Local Rate of Heat Transfer of the Laminary Boundary Layer. 
The local rate of heat transfer across the laminar boundary layer 
varies with the angle yg, and the total rate, being an integral of 
the former from ¢ = 0 to g = ¢,, will be affected by the same 
factors. Inspecting equation (16a) and the dimensionless form 
of equation (18), not given here, it is easy to see that the local 
rate of heat transfer will be affected by the surface temperature 
T.., because it affects the viscosity yu, at the wall, which in turn 
affects the velocity profiles u(z, y) and so the temperature pro- 
files T(z, y). In addition, of course, the result will depend on the 
dimensionless groups Re,, Pr., Uy/Me, and k,/k,. already con- 
sidered. 

Recent investigations [26, 27, 28]*® show conclusively that the 
local rate of heat transfer on a blunt body depends to a large ex- 
tent on the intensity of turbulence, Tu, of the stream and some- 
what on the scale of turbulence. This is due to the large pressure 
gradients impressed on the laminar boundary layer under such 
conditions. The effect can be very large and can reach values of 
as much as 80 per cent when the intensity of turbulence changes 
from Tu = 0 per cent to Tu = 3 per cent. Since the authors deal 
with investigations for which the intensity of turbulence was not 
specified, large discrepancies from one set to another must be ex- 
pected. Averaged over the whole boundary layer, and taking 
into account the usual range of turbulence intensities, it can be 
estimated that such discrepancies can be of the order of 20-30 
percent. The scale of turbulence has little effect, except in cases 
when it becomes comparable with the linear dimensions of the 
sphere. 

3 The Local Rate of Heat Transfer in the Wake. As far as the 
writer knows, the local rate of heat.transfer in the wake was not 
studied in detail. However, there are indications to suggest that 
the total contribution from the wake is proportional to the 
product 


Re/*pr'/s (d) 


and is independent of the intensity of turbulence in the free 
stream. Prof. P. D. Richardson, who also intends to contribute 
to the discussion, will have more to say on this point. 

The preceding analysis can be extended to include supercritical 
Reynolds numbers, when the total rate of heat transfer is com- 
pounded of three terms: The heat transferred across the laminar 
boundary layer from the stagnation point at ¢ = 0 tog = ¢ 
at the transition circle; the heat transferred across the turbulent 
boundary layer from ¢ = ¢, tog = ¢, at separation, and that 
transferred across the wake. 

The position of the circle of transition depends on the intensity 
of turbulence of the free stream, but for a given intensity, say 
Tu = 0, it varies appreciably with the surface temperature T’,,, 


10 The References quoted together contain a full bibliographical list 
of related papers. 
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as is known from the study of compressible boundary layers. 
The effect is not direct, but depends on the fact that the viscosity 
across the boundary layer varies with the varying temperature. 

According to the now accepted Tollimen-Schlichting theory 
[29], the process of transition is conditioned by the stability of the 
laminar boundary-layer profiles preceding, and in particular on 
their curvature x = (0%u/dy*), at the wall. Atthe wallu =» =0, 
and the curvature « is given by the relation 


d ( a) 9 dU 
oy \" ay J.  & 


Thus 


(2) (2) 9 dU 
K+ = — . 
" OV Je \ We ? dz 


Neglecting dissipation, or the term ({ /pc)- 


easily derived from equation (16). 


(20a) 


|(du/dy)?} in equation 
(18), we find that for 7, we have (Ou/dy),, = 0, and the curvature 
is given by the relation 


(206) 


l Ou Ou } 
>. (20c) 

Me Oy /. oy _) 

In this equation, UdU/dz remains unaltered, and yp, decreases, 

hence the term 

Ou/ Oy 


K) increases 


In addition, we then 
> 0 and (0u/dy) > 0, which shows that on heating 


p/u,)(UdU /dz) increases. 
have 
This has the effect of stabilizing the flow and delay- 
Cooling the sphere (T, < 7’. 
The preceding conclusions are opposite to those 


Ing transition 


opposite effect. 


4 would have the 
valid for a gas, and are consequent on the fact that the velocity 
profile must develop a point of inflexion with (0u/du),, = 0 before 
it can become unstable, or that at some distance zr we must have 


(0*u/Ody"), = 0 and then positive, since (07u/dy*) at infinity is 
always negative. 

The preceding remarks were brought out to show that there 
exists a good chance that the problem discussed by the authors 
can be solved analytically for the case when the Reynolds number 
is subcritical, when Tu = 0 and when d/D = 0 if use is made of 
empirically known pressure distributions. The more complex 
case for supercritical Reynolds numbers can probably be solved 
in a semiempirical fashion in order to account for the zone of 
The effects of 


investigated 


transition 


ind for the turbulent boundary layer 


turbulence intensity must, at present, be exclu- 


sively by experimental means. If this were done, the need for 


correlations would disappear, and the reason for the discrepancies 
mentioned in the paper might become clarified It is also noted 
that the empirical information required for such an analytical 
estimate involves only pressure measurements on spheres heated 
to different surface temperatures which are simpler than the 
measurement of heat-transfer rates. 
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The transfer of heat or mass from a bluff body to a stream in 
which it is immersed is affected by many variables. Recognition 
of some of these variables can be made in correlations of transfer 
rates, but complete account cannot be taken of all the variables. 
It is therefore important to seek the variables which have a rela- 
tively strong influence. 

Considerable effort has been made to study the local variation 
of heat transfer from a circular cylinder to a stream flowing nor- 
mal to its axis. A review has been made [30]'* of the factors 
which influence the relative transfer rates at the rear stagnation 
point; it was found that the wind-tunnel blockage has a large 
effect, increase in blockage causing an increase in transfer in the 
separated region. In the experiments reported here the blockage 
ratio is of significant magnitude, and it should be mentioned that 
the true blockage is higher than the nominal blockage due to the 
added blocking effect of boundary layers on the body and the 
tunnel wall; the true blockage through a series of experiments will 
vary slightly because boundary-layer displacement thickness is a 
function of Reynolds number. 

With a sphere the method of support will have an appreciable 
influence on transfer rates. If the sphere is mounted on a sub- 
stantial downstream sting, as in the present experiments, the 
heat transfer in the region of separated flow will be considerably 
different from that on a free sphere, since the sting will cause re- 
attachment and alter the flow pattern. On the circular cylinder 
it has been found that a downstream splitter plate caused a rela- 
tive decrease in heat transfer [31], while very recent experiments 
at Brown University with a bluff flat plate have shown that a 
downstream splitter plate decreases the heat transfer. These 
decreases are of the order of 40 per cent. 

In presenting their correlations, the authors of this paper use the 
form 


Nu-Pr* = a + b-Re’, 


which has frequently been used before in other correlations. 
However, it is possible to seek other forms of correlation, in par- 
ticular those forms which make some clearer recognition of the 
transport processes involved. The convection from a sphere 
within the Reynolds number range 10? to 10° is due to laminar 
boundary-layer convection on the forward region and to some 
other mechanism in the separated region. Each region can be 
assessed independently, and their contributions added to give ¢ 
form 


Nu-Pre = A-Re™-Prt + B-Re*. 


For Prandtl numbers near unity, the effect of Pr¢ should be very 
small, and then 


Nu: Prt = A-Re™ + B-Re*. 


Within the Reynolds number range cited, the average heat trans- 
fer in the forward laminar region can be calculated, if the pressure 
distribution is known, by a method such as that described by 
Merk [32]. 


are not available for the actual experimental arrangements, the 


For the present case, for which pressure distributions 


discusser assumed a parabolic distribution of heat-transfer co- 
efficient with respect to angle from the forward stagnation point 
to separation. By integration, this led to a value of 0.35 for A, 
A method for estimation of heat transfer in regions 
of separated flows has recently been given by Richardson [33], 
and using this method with the value for the first critical Reynolds 


with m =! 
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number on a sphere given by Jenson [34], the equation for the 
mean heat transfer becomes 


Nu-Pr7'/* = 0.35Re'/* + 0.048Re”’*. 


This equation represents an approximate analytical prediction. 
Upon comparison with the various experimental results cited by 
the authors of this paper, it was observed that there was close 
agreement with the Yuge, the greatest dif- 
ferences occurring at low Reynolds numbers where natural con- 


measurements of 
vection can be appreciable. The values of heat transfer pre- 
dicted by the foregoing equation are lower than those indicated 
in equation (8) of the paper; however, part of the difference would 
be made up if Pr¢ was taken into account at the higher Prandtl 
numbers. The difference which would remain after this is within 
the uncertainty of experimental determination and uncertainty 
in the foregoing equation. 

The problem of correlation of simultaneous forced and natural 
convection occurs for many body shapes. Depending upon the 
circumstances, the two forms of convection may both contribute 
effectively, or one form may predominate and the over-all heat 
transfer is then independent, say, of Reynolds number, as is the 
case with the horizontal heated rotating cylinder in subcritical 
conditions [35]. For the rotating disk, however, where both free 
and forced convection are dependent on body forces within the 
fluid, the discusser found that laminar heat transfer in air was 
correlated well by an equation of the form 


Nu = A,(Gr + Re?) ’’*. 


Under circumstances where such a correlation may be applicable, 
the various coefficients may be estimated on the basis that the 
equation should reduce to the forms for pure forced or natural 
On this 
equation for forced convection suggested previously can be com- 
bined with the McAdams 
render the « quation 


convection if Gr or Re is set equal to zero. basis the 


relation for natural convection to 


Nu-Pr t= (.35(Re?- Pr + 1.8 Gr-Pr )/* + 0.048 Re 


This equation is restricted to values of (Re? + 1.8 Gr) between 104 
10", 


better account of heat transfer in natural convection, but even in 


and about The equation could be further refined to take 
its present form it should follow the trend of the results in the 
region where forced and natural convection are both significant. 

The value of q is of the order of 107, 
pendent upon Pr. 


and is somewhat de- 
When the viscosity variation is appreciable, 
the foregoing equations could be modified by the inclusion of the 
viscosity ratio parameter. 
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The turbulence level in a fluid can have a drastic effect on heat 
What is the turbulence 
level of the water under the conditions of the reported measure- 


exchange with a body submerged in it. 


ment? 


Authors’ Closure 


The authors are grateful to Professors Drake, Kestin, and 
Richardson for their most informative discussions of the theory of 
Although their com- 
ments and analyses speak for themselves, they and Professor 


convective heat transfer from spheres. 


Tewfik have raised a few questions on which we should comment 
briefly 

The blockage ratio for our particular geometry was quite large; 
however, more recent data obtained by Brown" for pipe-to- 
sphere diameter ratios of 2, 2.67, and 4, which includes the 2.3 
ratio of our tests, indicates that the mean velocity used to corre- 
late the data is quite suitable for correlating average coefficients 
The mounting sting undoubtedly has some effect on the heat 
transfer in the separated region, as does the degree of free stream 
turbulence on the heat transfer over the front half of the sphere. 
Neither of these effects was quantitatively investigated, and the 
turbulence level was not measured. 

Our equation (8) was proposed for fluids of Prandtl number 
from 2 to 380. The authors agree with Professor Drake that his 
correlation equation (14) does more adequately represent heat 
transfer at low Reynolds numbers, particularly for fluids of 
Prandtl number near 1 and for negligible temperature differences. 
His method of including the Prandtl number as a multiplier of the 
teynolds rather than Nusselt number is particularly advan- 
tageous at low Reynolds numbers. 

As Professor Kestin suggests, the reason that the viscosity alone 
was used to account for variable properties effects is that it is the 
Mikheyev"® 


Prandtl number ratio in a similar manner with a 0.25 exponent to 


most temperature-sensitive variable. uses the 


correlate pipe flow data for gases and liquids. An analytical 
solution similar to that suggested by Professor Kestin has been 
performed by Brown" for the front half of a uniformly heated 
sphere for both subcritical and supercritical flow 
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The Effect of Density Variation on 
Heat Transfer in the Critical Region 


The heat-transfer coefficient between fluid and tube wall in turbulent flow depends 
upon the physical and thermal properties of the fluid. When density changes across 
the diameter of the tube are large (for example, when the fluid is near the critical point), 
the variable density can affect the transfer of momentum and heat. Equations are de- 
veloped for predicting the magnitude of this effect on the heat-transfer coefficient. Deiss- 
ler's [5|* expressions for the eddy diffusivity are employed in solving the equations for 
heat and momentum transfer. 

For flow in vertical tubes large density variations can also affect the heat transfer by 
inducing natural convection. By considering the influence of body forces on the shear 
stress, equations are derived to predict the effect of natural convection on the heat-transfer 
coefficient for turbulent flow. The results indicate that the effect is significant only for 
relatively high Grashof numbers and low Reynolds numbers. Such conditions may be 
encountered in flow of a fluid near its thermodynamic critical point. 

The derived equations are applied for carbon dioxide flow in the critical region under 
the conditions for which experimental data were measured by Bringer and Smith [2]. 
Because of the high Reynolds and low Grashof numbers, natural convection is not sig- 
nificant. However, the effect of the large density variations is found to be significant, 
and the predicted results agree well with the experimental data. 


= TRANSFER to fluids in turbulent flow in tubesis critical point, these effects may not be negligible. The first is 


affected by variations in the physical and thermal properties of 
the fluid. When the fluid is near its thermodynamic critical 
point, the change in properties with temperature is particularly 
large; for example, the specific heat at constant pressure rises to 
an infinite value at the critical point. The conventional proce- 
dures (3, 13] for handling property variations in equations for 
heat-transfer coefficients are not applicable in the critical region. 
Deissler’s analogy [4], which is based upon a more fundamental 
viewpoint, but neglects two effects of density changes, has been 
found [2] satisfactory for moderate property variations. How- 
ever, when density changes are large, as, for example, near the 
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Nomenclature 


the influence of density variations on the radial transfer of momen- 
tum and heat between adjacent elements of fluid. The second is 
due to the variation in the force of gravity on the fluid across the 
tube radius. This natural-convection contribution is considered 
here only for vertical tubes. 

The objectives of this paper are to develop equations for 
predicting the magnitude of each of these two effects on heat 
transfer in turbulent flow in tubes. 


Effect of Density Variation on the Transfer of Momentum 
and Heat 


For a fluid in the critical region, the density decreases rapidly 
with increasing temperature. Therefore in a flow with tempera- 
ture and velocity gradients, the momentum in the axial direction 
of two elements of fluid at different radii will be different, not 
only because of the differences in velocity, but also because of 





const in Equation (17), dimen- 
sionless 

specific heat at const pressure, 
Btu/(lb deg F) 

density variation factor, defined 
by Equations (7) or (13), di- 
mensionless 

=. dimen- 


pol "y 


friction factor = 


sionless 
acceleration due to gravity, ft/hr? 
Grashof number = (Py —_ Pe 
Me 
p.r'g, dimensionless 
heat-transfer coefficient, Btu/(hr 
sq ft deg F) 
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= aconst = 0.36, dimensionless 
= thermal conductivity, Btu/(hr ft 


deg F) 

Prandtl mixing length, defined by 
Equation (1), ft 

a const = 0.124, dimensionless 


, dimension- 


. 2r 
Nusselt number, 7 


less : 


pressure drop per unit length of 
tube, lb/(sq ft hr?) 


Prandtl number, C,,u,/k,, di- 
mensionless 

heat flux, Btu/hr sq ft 

tube radius, ft 


dimensionless radius 


+ V/s p 
“o(#)" (4) 
P. He 
2 
Reynolds number, —*, -di- 


by 
mensionless 


temperature, deg R 
temperature, deg F 
dimensionless temperature 


-3(-£) 


mean velocity in the axial (z) 
direction, ft/hr 
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ci Terences in density. This situation may be expressed mathe- 
matically by starting with Prandtl’s concept of a mixing length L 
for the transfer of momentum in turbulent flow. 
d(pU 
ow 
dy 


If the density is constant 
T, = wlLp 


where 
Eng = WL 


Here €,,,; is the conventional eddy diffusivity of momentum. 
If the density is variable, Equation (1) may be written: 


(4) 


and an eddy diffusivity for variable density defined by the ex- 


pression: 
d 
uv ( °) 
dy 


. 4 ane ‘ 
. (# w 

p dy 

In terms of the conventional eddy diffusivity ¢,,; Equations 


(3) and (5) indicate that the more general diffusivity €,, is given 
by: 


€, = wL 


Em = €Em(1 + F,,) (6) 
where 
dp d(in p) 
dy dy 
“aU ~ d(inU) 
dy dy 


U 
(7) 


In Equation (6) F,,, may be considered a correction term which 
is to be applied to the constant-density diffusivity. Deissler [5] 
has developed the following equations for €,,;: 


y* < 26 Eng = MUY(L — e~ "UV ur/m) (8) 


(ar) 


tani = Ki -— 


+> 26 
si a (say 
dy* } 


Nomenclature 


The expression for flow away from the tube wall, y* > 26, is von 
Karman’s relationship [10]. Deissler used n = 0.124 and K = 
0.36, based upon velocity measurements for the adiabatic flow of 
air. These equations will be used in Equation (6) to define dif- 
fusivities ¢,, for the general, variable density case. In dimension- 
less form the expressions become, for y* < 26, 


c= (1 + F,,)n? (uy: Me 


) [1 — e~"U*u*eme/pon) (10) 


and for y* > 26 
én = (1 + Fa)K?* 3 
Po 


Similar considerations for the thermal eddy diffusivity €, lead to 
equations analogous to Equations (6) and (7), namely, 


€, = €& (1 + F,) (12) 
d(In p) 
ae _dy 
d(in C,?) 
dy 


* (13) 


It will be supposed that €,, = €, = €, a reasonable assumption at 
high Peclet numbers. Then F, and F,, can both be evaluated 
from Equation (7). In dimensionless form this expression may be 
written: 


d(\n p) 
dy* 

F, = ——— 

‘~ d(in U*) 
dy* 


(14) 


It is possible to evaluate F from the variation of density with 
temperature by an approximate procedure. It is noted from the 
computed temperature and velocity profiles (for example, see 
Fig. 1) that the slopes of the two curves are approximately the 
same, and that this equality would be more exact if the slopes of 
In t* and In U* were considered. Thus as an approximation: 


d(inU*) d(Int*) 
dy* dy* 





(15) 


Utilizing Equation (15) and the definition of the dimensionless 
temperature, Equation (14) becomes: 





dimensionless velocity 


-o(2) 


slope of dimensionless velocity 
profile, dU +/dy* 

velocity component perpendicu- 
lar to the direction of flow, 
ft/hr 

distance along axis of tube, ft 

distance from the tube wall, ft 

dimensionless distance 
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constant in equation (17), dimen- 
sionless 

qe o/ Po)? 
Cy.T ol’, , 

total eddy diffusivity of momen- 
tum, defined by Equation (6), 
ft?/br 

eddy diffusivity of momentum for 
constant density, defined by 
Equation (2), ft?/hr 

total eddy diffusivity of heat, de- 
fined by Equation (12), ft*/br 

eddy diffusivity of heat for con- 
stant density, ft*/hr 


dimensionless 


im viscosity, lb/hr ft 
p density, lb/ft* 


T shear stress, lb ft/(hr* sq ft) 


Subscripts 
b = denotes bulk mean value 


t denotes constant density 
m denotes momentum 


0 denotes value of quantity at the 


tube wall 
t = denotes heat 


Superscript 
+ = denotes dimensionless form 
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Fig. 1 Temperature and velocity profiles (3 
deg F) carbon dioxide 


d In p 
d(in t* 


— Bt* d(in 
= ( £ (16) 
1— Btt/ d(in7 
variation of density with temperature can be represented by 


lation 


(17) 


where a and @ are constants. By utilizing different sets of values 


ind a, the density can be accurately expressed by Equation 
over a wide temperature range 


7) and noting that 


Combining Equations (16 
1s usually small with respect to 
leads to the following simple expression: 


F = 


—apt* (18 


With this equation for F, Equations (10) and (11) provide a 
ns for evaluating the eddy diffusivity for variable density 
Then the temperature and velocity profiles across the 
obtained by integrating the equations for momentum 


transtier 


n 20) 
CU ,pe (20 


The ints gration procedure requires approxim ation because of the 


number of variables in the equations. However, Deissler {5} has 
developed a procedure which gives heat-transfer coefficients in good 
igreement with expe rimental data for constant and moderately 


The 


variation of viscosity 


variable properties 2, 6 


includes 
heat 


represented by equations analogous to Equa- 


procedure assum- 


ing that the with tem- 


and specific 
an be 
This same method has been ¢ mployed in this paper 
to compute profiles for conditions of large density variations 


rhe results are presented in a later section 


Effect of Natural Convection 


Acrivos [1] attacked the problem of natural convection super- 
forced convection by using von Karman’s momen- 
He solved the 


: basis for the extreme cases of natural convection 


method over a boundary laver 


1961 


(a) dominating the heat-transfer rate; and (b) having a negligible 
effect on the result. Jackson, et al. [9], considered the effect of 
gravitational attraction from an over-all viewpoint by empirically 
modifying the usual turbulent flow equations for heat transfer. 
Hanratty, et al. [7], have shown that the velocity in the direction 
of forced flow could, in the severe case, be so affected by natural 
convection that a reversal in flow direction would occur. Ostrach 
[11] and Pigford [12] analytically treated the effect of natural 
convection in the laminar flow problem. An approximate analyti- 
cal solution of the problem of turbulent flow in tubes can be de- 
veloped by examining the effect of body force on the distribution 
of shear stress in the fluid. 
graphs. 

Consider a ring-shaped, differential volume of diameter (r — y) 
and height Ar. A force balance on a unit area perpendicular to 
the direction of flow yields: 


( ~) . 
: wr * 


The solution of this equation, with the boundary condition rT = 7, 
aty = 0, is: 


This is done in the following para- 


dr T 


- 21 
dy = ( , 


l ”) ( \P ) \d (22) 
- ( + y— Tydat oe 
y—-? Ie pg ly y ( 


Further, a force balance on the entire cross section of the tube 


gives: 
+ pg 
where the bulk mean density is defined by the integral: 
l ad 
| 2rp(r — y)dy 
Tr? 
J0 


Combining Equations (22) and (23) yields: 
i \ . 7 


TAY= 


l "y 
| (p—- Pgy-?T dy 
r 


teducing Equation (25) to dimensionless form, and introducing 
the Grashof number (defined in the Nomenclature) gives the form: 


l y — p; 
[ oa Pt (rt — y*)dy* (26) 
—y* Jo M— Pe 


Equations (25) or (26) satisfy the following three conditions 


for shear stress distribution in flow inside a tube: 


if p = a const 


Two points are of interest 
(p — p,)/(p, — p 
pressure). Second, the first term on the right is the linear shear 
stress distribution for constant density, and the second is the 
contribution due to variable density. 


in Equation (26 First, the group 


) is a function of temperature only (at constant 


In terms of the Reynolds number (see Equation 35) and friction 
factor, Equation (26) may be expressed: 


Transactions of the ASME 





Gr 1672 vw" p— 
+. 1 . La (r* — y*)dy* (27) 
Re,'f, 7 r* og y* 0 Pr — P. 


The friction factor is not very sensitive to the Reynolds number 
in turbulent flow. Hence the importance of the second term on 
the right side of the equation will be determined by Gr/Re,’*. If 
Gr < Re,, the effect of body force is neg igible. If Gr is large, 
the shape of the shear force profile will change and in the extreme 
case, T/T, will become negative. This means that a maximum in 
the velocity profile would exist between y+ = Oandy = r+. The 
criteria for the existence of such a maximum is considered in 
reference [8]. 


Velocity and Temperature Profiles 

For flow close to the wall, Equation (10) for €,, and Equation 
(19) determine the velocity distribution. 
the result may be written: 


In dimensionless form, 


+ 


dy 
a 


° 


+ 2+ Fy ty+[i 


e 


eee ae : 
= n?U ty * pyc pom | 


(28) 

y* < 26 
For constant density, the correction factor F is zero, and 7/7, is 
given by the first linear term of Equation (26). Deissler [4] has 
computed velocity profiles on this basis and concluded that as- 
suming T/T, = 1 gives results in close agreement with the linear 
shear force distribution. To take into account the effect of 
density changes, F is evaluated from Equation (18) and Equation 
(26) is used to represent 7/7, as a function of Grashof number. 
Since the property variations are a function of temperature, it is 
necessary to solve simultaneously Equation (28) and the analo- 
gous expression for the temperature distribution. 

For flow at y* > 26, Equation (11) for €,, can be used to 
evaluate the effect of F on the velocity profile, but not the effect 
of Grashof number. This is because the von Karman equation 
for €,,; will not predict the potential maximum in the velocity at 
y*<r*. Hence for this region Prandtl’s expression for diffusivity 
will be employed: 

dU 


K%y? a (29) 
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Fig. 2 Effect of bulk density on velocity and temperature profiles 
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Then from Equation (19), in dimensionless form, the slope of 
the velocity profile may be expressed : 
: 2 7 V/s 
é E ( ey) +44 FP) Ky 
dU * Mo \ Ho y Po TJ 
dy* ‘ 2 . 
2 P K*y*"(1 + F) 


o 


Except in a narrow region near T/T, = 0 


’ 


HM <oxrys|? = a+F)| 
Mo 


o ° 


With this restriction, Equation (30) becomes: 


alts la)] 
v = 
Ky*tip-rre\l+F 


This simplified equation reduces to the required value of v+ = 0 
at 7/r, = 0 and will give values of v* close to zero as T/T, ap- 
Hence Equation (31) is used to compute the 
velocity at all y* greater than 26. 

Equations similar to Equation (28) and (31) were developed for 
computing the temperature profile. For flow near the wall, 
Equation (10) was used for the diffusivity, while at y+ > 26 
Prandtl’s expression [Equation (29) ] was employed. 


(31) 


proaches zero. 


Specific velocity and temperature profiles were determined by 
these equations for carbon dioxide in turbulent flow at 1200 psia 
(critical pressure = 1071 psia). This system was chosen be- 
cause experimental heat-transfer data are available as well as 
physical property information [2]. Since density variations are 
greatest when the fluid is in the region of the transposed critical 
temperature, profiles were computed for these conditions. The 
critical temperature (temperature for which the 
specific heat is a maximum) for carbon dioxide at 1200 psia is 98 
deg F. The following wall temperatures and heat fluxes (as 
represented by 6 values) insured that 98 deg F was between the 
wall and bulk mean temperatures: 


transposed 


Wall temperature (See Nomenclature 
to, deg F for definition) 
130 0.006 
110 0.0015 
110 0.003 


Fig. 1 illustrates the computed profiles for 1, = 110 deg F and 
= ().0015 under conditions such that the effect of natural con- 
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Fig. 3. Effect of bulk density on velocity and temperature profiles 
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vection is neglected. That is, Equations (28) and (31) were em- 
ployed, along with the corresponding expressions for the tempera- 
ture, but r/r, was assumed equal to unity. The calculations were 
carried out on an IBM-650 computer. The physical properties 
of carbon dioxide used were the same as those presented by 
Bringer [2]. For comparison, the curves neglecting density 
variations, F = 0, are also included. The results show that in- 
cluding the density variation factor F flattens both the tempera- 
ture and velocity curves. The profiles at other ¢, and 8 values 
exhibit similar results. 

Figs. 2 and 3 show profiles for the same conditions (t, = 110 deg 
F, 8 = 0.0015), except the effect of natural convection is taken 
into account. That is, r/r, in Equations (28) and (31) was not 
taken equal to unity but evaluated from Equation (26). Fig. 2 
is based upon a value of 10~* for the parameter Gr/(r*)* and in- 
cludes results for three mean densities. Comparison of the 
curves in Figs. 1 and 2 shows that the effect of natural convection 
is to flatten further the velocity profile. Fig. 3 applies when the 
Grashof number is increased such that Gr/(r*)* = 10-'. In this 
case, natural convection is sufficiently important that the velocity 
curves exhibit a maximum at y* < r* 


Heat-Transfer Results 


From the velocity and temperature profiles, bulk mean values, 
u,* and t,*, can be derived by integration of the equations: 


9 r* 
foal . 
%* = —— U*(r* — y*)dy* 
(r*y 0 


(32) 


r* C 
(epee rom 
0 \Crbs pe 


i+ = — ~— EE 


r* a) ; 
* -) U+(r* y*)dy* 
J. (<2 


From these mean values, the Reynolds and Nusselt numbers 
(with properties evaluated at the wall temperature) are deter- 


mined as follows: 
2rh 2r*Pr, 
t,* 


(34) 


2rU.p, ; 
Re, = —— = 2r*U;,* (35) 


Fig. 4 shows the resultant Nusselt versus Reynolds number re- 
lationship based upon the profiles in Fig. 1. Three computed 
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Fig. 4 Comparison of theoretical and experimental valves of Nusselt 
number Nu, versus Reynolds number Re, (8 = 0.0015, f, = 110 deg F) 
carbon dioxide 
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lines are indicated. The top line includes the effect of density 
variation on momentum and heat transfer (F ~ 0); the second 
neglects this effect (Ff = 0), and the lowest line indicates the re- 
sult expected when all property changes are neglected (8 = 0). 
The experimental points plotted in Fig. 4 correspond to the 
measurements of Bringer [2]. It is seen that taking into account 
the effect of density variations improves the agreement with the 
experimental data. The influence of natural convection would 
be to increase the Nusselt number above the curve for F ~ 0 
in Fig. 4. However, it will be observed later that the Grashof 
number, at Bringer’s operating conditions, was too low for natural 
convection to be significant. Plots similar to Fig. 4 (given in 
reference [8]) at, = 130 deg F, 8 = 0.006, and t, = 110 deg F, 
8 = 0.003 also show improved agreement with the data when F is 
not neglected. 

These computed and experimental results are based upon heat- 
ing the gas; i.e., heat is transferred from the tube wall into the 
flowing stream. Under these conditions, F is positive, and the 
effect is to increase the Nusselt number. If the gas is cooled, F 
becomes negative, and the Nusselt number and the heat-transfer 
coefficient are reduced. 

Fig. 5 presents the Nusselt versus Reynolds number lines 
evaluated from the velocity and temperature profiles given in Figs. 
2and3. Also included is the result for Gr/(r*)* = 0. This line, 
which neglects natural convection, is the same as the line for F # 
0 at the top of Fig. 4. Fig. 5 cannot be employed to evaluate 
readily the effect of natural convection, because the parameter 
Gr/(r*)* is a function of Reynolds number as well as the Grashof 
group. A more useful method of presentation is Nu, versus Re, 
with Gr alone as a parameter. The results are shown in this form 
in Fig. 6. The line for Gr = 0 is again the same as the line in Fig. 
4for F #0. 

It is of interest to consider the possible influence of natural con- 
vection on the carbon dioxide data published by Bringer [2]. 
The measurements were made by heating carbon dioxide at 1200 
psia in a vertical tube, 0.18-in. ID. For a wall temperature of 
110 deg F, 8 = 0.0015 (bulk temperature 95 deg F), the 
Grashof number is: 

Gr Po — Po p.r'9 


35 — 16.5 
———— (16.5)(32.2)(: (7. 10-)* 
0.05 (16.5)(32.2)(3600)%7.5 x ) 


1.1 X 10° 
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Fig.6 Nusselt number versus Reynolds number with Grashof number 
as parameter 


The density and viscosity values were obtained from Bringer [2]. 
Reference to Fig. 6 shows that natural convection would not 
effect the Nusselt number under these conditions, unless Re, 
was less than about 20,000. Bringer’s data were obtained at Re, 
greater than 45,000. The experimental values are shown by the 
circled points in Fig. 6 and represent the same data as indicated 
in Fig. 4. 


Conclusions 


The proposed method of predicting the influence of density 
variations on the transfer of momentum and heat indicates a 
significant effect if the fluid is in the critical region. The result 
for heating is to flatten the velocity and temperature profiles and 
increase the heat-transfer coefficient at a given Reynolds number. 
The limited experimental data available indicate that the pro- 
posed method is an improvement over the constant-density ap- 
proach. Additional measurements are desirable to solidify this 
conclusion. 

The analysis proposed for the influence of natural convection 
shows that this effect also flattens the velocity profile and in- 
creases the heat-transfer coefficient. Again, the effect would be 
significant only when there is a large variation in density across 
the tube radius, as when the fiuid is near its critical point. Ex- 
perimental data are needed at relatively low Reynolds numbers 
and high values of the Grashof group in order to test the analysis 
presented. 
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DISCUSSION 
R. G. Deissler® 


The authors’ calculations on the effects of density variation 
and of free convection were of considerable interest to the writer. 
The results give an indication of the conditions under which 
free convection effects become important in comparison to forced 
convection for turbulent heat transfer, and thus should be of 
considerable value in the design of experiments. 

The writer would prefer to write equation (1) as 


rT = pedU/dy 
rather than as 
Tt = ed(pU)/dy 
If we expand the latter equation, we obtain 
tT = e(pdU/dy + Udp/dy) 


Thus according to that equation a turbulent shear stress will be 
produced by the density gradient even when the velocity is uni- 
form. But there seems to be no physical mechanism by which 
that would occur. If two adjacent layers of fluid are moving at 
the same velocity then chunks cf fluid which are thrown back 
and forth between the layers will produce no shear force between 
the layers regardless of whether or not the chunks coming from 
the two layers are at the same density. 

Also, it appears that Prandtl’s mixing length theory can be 
modified so as to apply to flow with a density gradient. Con- 
sider two fluid layers 1 and 2 which are separated by a distance 
of one mixing length. If the mean axial velocities and densities 
in the two layers are Uj, p;, and Us2, pz, then the rate at which the 
axial component of momentum leaves layer 1 per unit area is 
p,Uw,, where », is the transverse fluctuating velocity. Simi- 
larly, the rate at which momentum enters region 1 from region 2 
per unit area = p,U2v,. But by conservation of mass, pv, = 
P22 = pv, where density changes in the axial direction have been 
assumed small in comparison with those in the transverse direc- 
tion. By conservation of momentum, 


T= pw, U, _ Prv2U = po(U, _- U2) 
= pol dU/dy = pedU/dy 


where / is the mixing length, or the distance between the fluid 
layers 1 and 2. Thus according to the mixing length theory, 
it appears that the density p in the expression for turbulent shear 
stress should be outside the derivative sign. Although the fore- 
going arguments cannot be considered as a rigorous proof, they 
give plausible reasons for writing the shear stress as 


tT = pe dU/dy 


It is for these reasons that the writer would choose this expression 
for the turbulent shear stress in preference to the one used in the 
paper. 


® Lewis Research Center, NASA, Cleveland, Ohio. Mem. ASME. 
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Kurt Goldmann‘ 


This paper presents an attempt at refining an analytic method 
for predicting heat transfer and fluid friction with variable proper- 
ties proposed by Deissler [4]. In a discussion of that reference, 
this writer commented upon two basic assumptions which may 
The same two 
assumptions are used in the analysis presented in the present 
paper and comments concerning them appear to be as valid now 
as they were then 


seriously limit the applicability of the analysis. 


The first assumption is that the empirical constants K and n, 
which have been obtained from isothermal tests, have the same 
values for nonisothermal flow of fluids with variable properties. 
There is no a priori justification for this assumption. Using a 
different approach, developed by this writer and briefly described 
in the discussion of reference [4] and presented in considerable 
detail in reference [14],5 heat-transfer and fluid-friction param- 
The 
validity of this approach can be demonstrated by observing the 
good agreement between predicted heat transfer and shear stress 
parameters from reference [14] and the recently declassified 
experimental results of reference [15]. 


eters can be predicted without making this assumption. 


The second assumption, made in all of these analyses, is that 
the mechanism of heat transfer is that usually observed in single 
phase turbulent flow this 
writer pointed to the possibility that a boilinglike phenomenon 
may provide the mechanism for heat transfer to supercritical 
fluids 
cently declassified paper [16], 


In the discussion of reference [4] 


under certain conditions. As described in another re- 
an unusual mode of heat transfer 
has actually been observed with high velocity water at super- 
critical pressures during tests at high heat fluxes and other condi- 
tions under which such “boiling’’ would be expected to occur. 
Visual observations and photographic records made during a 
recent study of heat transfer to supercritical Freon 114A [17] 


also appear to confirm that boiling hypothesis. 


References 
14 Kurt Goldmann, “Heat Transfer to Supercritical Water and 
* Nuclear Development Corporation of 
Ne = Mem. ASME. 
* Numbers in brackets from 
end of discussion. 
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Deissler and Goldmann 
In Mr. Deissler’s comments the 
question is how the equation for shear stress should be written 
As the authors pointed out in the text, the shear stress is the 
Thus it should be €d (pU)/dy. On 
the other hand, as shown in Mr. Deissler’s discussion, the basis 
for writing rT = pedU /dy is the assumption that pU = p,U,; = 
p2 Us. 
transverse direction, a good assumption for the case of forced 
convection. However, with the change of the velocity protile 
into a flatter form or even with a dip at the center of the tube, 
as shown in Fig. 3, it is necessary that there be present a certain 
extent of internal circulation; therefore p,U; # pol. 

Mr. Goldmann’s first comment is about using constants n and 
It might be noted that, when 
and (11) replace Equations (8) and (9), the n? 
and k* are replaced, respectively, by (1 + F,,)n* and (1 + F,,)k*. 
Both are variables. 


transfer of momentum. 


This assumption implies the absence of mass flux in the 


k for the nonisothermal case. 
Equations (10 


In fact, the introduction of F,, was aimed 
at taking into account variations in density, which are an impor- 
tant factor in the nonisothermal case. 

Mr. Goldmann also suggested that supercritical heat transfer 
can be treated as analogous to boiling heat transfer. 
agree that the mechanism of heat 


The authors 
transfer in the immediate 
vicinity of the critical point may be different from the conven- 
tional ones in homogeneous fluids. A similar to 
In an attempt to verify this often 
suggested explanation for unusual heat-transfer results in the 
critical region, radial temperature and velocity profiles are now 
being studied at Northwestern University. 


mechanism 
boiling may be involved. 
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Heat Transfer by a Turbulently Flowing 
ct. mien § Fluid-Solids Mixture in a Pipe 


Assistant Professor of 
Mechanical Engineering, 
University of California, 

Berkeley, Calif. 


Analysts is made on the heat transfer by a turbulently flowing fluid with suspended 
small solid particles in a circular pipe. Temperatures in the system are assumed to 
be less than about 1000 F, so that radiation effects are negligible. The loading ratio 
of solids to gas based on mass is less than or equal to one in the present investigation. 
The governing equations for the system are derived as two coupled linear equations. 
With approximations, the governing equations with their boundary conditions reduce 
to a form of the corresponding governing equation for the one-phase heat-transfer system. 
Computations of the solution are accomplished by use of the solutions in onesphase 
case. The final results are compared with existing experimental data and are discussed. 


Introduction 


fluid and solids for heat-transfer purposes. Furthermore, at very 
T high temperatures, radiation between the solid particles and the 
HE STUDY on the subject of turbulently flowing fluids 


heat-transfer surface increases the heat transfer in the system. 
with suspended solid particles was in its infancy 20 years ago. 


While the reason for an increase in heat transfer in a two-phase 
Since then the subject has been studied extensively by notable system over that of a one-phase system is very simple and has 
workers in the fields of gas purification, fluidization, conveying, jong been known, the complication of mechanical systems re- 
and combustion. Numerous results have been obtained and used 
for the design or improvement of the industrial plant in which 
there is combined flow of fluid and solids. The survey [1 


shows that their chief interest is confined to the momentum 


quired to handle two-phase flow removed two-phase flow systems 
from consideration. Recently, however, the idea of using two- 
phase heat-transfer system has been strongly encouraged by the 
following two growingly important factors: 
transport of the fluid-solids systems. Only a few years ago, the 
practical importance of the two-phase heat-transfer system was 1 Fora given wall temperature, which is often limited by the 
realized. physical properties of material, a higher heat-transfer rate can be 
The high volumetric specific heat of the solid compared with that obtained in a two-phase system. 
of the fluid is an apparent advantage for using a combined flow of 2 Fora given heat-transfer surface area, which is often limited 
- by the space and other considerations, a large increase in heat- 
' Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division of THe AMERICAN 
AICLE inset sag Race ccna st oe em y ice ae There are also other dominant advantages in special applica- 
1960. Manuscript received at ASME Headquarters, May 19, 1960, tions of two-phase systems. For instance, there are the ad- 
Paper No. 60—HT-23. 


transfer rate can be obtained by use of a two-phase system. 


vantages of nuclear decontamination properties and less erosion 





Nomenclature 


constant defined by (18), dimen- flow, Btu/hr sq ft deg F function defined by (7), dimen 


sionless 

surface area of the solid particle, 
8q ft 

constant defined by (23), deg 
F /unit dimensionless length 

constant defined by 7) or (8), 
dimensionless 

specific heat at constant pres- 
sure of fluid, Btu/Ib deg F 

specific heat of the solid particle, 
Btu/lb deg F 

pipe diameter, ft 

velocity function, @/Uavg, di- 
mensionless 

diffusivity function 
€,Pr/v), dimensionless 

function defined by (28), di- 
mensionless 


heat-transfer coefficient for pipe 
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heat-transfer coefficient for flow 
over solid particle, Btu/hr sq 
ft deg F 

thermal conductivity of the 
fluid, Btu/hr ft deg N 

length of pipe, ft 

local Nusselt number, dimen- 
sionless 

asymptotic or fully developed 
Nusselt number, dimension- 
less 

average Nusselt number, dimen- 
sionless 

number of solid particles per 
unit volume, cu ft 

Prandtl number, dimensionless 

heat flux at wall, Btu/hr sq ft 

Reynolds number, Duaygp/m, di- 
mensionless 


sionless 

function defined by (8), dimen- 
sionless 

radial distance, ft 

pipe radius, ft 

transform variable defined by 
(28), dimensionless 

temperature of fluid, deg F 

temperature of solid particle, 
deg F 

time-mean temperature of fluid, 
deg F 

time-mean temperature of solid 
particle, deg F 

fluctuation temperature of fluid, 
deg F 

fluctuation temperature of solid 
particle, deg F 


(Continued on next page) 
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of the equipment in using gas-solids mixtures for nuclear-reactor 
cooling problems [2]. 

During the past few years, systematic studies (2, 3] have been 
made chiefly through experimental investigations. In view of the 
fast growing interest in two-phase heat-transfer systems, a better 
understanding of this problem through an analytical investiga- 
tion is needed. The analysis presented here is expected to give a 
clearer picture of the effect of solid particles on the temperature 
distribution and heat-transfer rate, which effect is important in 
physical applications. 

Only the case with egligible radiation effect in the system is 
considered in the present analysis. This implies that the tem- 
peratures in the system are not very high, say, less than 1000 F 
[4]. The radiation effect on the gas-solids heat-transfer systems 
at high temperatures will be presented in another paper. Another 
important feature of the fluid-solids system in the present in- 
vestigation is that the loading ratio of solids to gas, based on 
mass, is less than or equal to one. This arises from one basic 
assumption imposed on the system for the tractability of the 
problem. The main analysis is based on a system with uniform 
wall temperature, but the results obtained, as will be shown, can 
be used for the case with any arbitrary wall-temperature variation 
or wall heat flux. The comparison of the analytical results with 
the existing experimental data shows a fairly good agreement not- 
withstanding the many assumptions made in the analysis. 


Governing Equations 


The basic assumptions needed for the system under study are as 
follows: 


1 The density is constant allowing the velocity field to be ob- 
tained independently of the temperature field. 

2 Fluid properties such as specific heat at constant pressure 
C,, viscosity uw, and thermal conductivity k are independent of 
the temperature field. 

3 Temperatures in the system are within such a range (ap- 
proximately less than 1000 F) that all the radiation effects are 
negligible [4]. 

4 The solid particle is of small enough dimensions and has 
large enough thermal conductivity to have a uniform temperature 
field throughout the particle all the time. 

5 The time-mean velocities of the solid particles and the 
fluid stream are equal (this also implies that the particles are very 


Nomenclature 


small) and the solids are so finely dispersed that their presence 
has a negligible effect on the velocity distribution of the fluid flow. 
It is readily seen that this is far from the actual case when the 
loading ratio is high. As revealed from the comparison of the 
present analysis with experimental data, this assumption holds 
when the loading ratio of solids to gas based on mass is less than 
or equal to one. 

6 The solid particles are uniformly distributed throughout 
the flow field. The actual distribution is a complicated function 
of many factors, chiefly the characteristics of fluid-turbulence 
field. No information, either experimental or analytical, is 
available so far. The uniform distribution is generally con- 
sidered to be a close approximation, although it has been sug- 
gested recently [5] that the distribution of solid particles de- 
creases in close proximity to the wall. 


To obtain the heat-transfer performance and the temperatures 
of the solid particles and of the fluid it is necessary to set down two 
energy equations, one for the solid particles and one for the 
fluid-solids mixture. The co-ordinate system of the flow field is 
shown in Fig. 1. 

First consider the equation of heat balance for the solid par- 
ticle. With negligible radiation effect, the heat-balance equation 
based on assumption 4 is given as 


we + BT, -T,)=0 


hy 
hos 
p,' oe 
The heat-transfer coefficient h, in general must be determined 
experimentally. It becomes more complicated when the particle 


os 


rk 





a 








LQ. 
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Two-phase flow in a circular pipe 





= time-mean temperature of fluid- 
solids mixture at z < 0, deg F 


= wall temperature, deg F 
= mixed mean temperature, deg F 


time, sec 

= velocity component of fluid 
along z-direction, fps 

time-mean velocity component 
of fluid along z-direction, fps 

fluctuation velocity component 
of the fluid along z-direction, 
fpe 


= average bulk velocity in pipe, 


fps 

volume of solid particle, cu ft 

velocity component of fluid in 
radial direction, fps 

time-mean velocity component 
of fluid in radial direction, fps 

fluctuation velocity component 
of fluid in radial direction, fps 
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h,A, 
p,V,C 

: (Sexts), or 
Pyfy 


= mass flow of fluid, lb/see sq ft 


mass flow of solid particles, 
Ib/sec sq ft 

velocity component of fluid in 
azimuthal direction, fps 

time-mean velocity component 
of fluid in azimuthal direc- 
tion, fps 

fluctuation velocity component 
of fluid in azimuthal direction, 
fpe 

axial distance, ft 


(one 


(28) (32) te 


p»C, 
lesa 


i = 


B = 
Ym 


, dimensionless 


ae), dimensionless 
parameter defined by (28) 

eddy diffusivity for heat, ft*/sec 
(r/ro), dimensionless 


tT, — T. 
EE). dimensionless 


(Zo). dimensionless 
eigenvalues, dimensionless 
(1 + Bs)A,2, dimensionless 
dynamic viscosity, lb/ft sec 
kinematic viscosity, ft*/sec 
( 22 ) pre aa 
RePrD)’ imensionless 
density of fluid, pef 
density of solid particle, pef 
polar angle, radians 
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is fluctuating in a turbulent stream. Fortunately, as will be indi- 
cated later, h, does not appear in the final form of the governing 
equation of the system. 

Since T’, in polar-cylindrical co-ordinates (such as are used for 
the flow in a circular pipe) is in general a function of time t, the 
main flow direction z, the direction radial to the main flow r, 
and the polar angle ¢, the foregoing equation in terms of partia! 
differential quantities is given as 

oT, oT, oT, w oT, _ 

> +u — ea += ob + B(T, — T,;) = 0 
where u, v, and w are the velocity components in the directions z, 
r, and @, respectively. By introducing the mean and fluctuating 
quantities of the velocities and temperatures, and considering 
only the steady case, i.e., (0/dt) = 0, the following equation, 
after taking the mean of each term, can be obtained: 


a of, Fi of, + wy of, 
? dz ? Or r do 


+ Bx Ts a T;) 
+) 2 ty ++ 2 ++ 2 eT] <0 
an? *? , oe? r oo —. 
Since 6, = 2, = 0, u,’T,,’ is independent of z and w,’T,,’ is zero, 
the equation becomes 


a or + B(T, — T,) + * = (rv,’T,’) = 0 (1) 
The last term on the left-hand side of (1) is the heat transport due 
to the turbulent mixing of solid particles. For very small 
particles as in the present case, it would be expected that »,’7’,’ 
~ y’T,’. 

The energy equation for the two-phase flow field can be derived 
in a similar manner as that in the one-phase turbulent-flow case. 
Consider the heat transfer to the steady, two-phase flow through 
a circular pipe, of which the wall, at z > 0, is kept at a constant 
temperature. By considering the energy balance of a small 
volume element the energy equation for the flow field can be 
established. While the mean velocities 8 = # = 0 and of the 
eddy heat-transfer terms u’7',’ is independent of z and w’7’,’ is 
zero, the energy equation in polar-cylindrical co-ordinates is given 


as 
12 (re 22 
r Or ra) 


p,C,a ~y - pC rT? ) 


+ njh,AJT, — T,) 


where n, is the number of solid particles per unit volume and is 
constant from the assumption of uniform distribution of solid 
particles. The energy equation can be further written as 


oT, 1 2d v oT, ' 
ar FOL (* 4 ey) | 4 xt, - 1) (2) 


where 


aa nyhpA, 
pC, 

Now consider the relative order of magnitude of different terms 
in (1) and (2). The first and second terms in (1) are of the same 
order of magnitude as uw dT,/dz), and consequently as (1/r)}- 
(2/dr\rv’T;’). Thus the last term in (1) can be neglected if 


Ofo’T,’] > Olv’T,’] ~ Olv,’T,'] 


From a statistical point of view, since 7,’ is directly related to 
the motion of fluid particle while 7,’ is not, the correlation be- 
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tween v’ and 7’,’ is much larger than that between v’ and 7',’ or 
v,’and 7’,’. This can be visualized also from the argument that 
for small heat-transfer coefficient (noticing that the relative 
velocity between fluid and solid particles is very small) the dy- 
namic response of 7',’ due to v’ is smaller than T',’. In the limit- 
ing case of zero heat transfer for the solid particle, »’7’,’ = v,’T,’ 
= 0. Therefore the last term in (1) is small as compared to the 
first and second terms. Though this eddy-mixing term will be 
neglected, it should be understood that there does exist an eddy- 
mixing term in the solid phase similar to that in the fluid phase. 
Neglecting the last term in (1) gives 


oT 
a ry + B(T, — T;) =0 (3) 


In the present case of a two-phase flow through a circular pipe, 
(2) and (3) are the governing equations of the system with T, 
and 7, to be determined. The solution to (2) and (3) must also 
satisfy the following boundary conditions: 


oT, _ 


0, 
or 
=d, T,=T., 


0, = : z= 0, 
T, = Ty; *, 


tT, = 1%, T, = 
f,=7T, f,< 

It has been supposed that, when the solid particle hits the wall, 
a conduction process should take place. This effect, however, is 
expected to be very small. When the solid particle is traveling in 
the immediate neighborhood of the wall before hitting it, the 
temperature of the solid particle due to the local condition is very 
close to that of the wall. And also, since the particle is normally 
of a spherical shape, the contact area when the particle hits the 
wall will be very small (theoretically zero). The small tempera-~ 
ture difference and small contact area insure that the heat-con- 
duction effect can be neglected. 

By use of the following dimensionless quantities 


i -F. 


T,-T. : 
T,—T,’ 


p2t— = O- 
f T. in: 7. Pp 
22 


aul Be : 
ro ~ RePrD’ 
u 


Uave 


f(n) g(n) = 1 + €gPr/r; 


the governing equations (2) and (3) become, respectively, 
06 
I + 69, — 9,) = 0 


00, 22 ats] 
as oe aE oe guage 
f Y: ~~ E . + BO, 7) 


where 


a = (it) (are) 


fy wx (tebrAeD® 
: 2k 
The boundary conditions become 


6, = 0, 


7 = 0, 00,,/n = 0; 


n= 1, 6, = 0; (6) 
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Method of Solution 


In view of the last boundary condition in (6), the solutions t« 


(4) and (5) by method of separation of variables, are 


x 


ys C Re exp (—A,,? 


n=Q( 


—X, 


C. Ros exp 
=0 


where R:.(m) and R,.(7) satisfy 


— Roo (: - 


ngR 2 Own Roa — Ri 


with the boundary conditions 
Ron'(0) 0: (11 
R,.A1) = 0 (12 


The rel 


the boundary 


ition between R,, and R,, is indicated by (9) and satisfies 


condition (11). Substitution of this relation into 


(10) gives 


with the bound R:,'(0) 0 and R,,{1 0. 
Equation (13) is in such a form that no mathematical theory 

has The Sturm-Liouville 

theory for boundary-value problems can be applied to the pres- 


v conditions, 


heen 


ce veloped for its solution. 


ent case oniv if 


rf _ 


(14) 
8; 


Since f and 6, are quantities fixed by the characteristics of the 


physical system, the validity of this statement is largely de- 


the values of A,? 


is indicated in (7 


pendent on From a practical point of view, as 
only the first few successive eigenvalues start- 
Thus it is possible that 
This 


smallest one are needed 
14) holds true eigenvalues 
checked when the values of A? are known 
By use of (14 


ing from the 


for the first few must be 


and by letting 


A,” 


pecomes 
/r2fnRie = 0 16 


ngR:,'|' + 


vhich with the two linear homogeneous boundary conditions 


R;,'(0 0, R,;,{1 0 


-Liouville system. 


It is interesting to note that (16 


186 


is exactly the same as the 
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governing equations in one-phase turbulent heat transfer in a pipe 
[6]. In fact, from (15) it is understood that the one-phase system 
can be regarded as a special case of the two-phase system; that 
is, when the number of solid particles per unit volume n, is zero 
(and so, 8, = 0). Hence the results obtained from (16) and its 
boundary conditions can be used for both two-phase and one- 
phase heat-transfer systems. 
The heat flux to the two-phase flow at the wall is given by 


k (2 - —_ thi fT; —_ a. 
Or J rar, . D 


C,.Rin'(1) 
i.=- (18) 


2 


Gg = 


) > A, exp (—X,%) (17) 


where 


From the orthogonality property of the solutions, the co- 


efficients C, 
1 
; fnRindn 


= 1 
f, SnRe*dn 


The first few successive values of A,? and R;, can be found from 


are given by 


¢ (19) 


the computed results of the one-phase case [6] in which the 
forms of the velocity function f(74) and the eddy-diffusivity func- 
tion g(n) have been discussed. 

By inserting the numerical values into @;, it is generally found 
that 8; is of the order of 10° or more. With the known values of 
\,.2, the statement (14) can be readily shown to be valid in most 
physical systems, say Pr < 2 and Re < 500,000. 


Heat-Transfer Results 


The true temperature distribution in this fluid-solids mixture 
requires a calculation of C, and Ry, which was not done here or 
in [6]. However, through the values of A, at different loading 
ratios, it can be found qualitatively that the effect of particle 
concentration is to flatten the temperature profile and, conse- 
quently, to increase the heat transfer. 

The Nusselt number of the system by definition is given as 


f hd qD 
Nu = , —- = 
k AT, — Ts 
and by appropriate manipulation the Nusselt number for the 
of uniform wall temperature is 


—,,? 


(—X,2¢) 
+ 8s) 


Far downstream from the thermal entrance, all terms but the 
first become small so that the Nusselt number is 


Nu, 1 + Bs)Ac® = ("/2)Ro? (21) 


This implies that the asymptotic Nusselt numbers for the case of 
uniform wall temperature are the same for both two-phase and 
one-phase systems. As a consequence, the effect of solid par- 
ticles on the local heat transfer far downstream from the thermal 
entrance is negligibly small. 

From the foregoing analysis it is clear that the effect due to the 
presence of solid particles on the heat transfer to a two-phase 
system is governed by the factor 


B ( / 
‘ ( oC ) nV, 
8 p,C, : 
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where W, and W, are the mass flow in the solid phase and fluid 
phase, respectively. 

Based on the computed results from [6], the variations of local 
Nusselt number versus the axial distance at different loading 
ratios are shown in Figs. 2 and 3. The Reynolds numbers Re 
= 27,000 and 13,500 were chosen in order to compare the analyti- 
cal results with the experimental data [3]. The ratio of specific 
heats C,/C, = 1.2 is chosen for the case of a combined flow of 
alumina-silica solid particles and air at the standard condition, | 
atm and 60 F. The prediction [3] of a linear relationship be- 
tween the average Nusselt number and the loading ratio at low 
loading ratios (W,/W, < 1) is supported by the present analysis as 
shown in Fig. 4. For higher loading ratios the present analysis 
is no longer valid because of the violation of the fifth assumption 
made for the analysis. It should be mentioned here that one set 
of data in [3] for Re = 27,000 was not shown in Fig. 4, because the 
data in that set contradict themselves in the same set and those 
The dependability of that set of data is doubtful. 

From the implication of 
effect of solid particles on the two-phase heat transfer is more 


in other sets. 
(21) it would be expected that the 


pronounced at low pipe-length-diameter ratio than at high-pipe- 
length ratio. 
ber with the loading ratio at different pipe length-diameter 


Fig. 5 shows the variation of average Nusselt num- 


ratios. 


Re = /3,500 
P- = 72 
=/2 





40) 





Sage 





0 5 


Fig. 2 Local Nusselt number versus axial distance at different loading 
ratios 
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fxio* 


Fig. 3 Local Nusselt number versus axial distance at different loading 
ratios 


Journal of Heat Transfer 


Arbitrary Wall-Temperature Variations and Wall Heat 
Fluxes 


It has been shown [7] that the solution to the cases of arbitrary 
wall temperature variations or arbitrary wall heat fluxes can be 
obtained simply by use of the results from the solution to cases of 
uniform wall temperature. 
ture variation 


For the case of linear wall-tempera- 


T.A€) — To = BE (23) 


by appropriate manipulation, the heat flux at the wall is given as 


A, 
ys xy xP (AWE) (24) 


aR 4Bk 
(1 + Bs) + 


x) = op D 


and the Nusselt number is given as 


* Experimental data from C3] 
— Present analysis 


L 
= Pa 


Re =27,000 


Re =/3500 








Fig. 4 Comparison between analytical and experimental results 


Re = 27000 





Fig. 5 Average Nusselt number versus loading ratio at different pipe 
length-diameter ratios 
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(1+ B)+8 p Lt xP (— AW) 
| £16 Ven hc. 

a S a a £ 

(; a > go Bsmt 


Hence the asymptotic Nusselt number for the case of linear wall 
temperature-variation is 


(25) 


(26) 


The solution to cases of given wall heat fluxes also can be ob- 
tained from the result for the case of uniform wall temperature. 
For the case of uniform wall heat flux, the Nusselt number by 
appropriate manipulation is given as 


(1 + Br) _ 


Nuff 


a 16 
1+ 8; 


en (729 
¥n‘H"(—Yn*) 
where 


A, 
mo 2D A 


and ¥,,? are the values satisfying H(—vy,,?) = 0. 

The asymptotic Nusselt number for this case can be seen from 
27) as £—> = to be identical to (26). This states that far down- 
stream from the thermal entrance region, the Nusselt numbers are 
the same for both cases of linear wall-temperature variation and 
constant wall heat flux. 
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DISCUSSION 
D. C. Schiuderberg? 


Dr. Tien’s paper has made a noteworthy contribution to the 
art by theoretically confirming test results obtained by Farbar 
and Morley showing that suspended solids have negligible effect 
upon the heat-transfer coefficient below solids-to-air ratios of 
approximately 1.0. 

The data of Farbar and Morley also show that at higher solids 
loadings there is a pronounced effect of added solids upon the 
heat-transfer coefficient. This has been confirmed by AEC- 
sponsored work at The Babcock & Wilcox Company (Atomic 
Energy Division, Lynchburg, Virginia). For a given gas velocity 
and density, the Nusselt Number has been increased by as much 
as eight times through the addition of graphite particles to a 
flowing gas. 

Theoretical solutions describing the results in this range of 
solids loadings are now being studied and correlations are being 


developed. 
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Heat Transfer and Pressure Drop in an 
Annular Gap With Surface Spoilers 


Heat-transfer and pressure drop data are presented for turbulent water flow in the 
annular space between concentric tubes. Heat was transferred to the liquid from the 


inner surface which was equipped with various surface spoiler configurations. A 
common outer tube was used which was maintained smooth and adiabatic for all tests. 
An empirical formula is given which correlates friction factors for circular tubes 
and annular gaps, or narrow flat passages, with semicircular spoilers on either one or 
both sides. The use of such friction factors in the Martinelli equation for turbulent 
heat transfer gives satisfactory estimates of the heat transfer for spoiler configurations. 


Introduction 


ie spoilers are repeated alterations of a wetted 
surface configuration deliberately introduced in an attempt to in- 
crease turbulent, forced convection heat transfer to or from the 
wetted surface. Surface spoilers can be either of the integral or 
attached type and of either the protrusion or depression type. 
Because of the ease of manufacturing most experimental data 
have been obtained with attached protrusion spoilers consisting 
of helical springs inserted to fit tightly into tubes [1, 2].!_ Spoil- 
ers formed by inserting separate rings into a tube [3] and 
spoilers formed by stretching wires adjacent to a flat channel 
surface [4] have also been examined. The various investigators 
using these configurations found that the highest heat-transfer 
coefficients and friction factors are obtained when the spoiler- 
protrusion pitch to height ratio is near the value of ten. At pitch 
to height ratios near one or two, such as for a tube with an in- 
ternal thread, the increase in heat transfer has been found to be 
relatively minor. 
Attached spoilers suffer from the defect that the spoilers es- 
! Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division of Tae AmerRIcANn 
Society oF MEcHANICAL ENGINEERS and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 


1960. Manuscript received at ASME Headquarters, May 16, 1960. 
Paper No. 60—HT-15. 
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sentially mask a portion of the surface area available for heat 
transfer and that therefore heat must be transferred from the sur- 
face to the spoiler and from the spoiler to the working fluid. At 
the high heat-transfer coefficients obtainable with liquids at high 
teynolds numbers, the effect of this additional resistance to heat 
flow is shown to be significant for one of the tested configurations 
of this report. 

Two of the tested configurations consisted of integral semi- 
circular protrusion spoilers. These were 0.005 in. high, and pitch 
to height ratios of 10 and 20 were investigated. 

Depression type spoilers have, in the past, received relatively 
little attention [5]; therefore one such configuration consisting 
of a semicircular groove was tested. The results appear suf- 
ficiently good to warrant further investigation. Depression 
spoilers can be expected to be cheaper to produce and are less 
subject to erosion damage than protrusion spoilers. 

In published literature, spoilers have always been introduced 
over the whole wetted perimeter. In this investigation heat was 
transferred from the inner tube to water flowing in the annular 
space between concentric tubes. The outer tube was adiabatic. 
Heat transfer from the inner tube to the liquid was increased by 
adding spoilers while the outer tube remained smooth. The 
effect was to substantially increase heat transfer at the inner 
surface while the increase in pressure drop was less than would 
have been obtained with spoilers introduced over the whole 
wetted perimeter. 





resistance parameter of equation 
(1), ohms 

area of flow cross section, 1.222 
10-* ft? 

wetted area of test passage, 
0.3112 ft? 

resistance parameter of equation 
(1), ohms/deg F 

thermal conductivity reference 
value for type 304 stainless- 
steel test tube, 8.517 Btu/hr-ft- 
deg F 

specific heat of water, 0.9975 
Btu/lb-deg F 

thermal conductivity tempera- 
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ture correction, 0.004167 Btu/ 
hr-ft-deg F?* 


= diameter 
= equivalent diameter of test con- 


figuration, 0.01571 ft 
inside diameter of test tube, ft 
outside diameter of test tube, ft 


= friction factor defined by equation 


(4) 

friction factor for a smooth annu- 
lar configuration 

friction factor for annular space 
with inside wall having spoilers 
and outside wall smooth 

friction factor for annular space 
with spoilers on both surfaces 


friction factor for annular space, 
with spoilers on both surfaces 
but weighted to account for the 
difference in wetted areas 

friction factor determined from 
the Blasius law 

friction factor determined from 
equation (14), which is an em- 
piric reduction of Nunner’sdata 

resistance correction factor to 
account for resistance extrane- 
ous to test tube 

acceleration of gravity, 4.173 X 
108 ft/hr? 

mass flow rate (lb/hr-ft*?) = 
(Continued on next page) 
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Test Installation 


Fig. 1 is a schematic diagram of the test loop. Flow rates are 
measured by means of two precision flowrators, the capacities 
of which are indicated in Fig. 1. The larger flowrator is cali- 
brated to read accurately to '/: per cent of the indicated flow rate; 
the smaller flowrator has a 1 per cent calibration. These are 
special flowrators with 600 mm scales and guide rods for the 
floats. 

Water purity is maintained by means of an auxiliary loop 
handling about '/; gpm. During all tests the resistivity of 
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the water was in excess of one megohm-cm and the oxygen con- 
tent in the water was in the order of two parts per million. 

Pressures up to about 40 in. of mercury were measured by 
means of a five-leg common well manometer. For all flow rates, 
the pressure at the downstream end of the test section was 
measured with the manometer, as were also the upstream pres- 
sures for the lower flow rates. Higher pressures were measured 
with a precision pressure gage, having a scale from 0 to 200 psi 
with '/: psi graduations. 


Temperatures were measured by means of an automatic re- 
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Nomenclature 


Flexible Hose 


Schematic diagram of test installation 
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gpm for tested configuration 
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h = heat-transfer coefficient, Btu/hr- 
ft*- deg F 

H = height of surface spoiler 
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heated tube length, 1.292 ft 

0.3155 Btu/hr-ft-deg F 

0.0004800 Btu/hr-ft-deg F? 

pumping power per foot of length 
given by equation (8), ft-lb/hr 
per ft 

Nusselt number, AD,/A, 


deg F 
central 


deg F 
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spoiler pitch, distance between T, = 
adjacent spoilers 

bulk Prandtl number (c,u/A), 

heat flux, Btu/hr-ft? 

heat rate, Btu/hr 

resistance, ohms 

bulk Reynolds number, D,G/, 

film Reynolds number, D,G/u, 

Stanton number, h/c,G 

temperature, deg F 

bulk temperature, '/.(7; + T,), 


test 
film temperature, '/,(7', + 7’; 


inlet water temperature, deg F 
outlet water temperature, deg F 


test tube surface 
deg F 


average 


temperature, 


stainless-steel 
ture, deg F 

pressure drop, lb/ft? 

temperature difference, T, — T',, 
deg F 

thermal conductivity of water at 
T,, Btu/hr-ft-deg F 

viscosity of water at bulk tem- 
perature, lb/ft-hr 

viscosity of water at film tem- 

temperature, perature, lb/ft-hr 

viscosity of water at the heated 
surface temperature, lb/ft-hr 

density of water-assumed con- 
stant at 62.16 lb/ft* 


tempera- 


tube 
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corder of the type which can be adjusted for variable range and 
bias. For the range adjustment used during the surface spoiler 
testing, the smallest indicated chart interval was one-half deg F 
and temperatures were read by estimating to the nearest tenth 
deg F. All thermocouples were individually compensated by a 
junction in an ice bath. 


Test Section Design 


Fig. 2 is a cross-sectional view of the test section. The test 
section consists of a precision bored outer tube which is flanged 
and provided with six pressure taps. The inside diameter of this 
tube is 0.6883 + 0.0006 in. and the inside surface has a mirror 
finish. The heated spoiler tube is held concentric with this tube 
by means of two sets of three spacing pins, one set being located 
at each end of the tube. The inner tube assembly consists of the 
stainless-steel tube and two integrally machined copper ends. 
The stainless-steel tube was attached to the copper electrodes by 
shrink fitting, and the copper ends and the tube were then ma- 
chined to the final dimensions. The diameter of the copper and 
the base diameter of the surface spoiler tube was held to 0.5000 
+ 0.0005 in. The wall thickness of the different test 
averaged about 0.070 in. 


tubes 


Table 1 shows the various surface configurations which were 
tested. Two of these consisted of an integral spiral thread of 
semicircular cross section protruding from the base diameter of 
the tube. The nominal spoiler height was 0.005 in. and the pitch 
to height ratios were 10 to 1 and 20 to 1. Another arrangement 
consisted of a 0.010 in. diameter stainless-steel wire spring whicl 
The 
nominal pitch to height ratio of the wire spring configuration was 
10 to 1. 
removed and the resulting groove configuration was tested with 


was set into a semicircular groove of matching diameter. 
After this configuration was tested, the wire spring was 


the same set of internal thermocouples. 


Current was conducted to the test tube by connecting the 
cables from the power supply to the two 6-in. diameter copper 
end of the test Both of 
these flanges were electrically insulated from everything but the 


internal test tube assembly. 


flanges shown at each section. 


Inlet and outlet temperatures of the test section were measured 
by means of exposed bead thermocouples centered in the 0.69-in 
diameter inlet and outlet tubes. The outlet couple was preceded 
by a hat-shaped mixing device. Inlet and outlet couples were 


made from 0.010-in. diameter, nylon insulated, copper-constan- 
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tan thermocouple wire. The internal couples of the surface 
spoiler tube were made out of 0.005-in. diameter copper-constan- 
tan wire. The insertion of these couples and of the mineral wool 
between couples was accomplished by making up the thermo- 
couple and insulation assembly outside of the tube and then 
pulling the whole assembly into the tube. 
located at 2! 


Five couples were 
--in. intervals with the end couples each 2°/, in. 
from the copper. 

The method of assembling the couples assured that each couple 
would be located within about !/s in. of its expected axial location. 
More accurate axial location was not required because the as- 
sembly was operated with a water bulk temperature rise of not 
more than 4 deg F from test section inlet to outlet. This, of 
course, results in a small longitudinal temperature gradient in the 
test tube. 

The spacing of the pressure taps is shown in Fig. 2. Friction 
factor results were calculated from the pressure drop measured 
between the two sets of downstream taps which were 12 in. apart. 
Two diametrically opposed pressure taps were used at each pres- 
Each 
of the surface spoiler tubes was equipped with spoilers for about 
15'/, in., with the start of the spoiler configuration being at the 
location of the upstream pressure tap. 


sure measuring station to obtain average static pressures. 


Test Procedure 


The testing sequence of any spoiler configuration first required 
the accurate determination of the electrical resistance of the 


Table 1 Spoiler configurations tested 


Pitch to 
height 
ratio 

(nominal) 


Spoiler 
height 
Configuration (average) 
Smooth 0 
P & W 10-1 0.0046" 10 


Explanatory remarks 

Smooth tube 

Spoilers integrally ma- 
chined into tube surface 

Ditto, but with a 0.0005 
in. groove accidentally 
machined between 0.005 
in. spoilers 

Ten mill diameter 
wound into five 
deep groove 

Five mill deep 
without wire 


P & W 20-1 0.0049” 20 


W 10-1 w 0.0053” wire 


mill 
W 10-1 ¢ 0.0052” 


groove 
(depth) 
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Fig. 2 Test section design 
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spoiler tube. The first test involved the measurement of the re- 
sistance of the stainless-steel tube length of 15.5 in., that is, that 
part of the tube located between copper ends. This measurement 
was made to three significant figures by means of a Kelvin 
Bridge. The measurement was obtained before the tube was 
inserted in the test section assembly and the temperature at 
which the resistance was measured was recorded. 

The test section was then completely assembled and placed 
into the test loop. The Kelvin Bridge potential leads were at- 
tached to the large copper flanges and a curve of resistance versus 
test-tube temperature was obtained by varying the loop water 
temperature from 75 to about 115 deg F. The resistance R 
versus temperature ¢ relationship was approximately linear, of the 
form, R = a + bt. The resistance of the 15.5 in. of unsupported 
stainless-steel tube, i.e., the resistance of the heated tube length, 
was then expressed as R = F(a + bt) where F is the ratio of the 
stainless-steel tube resistance measured in air at the given tem- 
perature to the resistance between copper flanges measured in 
water at the same temperature. The value of F varied from 0.94 
to 0.97 for the different tubes and was a constant for any given 
spoiler configuration. 

Table 2 lists all the typical test conditions and the calculated 
bulk water temperature rise for the heated runs. The tempera- 
tures for any particular heated run were first measured, then the 
pressure measurements for heated runs were taken. It was found 
that pressure measurements were substantially independent of 
the heat additions; the difference between pressure measure- 
ments obtained with and without heat addition was seldom 
significant. 

At the conclusion of testing for any tube configuration, re- 
sistance measurements were redetermined for at least one tem- 
perature to see whether contact resistance might have changed 
during the testing period. No significant change in resistance was 
observed for any of the tubes tested. 


Data Calculation 


The calculation of the outside wall temperature 7’, of the heated 
tube involved the solution of three simultaneous equations: 


Q = 3.412/"F(a + bT,,) (1) 


D? D? 
1-— In a (2) 


T. — T, 
Dt — D2 D2 


~ e 
4xlic + dT,,) 
oa E D2 + D2 


2 D2 — D? 


T.-—T,, = ; ~ 
4xLic + aT.) 

DeD,* Dt 
we (Ds — Da In a (3) 


Equation (1) is simply the statement that the power input to the 
tube is equal to J*R where J is the current and FR the resistance at 
an average tube temperature 7',,,. Equation (2) expresses the 
temperature drop through the tube from the inside tube tem- 
perature 7, as measured by the internal thermocouples, to the 
outside surface temperature T, (6). D,; and D, are the inside 
and outside diameters of the particular test tube in question. D, 
was always taken as 0.500 in. while the value of D, varied slightly 
from tube to tube. In the denominator of (2), L is the heated 
tube length and (c + dT’,,) is the thermal conductivity of the tube 
material at the average tube temperature 7’,,,, Ref. [7]. Equation 
(3) is an expression for the average stainless-steel tube tempera- 
ture. The unknown quantities in the three equations are Q, T,,, 
and T,,. The equations were solved by an iterative method 
on a Datatron computer. 

To calculate the heat-transfer coefficient a bulk water tem- 
perature is required. All reported results are based on the read- 
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ings for the thermocouple located in the middle of the heated sec- 
tion and the bulk temperature of the water, given by 7, = 
1/.(T; + T,), where the temperatures in the brackets are the water 
inlet and outlet temperatures of the test section. The film tem- 
perature drop @ for the heat-transfer calculations, 9 = T, — T7,, 
2 
xD.L 6” ie, h = q/8. 
For the narrow band of temperature conditions encountered in 
this investigation, the variation of the water density and specific 
heat were negligible and the following constant values were as- 
sumed to exist, p = 62.16 lb/ft* and c, = 0.9975 Btu/lb-deg F. 
The thermal! conductivity of the water in the range of 80 to 130 
deg F was approximated by the equation AX = m + nt. The 
variation of viscosity with temperature was handled by storing in 
the computer the values of the viscosity at intervals of 10 deg F 
and letting the machine find intermediate values by linear inter- 
polation. Physical property values were obtained from Ref. [8]. 
The friction factor was defined as 


will yield the heat-transfer coefficient h = 


2pg A, 
=- — A 
f G@ A. Pp 


(4) 
where G is the mass velocity, Ap is the friction pressure drop, and 
A, and A, are the flow cross section and wetted area of the test 
section, respectively. 
The Reynolds number was ¢alculated from 
DG 
Re = — (5) 
mn 


where D, is the equivalent diameter. Because the surface spoiler 
height was small compared with the gap width, the values of D,, 
A,, and A, were considered to be the same for the smooth tube 
and the tubes with spoilers. 


Test Results for Annular Gaps 


Fig. 3 is a plot of Nusselt number versus bulk Reynolds number 
for five of the tested designs. Individual points shown in Fig. 3 
were obtained by averaging the Reynolds number and Nusselt 
number for runs at a given flow rate. Examination of Table 2 
shows that at all but the two lower Reynolds numbers, individual 
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Fig. 3 Nusselt number versus bulk Reynolds number 
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points, are averaged from three separate test runs; for example, 
results for tests B, C, and D III at a flow rate of 5 gpm are all 
averaged to give a single datum point.? The justification for 
averaging Nusselt number results is that data for each curve were 
obtained with the water varying only over a small range of bulk 
temperatures. Fig. 4 is a plot of the isothermal friction factor 
versus the film Reynolds number for the five test configurations. 
For any given flow rate friction factors obtained with and with- 
out heat addition were practically identical. 

Examination of Figs. 3 and 4 indicates that at low Reynolds 
number the smooth tube and the grooved tube (W 10-1 g) have 
about the same Nusselt number and flow resistance. At these 
lower Reynolds numbers, the thickness of the laminar plus buffer 
boundary layer is larger than the groove depth and the grooves 
are probably almost completely submerged in the boundary 
layer. This should result in only the minor increase in heat 
transfer and friction factor which was observed for the grooved 
tube at the lower flow rates. At the higher Reynolds numbers, 
the thickness of the laminar plus buffer boundary layer is only a 
small fraction of the groove depth and therefore turbulence can 
be expected to exist in the groove and, probably, in the wake of 
the groove. The significant improvement in heat transfer was 
accompanied by only a relatively small increase in pressure drop. 

The two tubes with protruding surface spoilers and 10-1 pitch 
to height ratios differed in the spoiler height and manufacturing 
procedure. Tube P & W 10-1 had integrally machined spoilers 
while the spoiler design of W 10-1 w consisted of a 0.010-in. 
diameter wire wound in a 0.010-in. diameter semicircular groove. 
Fig. 4 shows that the wire design resulted in higher friction factors; 
this was expected because the average spoiler height for the wire 
spoiler was 1.15 times the average height of the integral spoiler. 
At the lowest Reynolds number, the greater height of the 
wire spoilers resulted in improved heat transfer over the integral 
spoiler tube. At high Reynolds numbers the wire spoiler tube 
can be seen to be consistently inferior, from a heat-transfer view- 
point, to the integral spoiler tube. This reversal must be the 
result of the resistance to heat flow existing between the wire 


? Ref. [9] embodies a tabulation of test data for all the individual 
operating conditions. 


Table 2 Test designation and expected temperature rise 


Test designation A B C D 
Approx. wattage 0 750 1500 3000 
Test 
design gpm 
I .25 
II 2.0 
III 
IV 
Vv 


VI 
Vil 














J. 
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Fig. 4 Isothermal friction factor versus film Reynolds number 
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spoiler and the surrounding groove metal. This resistance is a 
constant which can be expected to play a more important role in 
limiting heat transfer the higher the over-all heat-transfer co- 
efficient becomes. At the highest Reynolds numbers, the wire 
might be almost isothermal with the surrounding water and prac- 
tically the whole film temperature drop would then occur be- 
tween wire and groove metal, through a thin layer of water or 
possibly even air. This resistance to heat flow is then so great 
relative to the over-all heat transfer, that little or no heat is trans- 
ferred to the wires. This results in a loss of about 20 per cent of 
the surface available for heat transfer and correspondingly, a 
loss of the same order of magnitude in the Nusselt number; e.g., 
at Re = 60,000, the wire spoiler Nusselt number is about 20 per 
cent below the Nusselt number for the integral spoiler tube. 

Examination of Figs. 3 and 4 shows that there is no reason for 
using the wire spoiler design as it is in all respects inferior to the 
10-1 pitch to height ratio integral spoilers. For this reason, 
curves for the wire spoiler configuration are omitted from all 
additional figures in this paper. 

Figs. 3 and 4 show heat transfer and friction factor results 
directly. For comparing the present results with published 
literature it is often necessary to calculate other dimensionless 
groupings. Figs. 5 to 7 have been prepared to facilitate this 
comparison with published literature. 

Fig. 5 is a plot of j’ versus the bulk Reynolds number. Points 
at the higher Reynolds numbers were obtained by averaging re- 
sults for at least three tests at the same mass flow rate. The co- 
ordinates shown are frequently used for work in connection with 
heat exchanger design [10]. 

McAdams [11] lists a number of empirical equations for heat 
transfer with turbulent flow in the concentric annular space be- 
tween smooth tubes. These are usually expressed in terms of a 
modified Colburn factor j’ with or without a geometric factor 
involving the diameters of the annulus. Without a geometric 
factor the modified Colburn factor is written 


2 h Cop /s pu, \°-14 
y(cy (ms 
c,G ny 6 My 
and is set equal to 0.023/Re,°-? or f/2. For the smooth tube, over 


the Reynolds number range from 6000 to 77,000, the deviation 
from the equation 


j’ = 0.023/Re,-* (7) 


is only by a factor of plus or minus 7 per cent as can be seen by 
comparing the dashed line of Fig. 5 with the smooth tube curve. 

Fig. 6 is a plot of the ratio of 7’ to f/2 versus the Reynolds num- 
ber. For a smooth circular tube, the value of this ratio should be 
near one while for circular tubes with surface spoilers, the value 
of the ratio has always been reported to be less than one [1]. Fig. 
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Fig. 5 Modified Colburn factor versus bulk Reynolds number 
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6 shows that the value of j’ over f/2 can go above unity for the 
annular gap spoiler configuration, because the j’ factor pertains 
to heat transmission at only the inner surface, precisely where 
the heat transfer has been raised by surface spoilers 
St 
The dimensional group 1G oo" be arranged as follows: 


s h ( A. ) 8) 
= 
{G Ap \2A.c,99¢/° 


When arranged in the above manner, the grouping can be seen to 
give the relative heat-transfer coefficient per unit pressure drop 
for flow through a given physical configuration, because, with a 
fluid of relatively constant physical properties, the bracketed 
term reduces to a constant 
bulk Reynolds number. 


Fig. 7 is a plot of St/fG@ versus the 
The plot shows that the grooved tube 
has the highest relative efficiency over practically the whole range 
of Reynolds numbers. Curves of this type have been reported in 
literature [10] and are shown in this report only to indicate that 
spoiler configurations can give efficiencies above smooth tube 
values. Actually, very erroneous conclusions can be drawn from 
this type of plot. For example, the smooth tube and integral 
spoiler tube curves cross at a Reynolds number of about 16,500, 
and therefore, both designs have the same heat transfer to unit 
pressure drop ratio at this point. This should by no means be 
construed to imply that the two designs are equivalent in any 
other respect. Suppose, for example, we have a reactor element 
designed exactly like the test tube 


16,500 


At a Reynolds number of 
Fig. 3 indicates that the Nusselt number for the smooth 
tube is about 107 and 247 for the inner spoiler surface of the 10-1 
integral spoiler tube. If a Nusselt number of 107 is adequate for 
the design, the smooth surface can be used. Suppose, however, 
a Nusselt number of 247 is desired. This higher Nusselt number 
can be obtained with the 10-1 integral spoiler tube at Re = 16,500 
or with the smooth tube at Re = 52,000. Now one can ask which 
of these designs is better from a pressure drop or pumping power 
viewpoint. Table 3 gives this comparison with the assumption 
In the first 
two lines the smooth tube is compared to the integral spoiler 
tube at Re 16,500. 


that the water temperature is constant at 80 deg F. 


The Nusselt number, pressure drop per 
length, and pumping power per unit length for the spoiler 
» are all about 2.3 times higher than corresponding values for 
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Fig. 6 Heat transfer to friction factor ratio versus Reynolds number 


the smooth tube. This ratio is constant because a Reynolds num- 
ber was selected at which both the smooth and spoiler tube have 
the same value of h/Ap. Now suppose it were desired to increase 
the Nusselt number in the smooth and the grooved tube to the 
value existing in the tube with integral spoilers. The last three 
lines compare results for the three test configurations with the 
Reynolds number varied to always give Nu = 247 at the inrer 
surface. It is apparent from the pressure drop and pump- 
ing power results that the tube with 10-1 integral spoilers is far 
more efficient than either of the two other configurations, a result 
quite different from what would be expected after a cursory ex- 
amination of Figs. 6 and 7. 

Figs. 8 and 9 were prepared to show the advantage of surface 
spoilers for the particular test configuration used for the experi- 
mental work. Fig. 8 is a plot of the measured average pressure 
drop per foot of length of tube versus the Nusselt number. These 
results were averaged from pressure drop measurements taken 
during the heated runs. Fig. 9 is a plot of the pumping power ex- 
penditure per foot of tube length versus the Nusselt number. 
Pumping power was determined directly from the pressure drop 
per unit length by calculating the value of 


N = Ap 


G 
- A, (9) 
p 


where N is the pumping power in ft-lb/hr for a one-ft length of 
the configuration. Figs. 8 and 9 show that from a pressure drop 


and pumping power viewpoint a given Nusselt number can always 
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Fig. 7 Heat transfer to pressure drop ratio versus bulk Reynolds number 


Table 3 Comparison of smooth and spoiler tube performance 


Nu 


Configuration from Fig. 3) Re 


Smooth tube 107 16500 


247 16500 
247 52000 
247 35800 
16500 


10-1 Integral spoilers 
Smooth tube 

Grooved tube 2 
10-1 Integra] spoilers 247 
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Pressure drop 
f per ft of 


: Pumping power 
(from Fig. 4) length 


per ft of length 
75901 
hr 
17200 
181000 
71300 
17200 


0.0075 1.22 psi 
0.0170 2.78 
0.0057 9 24 
0.0069 5.30 
0.0170 2.78 
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be most efficiently obtained with the 10-1 integral spoiler con- 
figuration. 


Calculation and Comparison of Friction Factors for Annular 
Gaps 

Comparison of test results obtained for the annular gap spoiler 
configurations with published literature is difficult because of the 
uniqueness of the tested configuration. In this work the effect 
of spoilers was tested only for the inside surface of the concentric 
tubes, whereas in published literature, spoilers are always intro- 
duced over the whole wetted perimeter. In order to compare 
friction factor data it is necessary to obtain the friction factor 
for the configuration involving spoilers over the whole wetted 
perimeter. Such an expression can be obtained if it is assumed 
that, for the tested configuration with spoilers on the inside sur- 
face only, the flow phenomenon over the outer smooth surface is 
independent of what configuration of spoilers existed on the inside 
surface. With this in mind, the following identity can be written 


fi=fho + (h — fo) (10) 


The meaning of this statement is that space spoilers in the tested 
configuration result in a friction factor f; composed of the smooth 
tube factor fo plus an incremental increase (f; — fo) introduced by 
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adding spoilers on the one surface only. If the area with spoilers 
is about equal to the smooth area the effect of introducing 
spoilers over the whole wetted perimeter should then result in an 
expression of the form 


he = fo + Uh — fh) (11) 


where f2 is the friction factor for spoilers on both surfaces of an 
annular gap or a parallel plate configuration. If it is desired to 
take into account the actual areas involved in the test configura- 
tion, which had about 42 per cent of its area furnished with spoil- 
ers, the expression is 


fo = 


042 (fi — 0.58fo) (12) 
where fo. is the weighted friction factor obtained by assuming the 
spoiler and smooth areas not to be equal. 

In surface spoiler work, the friction factor with spoilers is 
usually of less interest than the spoiler to smooth tube friction 
factor ratio. Equations (11) and (12) expressed in this form be- 
come 


(11a) 
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Fig. 9 Pumping power per unit length versus Nusselt number 
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Table 4 Comparison of test results with Equation (13) 


(1) (3) (4) 
Re ; fi fn 


Config. 

P & W 10-1 5000 
10000 
20000 
40000 
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fe _ 2.38 & 


— 1.38 
ho fo 


(12a) 


These equations can finally be compared with published re- 
sults. Nunner [3] investigated heat transfer and pressure drop 
with air flowing through a steam-heated tube of 5 cm inside di- 
ameter. Spoilers consisted of protrusions having heights of 0.2 
and 0.4 cm. Most of Nunner’s data are for semicircular protru- 
sions of 0.4 cm height, a configuration which he investigated at 
pitch to height ratios of 2, 5, 10, and 20. Nunner’s curves of 
friction factor versus Reynolds number for each of these four 
pitch to height ratios show that in the turbulent regime, the fric- 
tion factor is almost independent of the Reynolds number. From 
this consideration, the spoiler to smooth tube friction factor ratio 
is a function of the protrusion pitch to height ratio P/H and the 
Reynolds number. Nunner also obtained friction factor data for 
0.2 em high semicircular spoilers of twenty to one pitch to height 
ratio. From data available for this single configuration the 
correlation was extended to include the effect of the tube diame- 
ter to protrusion height ratio D,/H 


pression was 


The resulting empirical ex- 


H ” 10H\** 
0.3 —_ 7.) 2 8 ] _ (13) 
D, P 


In this expression, fy is the friction factor with spoilers extending 
over the whole wetted perimeter and f, is the smooth tube fric- 
tion factor 

Table 4 compares test results calculated for spoilers extending 
over the whole wetted perimeter with Nunner’s data. In this 
table, f; and f, were obtained from Fig. 4, fy/fg was calculated 
from Equation (13) and f2/fo and fow/fy from Equations (11a) and 
(12a), respectively. The smooth tube friction factor of the test 
results shown in Fig. 4 was somewhat above expected values, 
probably, because for a small-sized test configuration it is difficult 
to obtain ideal smoothness. Accordingly, the value of the ratio 
f2/fg has also been tabulated by substituting f, for fo in Equation 
(lla), with fg given by the Blasius law, fg = 0.079/Re-™. 
Table 4 shows friction factor ratios for the annular gap calculated 
The 
values of the three ratios f2/fo, fow/fo, and f:/f, over the range of 
teynolds numbers fom 5000 to 80,000 fall within +19 and —16 
per cent of the values of fy/f, calculated from Equation (13). 

Equation (13) applies only for P/H ratios in the approximate 
range of 2 to 20. This is no great handicap as high P/H ratios 
are likely to result in undesirably severe surface temperature 
variations. It would be desirable to be able to check Equation 
(13) against experimental results for spoilers on both surfaces of 
an annular gap or parallel plate configuration, but such experi- 
menta! data are not available, leaving Equation ( 


from an equation fitted for spoiler-equipped circular tubes. 


13) as the only 
means for estimating friction factors for design use. 
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(5 (6) (7) 
fa Col. (5) fi: 


(8) (9) 
Col. (7) Sew 
ta Col. (4) fe Col. (4) fo 
42 1.02 2.54 1.07 2.69 
06 1.05 1.13 3.45 
68 1.03 1.12 4.19 
22 0.96 4.83 
86 0.89 5.59 
02 1.005 
54 1.03 
98 0.98 
3.42 0.92 
3.88 0.84 


(10) 
Col. (9) 


= 
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Recommended Procedure for Pressure Drop Estimation 
With Spoilers 


In this section it is assumed that the spoilers are semicircular 
in shape and that the P/H ratio is between 2 and 20. Further- 
more, for spoilers small compared to D,, it is assumed that A,, A,, 
and D, are the same for the configuration with or without spoilers. 
With large spoilers, it is probably best to calculate an equivalent 
D, which takes into account the spoiler dimensions. Such a 
procedure was used in Ref. [3]. 

If the configuration involves the calculation of the friction 
factor ratio for a circular tube or an annular gap with spoilers, 
Equation (13) can be used. If the spoiler friction factor alone 
is desired, substitution of the Blasius law for fg in Equation (13) 


gives 
fy = Re™ ( Z ) [o 593 — 0.208 (in ey] (14) 
y = So — we == - 
P D, r 


If an annular configuration is equipped with spoilers on only one 
side, and if the area of the smooth and spoiler side is nearly the 
same, the friction factor can be computed from Equation (11), 
restated by 


f= (15) 


l 
= (fy + fo). 


In this equation, fy is computed from Equations (13) or (14) as 
suming spoilers on all surfaces. 

For all cases, if a P/H ratio of 10 is used, the highest friction 
factor for any given spoiler height is obtained and Equation (13) 
is reduced to 

fy 759 ft peo.s 


(16 
fe D ) 


After the friction factor for any desired configuration has been 
obtained, the friction pressure drop can be determined by 
calculating the value of Ap in equation (4). 


Heat Transfer With Surface Spoilers 


The authors have compared Nusselt numbers obtained ex- 
perimentally for six spoiler configurations and a smooth tube by 
Nunner, with Nusselt numbers, calculated from his reported 
operating conditions, using the Martinelli equation [12] for fully 
developed turbulent flow. Fig. 10 shows the excellent agreement 
obtained and suggests that it may be possible to estimate the 
Nusselt numbers in an annular gap with surface spoilers by means 
of an analysis of Martinelli extended to cover this case. 

To check on this possibility, experimentally obtained Nusselt 
numbers for the test conditions listed in Table 4 were compared 
with Nusselt numbers calculated from the test conditions using 
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Fig. 10 Comparison of Nunner’s measured and calculated Nusselt 
numbers 
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the Martinelli equation. The experimentally obtained values 
were taken from Fig. 3 and it was assumed that if spoilers had 
covered the whole wetted perimeter, the average Nusselt number 
would have been the same as the Nusselt number obtained ex- 
perimentally at the inner surface. Two different values of the 
friction factor were used to calculate the Nusselt number. Hol- 
low points in Fig. 11 indicate that the Nusselt number was cal- 
culated from fy, that is, from a friction factor calculated from the 
geometry and flow Reynolds number by means of Equation (14). 
Solid points were obtained by using fou, a friction factor calculated 
from the experimental results. Considering the number of as- 
sumptions which had to be made to make this comparison be- 
tween measured and calculated Nusselt numbers, the agreement 
shown in Fig. 11 indicates that for all but the highest Reynolds 
number (80,000), the Martinelli equation can be used to obtain 
an estimate of the Nusselt number from the spoiler design con- 
figuration. 


Journal of Heat Transfer 


Conclusion 


1 The characteristics of the annular spoiler configurations of 
this study are embodied in Figs. 3, 4, 8, and 9. Comparison of 
smooth and rough tube data at a given Nusselt number pertain- 
ing to the inner surface shows that the smooth tube must be 
operated at a higher Reynolds number, higher pressure drop, and 
higher pumping power to yield the same heat-transfer rate as 
tubes of the same dimensions equipped with spoilers. 

2 The writers obtained an empirical correlation applying to 
semicircular spoilers from which friction factors can be estimated 
for the following configurations: A circular tube with spoilers and 
an annular gap or narrow flat channel with spoilers on one or 
both sides. 

3 Heat-transfer rates with spoilers can be estimated by first 
calculating the appropriate friction factor from Equations (13) 
or (14) and then substituting its value into the Martinelli equa- 
tion. 


4 A novel spoiler tube having grooves instead of protrusions 
has been tested and has yielded such results as to warrant further 
investigation. 
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DISCUSSION 
Frank Kreith® 


The authors are to be congratulated for devising a technique 
to reduce the pumping power per unit heat-transfer coefficient in 
an annular heat exchanger. Attempts to improve the per- 
formance characteristics of heat exchangers have previously been 


* Professor of Mechanical Engineering, University of Colorado, 
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limited to inserts in tubes [13 and 14]* but for a complete heat 
exchanger performance evaluation along the lines suggested by 
Norris [15] similar data on the other types of flow cross-sectional 
area configurations are needed. The authors’ experiments appear 
to be the first of this type. 

As the authors point out, the increase in turbulence in the lami- 
nar film near the heated wall increased the heat-transfer coefficient 
and, since less than one half of the wetted area in their system was 
the heat-transfer surface, an appreciable increase in the rate of 
An in- 
spection of Fig. 6 reveals, however, that the ratio of j’/(f/2) 


heat transfer per unit pumping power could be obtained. 
reaches a maximum and then decreases for all of the surface 
spoilers. The decrease is particularly marked for the protru- 
sion spoilers. Extrapolating this trend to higher Reynolds num- 
bers either in Fig. 3 or Fig. 9 indicates that the advantages of the 
surface spoilers may be limited to Reynolds numbers below about 
2 ‘x 10° 

To illustrate this trend the authors’ data have been replotted in 
a slightly different form in Fig. 12 of this discussion. The curves 
in this figure are not very accurate because they were plotted from 
the small figures in the preprint of the paper, but they suffice for 
In Fig. 12 the ratio of the Nusselt num- 
ber for the best spoiler (10 to 1 integral) to the Nusselt number for 
the plain tube and the ratio of the friction factors for these same 
It is 
apparent that despite a continuous increase in the friction factor 


a qualitative discussion 


configurations are plotted versus bulk Reynolds number. 


ratio with Reynolds number, the Nusselt number ratio decreases 
at Reynolds numbers above 8 < 10%. 

The above-mentioned Reynolds number limitations could, how- 
ever, be overcome in systems in which the heat transfer takes 
place from the outer wall of the annulus to cooler fluid flowing 
through the annulus by installing swirling elements similar to 
those described in reference [13] of this discussion. In such a 
system advantage is taken of the density gradient which, when 
combined with a centrifugal force field, enhances the heat transfer 
For ex- 
ample, in a pipe with spiral protrusion, the ratio of j’/(f/2 


found te 


without unduly large increases in the pressure drop 
was 
increase continuously with Reynolds numbers ranging 

10‘ and 3 X 105 when heat was transferred from the 
wall to cooler fluid inside the pipe. 


between l 


In regard to the experimental procedure it would be of interest 
to know how the grooves and protrusions affect the heat flux 


distribution and the surface temperature. The temperature drop 


calculations through the tube neglect the presence of the spoilers. 
Periodic variation in the heat flux along the flow path could 
produce flow conditions considerably different from those present 


heat 


it constant flux. To gain an insight into the transport 
* Numbers-in brackets from [13 to 15] designate References at end 


of this discussior 


io 20 
Re, xio° 


Fig. 12 Friction factor and Nusselt number ratios versus Reynolds 
number 
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mechanism it is suggested that in future studies involving heat 
transfer in such novel and commercially promising systems as the 
authors of this paper have treated, some effort be devoted to flow 
visualization. 
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Authors’ Closure 

Professor Kreith has shown in his discussion that the effec- 
tiveness of spoilers for the annular gap configuration appears 
to decrease with increase of the Reynolds number. Our results 
indicate that in the Reynolds number range from about 4 x 10# 
to 8 x 10‘, spoilers are more efficient from a pumping power 
viewpoint than using the smooth configuration at a higher ve- 
locity, that is, at a velocity high enough so as to obtain the same 
Nusselt number in the smooth tube as in the tube with spoilers. 
The decreased efficiency of spoilers at high Reynolds numbers can 
also be observed in the results reported by other investigators. 
For example, Fig. 19 of Nunner [3] and Figs. 11, 20, and 24 of 
Koch® all indicate that the advantage obtainable through the 
use of different types of spoilers and turbulence producing inserts 
decreases with increase of the Reynolds number. 

In the test results for protrusion spoilers reported in this paper, 
the value of the ratio of the spoiler to smooth tube Nusselt number 
This 


This decrease in the 


decreases with increase in the Reynolds number. was 
pointed out by Professor Kreith in Fig. 12. 
Nusselt number ratio is one of the causes for the poorer efficiency, 
from a pumping power viewpoint, at high Reynolds numbers. 
Koch and Nunner investigated protrusion spoiler configurations 
which covered the whole wetted perimeter. For these configura- 
tions they found that the spoiler to smooth tube Nusselt number 
ratio was independent of the Reynolds number. Their decrease 
in spoiler effectiveness at high Reynolds numbers was caused by 
the spoiler to smooth tube friction factor ratio increasing rapidly 
with increase in Reynolds number. 

One difference between the results obtained with spoilers cover- 
ing the whole wetted perimeter and the configurations of this 
report is that in the former case complete turbulence is estab- 
lished, that is, the friction factor is independent of the Reynolds 
number. In the annular gap with part of the perimeter smooth 
and the rest covered with spoilers, the friction factor decreases 
with increase in the Reynolds number. 

As mentioned by Professor Kreith, the heat-transfer calcula- 
tions for the protrusion-type spoilers neglected the presence of 
the spoilers. This can give conservative results in the heat- 
transfer coefficient. For example, if we assume the spoiler metal 
spread evenly over the tube surface, this would result in about 
a 6 per cent increase in the heat-transfer coefficient for the 10 
to 1 integral spoiler at the highest Reynolds number. At lower 
Reynolds numbers this increase would be less. Neglecting the 
effect of the spoiler shape tends to give optimistic results for the 
groove configuration. 

We, of course, agree with the desirability of conducting flow 
visualization studies for spoiler configurations. 


® R. Koch, “Druckverlust und Wirmeiibergang bei verwirbelter 
StrOmung,”’ VDI Forschungsheft 469, 1958. 
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spheres. 


Spherical Enclosure Containing a 
Participating, Heat-Generating Gas 


An analysis is made of the thermal radiation in an absorbing-emitting nonisothermal 
gas confined in a hollow spherical enclosure or in the space between two concentric 


The gas ts gray and contains a volume heat source, while the bounding walls 
are black and isothermal 


The conservation of energy principle yields an integral equa- 


tion which has been solved for a wide range of geometric and radiative conditions. It 
is found that as the absorption coefficient increases in a fixed geometry, the gas tempera- 
ture decreases and becomes more nonuniform. 


On the other hand, as the enclosure size in- 


creases, the gas temperature increases and becomes more nonuniform. An approximate 
analysis using a conduction-type transfer law has been carried out, and the results are 
compared with the integral equation solutions. 


Introduction 


- CHALLENGING FIELD of radiation heat transfer 
through gases has received increased attention from engineers 
concerned with modern high-temperature power plants and re- 
entry vehicles. The design problems which must ultimately be 
faced are of a very difficult nature involving real gas properties 
and complicated geometries. Analytical formulation of prob- 
lems involving certain idealized gas properties and simple geome- 
tries are useful in gaining an understanding of the more complex 
problems. 

In the present investigation, consideration is given to an ab- 
sorbing-emitting gray gas confined within a black-walled spherical 
enclosure or in the space between two black concentric spheri- 
cal surfaces. The temperatures of the enclosing surfaces are speci- 
fied and an internal heat generation takes place in the gas. The 
problem is to find the temperature distribution throughout the 
gas and the heat transfer to the bounding surfaces. The formula- 
tion is made by applying conservation of energy to an infinitesimal 
gas volume. This results in a linear integral equation which 
governs the temperature distribution. The analytical method 
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Nomenclature 


used here is similar to that which has been applied in reference 
2)? to the problem of a radiating gas confined between two in- 
finite parallel plates. 

Solutions have been obtained for a range of geometric and 
radiation parameters. Conduction and convection have not been 
considered and spherical symmetry has been assumed throughout. 

The assumption of a gray gas, although commonly used in 
analysis, is known to deviate from the behavior of real gases. 
However, even in simplified analyses where the gas temperature 
is uniform and specified, the use of real gas properties leads to 
significant computational difficulties, reference [1]. Therefore in 
this present instance where the gas temperature is unknown and 
nonuniform the use of real gas properties would lead to enormous 
complications. There are no conceptual difficulties in including 
gray bounding surfaces in the formulation. However, the govern- 
ing equations become somewhat more complicated and additional 
computational effort is required to obtain solutions. 

Two interesting limiting cases in gas radiation occur either 
when there is intense absorption in the gas or when the gas is so 
transparent that little self-absorption takes place, reference [3]. 
In either situation, the analysis of gas radiation problems is sig- 
nificantly simplified. For the problem being considered here, the 
values of the parameters which have been selected for study lie 
between the limiting cases. However, for comparison purposes, 
some solutions have been carried out using the simplified model 
associated with the intensely absorbing gas. 


2 Numbers in brackets designate References at end of paper. 





distance between emitting and ab- 
sorbing elements 

emissive power of black wall, oT,‘ 

local emissive power of gas, see 


equation (3c); o7',‘ for a gray ume 


gas T = absolute temperature 


k absorption coefficient 


Q total rate of heat generation in gas 


ing sphere 


Q, = heat-transfer rate at inner surface 


dummy integration variable 


Q. heat-transfer rate at outer surface 


R, radius of inner bounding surface 


Journal of Heat Transfer 


radius of outer bounding surface p 
radial co-ordinate 

. . > * 
co-ordinate of control volume dJ p 


heat-generation rate per unit vol- 


angle defined in Fig. 2 


infinitesimal diameter of 


integration limit defined by equa- dV 
tions (12) and (12a) —~ dr 


dimensionless 
Po = To/Rz 

integration limit defined by equa- 
tion (23) 

o@ = Stefan-Boltzmann constant 

P dimensionless 


r/Rs2; 


co-ordinate, 


emissive 
)/(S/k) 
¢ = azimuth angle, see Figs. 1 or 2 


power, 
(€, — Cy 
absorb- 


Differentials 


dAsz area element on outer surface 
control volume 


emitting volume 
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Another area of science which is concerned with gas radiation is 
astrophysics. A fairly complete treatment of astrophysical ap- 
plications may be found in the texts of Kourganoff [4] and Chan- 
drasekhar [5]. Readers who are interested primarily in results 
are invited to pass over the section on analysis. 


Analysis 


Description of the System. The spherical system to be analyzed 
is shown in a schematic cross-sectional view in Fig. 1. The inner 
and outer surfaces have radii R; and R,, respectively, while the 
space between the spheres is filled with an absorbing-emitting gas. 
The gas is taken to be gray and is characterized by an absorption 
coefficient & which is independent of temperature. Within the 
gas there is a uniform internal rate of heat generation S per unit 
volume. A radially nonuniform heat generation can also be con- 
sidered with no essential change in the analysis; but this would 
add another degree of freedom to further complicate the problem. 

The temperatures of both bounding surfaces are uniform and 
equal to one another. For this condition there are still two in- 
dependent parameters which govern the radiation heat-transfer 
One of these is the radius ratio R,/R, of the 
bounding surfaces, which is purely geometrical. The other is 
kR;, the product of absorption coefficient and . urface radius. The 
results found here for the situation of equal surface temperatures 
are also useful in the case where the bounding surfaces have differ- 
ent temperatures. The relation between the two situations is dem- 
onstrated in the final section of thisreport. For the hollow sphere 
(R; = 0), which is also treated here, there is only a single surface 
temperature to be prescribed. In this instance, with R,/R, = 0, 
the only parameter is kR. 

Conservation of Energy. To establish the governing equation for 
the temperature distribution we apply the principle of conserva- 
tion of energy. The control volume used here is an infinitesimal 
sphere of diameter 6 which is denoted by dV in Fig. 1. Equating 
energy inflow to outflow gives 


characteristics 


energy absorbed in dV due to emission of gas 


+ energy absorbed in dV due to emission of surfaces (1) 
} 


+ internal heat generation 


= energy emitted by dV 


We now proceed to find mathematical expressions for each of the 
terms of equation (1 

Consideration will first be given to determining the absorption 
in dV due to emission of the gas body. To facilitate the deriva- 
tion, reference is made to Fig. 1. The first step is to find how 
much of the energy emitted in a typical spherical shell of gas 
(shown speckled in Fig. 1) is absorbed in dV. Then, when this is 
known, we can add up the contributions of all such spherical shells 
to obtain the total absorption in dV. 
f gas is located at radius r and is of thickness 
On this 
we focus attention on a ring of gas which appears 
as the two blackened elements in the cross-sectional view, Fig. 1. 
The volume of 


The typical shell « 
dr, while the absorbing volume dV is located at radius ro. 
spherical shell 
such a ring is 

2x(r sin ¢)r dg dr (2) 


We then proceed to compute the emission of such a ring of gas. 
For a volume dr the emission of a gray gas is (reference [6]) 
4koT*-dr (3a) 


If the gas radiates uniformly in all directions, then the energy 
leaving dr in a solid angle dw is 


dw 
(AkoT ‘dr) (35) 
4r 
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Fig. 1 Diagram used in evaluating energy conservation 


To permit a more general dependence on temperature, we replace 
oT* by the emissive power e, and rewrite expression (3b) as 
ke,drdw 
T 


(3e) 


Then for the darkened ring of gas whose volume dr is given by 
equation (2), the energy emitted into a solid angle dw becomes 

2ke,r* sin ¢ dr dg dw (4a) 
We now associate dw with the solid angle subtended by the con- 
trol volume dV. Of the energy emitted by the darkened ring in 
the solid angle dw, some will be absorbed en route. The amount 
which arrives at dV is 


(2ke,r? sin ¢ dr dy dw)e~*4 (4b) 


where d is the distance between the emitting and absorbing gas 
volumes as shown in Fig. 1. Now, it has been shown in reference 
[2] that of the energy arriving at an infinitesimal sphere (diam = 
5) in parallel rays, the fraction (2/3)ké is absorbed. Applying 
this to equation (4b), the energy absorbed in dV is found to be 


P 
( k%5e,r? sin gy dr de dw e~*d (5) 


Then, from geometry of Fig. 1, it is easily verified that 


762/4 


ie us x d? = ry? + r? — 2rry cos g (6) 


With this, the final expression for the energy absorbed in dV due 
to emission of the blackened gas ring becomes 


2k%e dV r? sin pe~ *re+1*— 2rn 008 ¢) Va 








drdg (7) 


ro? + r? — 2rry cos 


where we have used the fact that dV = 765*/6. With this, we can 
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find the contribution of the entire (speckled) spherical shell to the 
absorption at dV. The blackened ring is a typical element of the 
shell and it is only necessary to integrate the separate contribu- 
tions of the rings which make up the shell. As the angle ¢ in- 
creases from 0 to some value ¢* (see Fig. 1) all parts of the 
spherical shell can freely radiate to dV. However, when ¢ is 
greater than ¢*, radiation from the spherical shell to dV is blocked 
by the solid surface in the manner of an eclipse. Taking cog- 
nizance of this, the absorption of dV due to the emission of a 
spherical shell of gas is found by integrating equation (7) over 
the range 0 < ¢ < ¢*, giving 


a 2 — k(ro?+-12—2rre cos g)'/2 
2k dV dr f —£¢ dp _— (8) 
0 ro? + r? — 2rro cos Gg 





Using Fig. 1, the relation between the limiting angle ¢* and the 
radii ro, r, and R;, is found to be 





R;* — V (ro? — R,*\(r? — R,*) 
ror 


(9) 





cos g* = 


The contribution of the entire gas body to the absorption in dV 
is found by integrating equation (8) over r in the range R, to Rz, 


which gives 
Ra ¢ 
wav f e(r)dr | f ap | 
Ri 0 
(10) 


To somewhat simplify the integration over ¢, we introduce a new 
(dummy) variable \ by the definition 


: sin gem Bre+r?—2rre cos g)'/2 





vo? + r? — 2rro cos g 


k rro sin g dg 


ae (ro? + r? — 2rro cos ¢)'” 


A? = k*%ro? + 1? — 2r7q cos ¢), 





and with this, the absorption expression (10) becomes 


(11) 


dV Ra * 
2k*dV f e,(r)r dr | f nya | 
To Ri kire—r| 


In the lower limit, an absolute magnitude sign appears because it 
is the distance between rp and r which is desired; while the upper 
iimit A* corresponds to ¢* and is found from equation (9) to be 


Mt ek (Wnt — RY + Vr — Ri) 





(12) 
This completes the mathematical description for the absorption 
in dV due to emission in the gas body, the final expression being 
embodied in equations (11) and (12). 

We now turn to the computation of the absorption in dV due 
to the emission of the bounding surfaces. Both surfaces have a 
uniform temperature 7’, and a corresponding black body emission 
e, = oT; per unit area. To determine the role of the surface 
emission we might follow a procedure quite similar to that used 
in computing the role of the gas emission. That is, we would first 
find the energy absorbed in dV due to the emission of a typical 
differential element of the outer bounding surface. Then this 
result would be integrated to determine the contribution of the 
entire outer surface to dV. An identical calculation could then 
be carried out for the inner bounding surface. However, there is 
an alternate, much simpler approach outlined below which leads 
to identical results. We first note that in the absence of conduc- 
tion and convection, the problem is linear in the radiant emissive 
power. Hence we can change the level of the emissive power 
(i.e., add or subtract constants) without in any way changing 
the final results. In other words, if there is a solution for the dis- 
tribution of gas emissive power e, corresponding to a wall value e,,, 
there will be a completely consistent solution for a reduced gas 
emissive power e, — ¢,, corresponding to a wall value of 0. Using 
this fact we will formulate the problem on the basis of a wall 
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emissive power of zero; but everywhere e, would normally occur 
in the governing equation we will write e, — e,. So, on this 
vasis, we will omit the contribution of the wall emission to the 
energy absorbed in dV. 

The next term in energy equation (1), the internal heat genera- 
tion, is simply 


SdvV (13) 


Thus far we have considered the energy inflows to dV. The 
energy outflow from the control volume due to radiant emission 
may be calculated from the expression (3a). Replacing o7* by 
€,, this becomes 


ke (ro)dV (14) 


With this, we now have all the ingredients necessary to evaluate 
the energy equation (1). Substituting the expressions from equa- 
tions (11), (13), and (14) and replacing e, by e, — e,, there is 
obtained the governing equation for the distribution of gas emis- 
sive powe (i.e., temperature) 


‘ Rs »* —xz 
a (e, — Cw) dr | f .. a| 
To JR, kire—r| » 
+ S == 4x(e, = Cw)re (15) 


where A* is given by equation (12). A somewhat more useful 
and convenient form of equation (15) may be obtained by re- 
arranging and introducing the following new independent and 
dependent variables 


__ &y — &w 
= oe 


1 Cy 
P(p)p dp {f (e~*/A)dr 
Ri/Rs RR, \po — | 


ae Po _ 2p 
x roan + om, 7 ane 2) OD 


p=- (16) 


a 
R, 


Then 


where in terms of the new variables, \* becomes 


A* = kR2[Wp.? — (Ri/Ra)* + Vp* — (Ri/R:)*] (12a) 


Equation (17) is the final form of the governing integral equation 
for determining the distribution of the dimensionless emissive 
power throughout the gas. Although the heat source S and wall 
emissive power e,, no longer appear, there still remain two inde- 
pendent parameters on which the solution depends: kR, and 
R,/R: There are no boundary conditions to be specified for an 
integral equation as there are for a differential equation. The 
kernel of the integral equation encompasses everything which 
multiplies ® under the integral sign. In this instance, the kernel 
is evidently of a complex form. The two integrals within the 
braces are exponential integrals which are only available numeri- 
cally, reference [7]. 

The governing equation (15) has been derived by investigating 
the details of the absorption and emission processes specifically 
for the spherical geometries under consideration here. During 
the process of review by the papers committee, it was pointed out 
by Dr. Leo Kadanoff [8] that the governing equation (15) could 
be derived by specializing a general conservation equation which 
applies to a gray gas confined in any arbitrarily shaped enclosure 
having black walls which are at a uniform temperature. The 
equation written by Dr. Kadanoff applies conservation of energy 
to a volume element of gas (dr ) characterized by a position vector 
7 relative to any convenient system of co-ordinates. Located at 
some other position 7! is another gas volume element (dri). He 
determines the radiation arriving at 7 due to the emission at ri 
and then sums this over-all emitting volumes (dri) whose energy 
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can reach rf (i.e., all ri which are visible from r). From this, the 
absorption at r is found as the fraction k(dr ) of the energy density 
at r. Proceeding along these lines, the conservation equation 


as derived by Kadanoff is 


ee ewe rl 
le,(r? = => (dr') 
vis vol r-rii? 


+ S = 4kle(r) — e,] (18) 


If the volume (dr') is evaluated from equation (2) and the dis- 
tance |r — r'| is equated to d in equation (6), then equation 
(18) will indeed yield our equation (15). It is a matter of taste as 
to whether one starts with equation (18) or from first principles 
as has been done in the paper. Actually, in specializing equation 
(18), it is necessary to pass through many of the steps which are 
used when starting from first principles. 

Solutions. The solutions of the governing integral equation (17) 
were obtained by numerical means utilizing a desk calculator. 
The procedure was basically one of iteration, which was aug- 
mented by the experience of the operator to hasten the con- 
vergence. Trial values of ® spanning the range R,/R. < p < 1 
were selected. Then for a fixed value of p the integration on 
the left side of equation (17) was carried out numerically and a 
This was 
repeated for a sequence of pp») positions in the range R,/R: < po 
<1. In this way, a new set of ® values was arrived at. These 
could serve directly as input to the left side of equation (17); or 


new ® value corresponding to that pp was obtained. 


else, with a view toward speeding convergence, they could be 
modified on the basis of previous experience and then used as 
input. 

In organizing the numerical procedure, it was necessary to take 
cognizance of the fact that the exponential integral becomes in- 
finitly large as its argument approaches zero, i.e., 


o e~> 
Lim -d\—- @ 
yO y nN 


Clearly, this situation occurs in equation (17) when p = pp. 
Even though the integrand of (17) is singular at p = pp, it is 
fortunately integrable, and this permits us to handle the situation. 

Solutions were obtained for radius ratios R,/R; of 0 (hollow 
sphere), 0.05, 0.5, 0.75, and 0.95 for KR, values of 0.1, 0.5, 1, and 2. 
The results for the distribution of emissive power will be pre- 
sented and discussed in a later section, but first we want to derive 
expressions for the heat transfer. 

Heat-Transfer Equations. Corresponding to a volume heat source 
S, the total rate of heat generation in the gas enclosed between 
the bounding surfaces is 

4r 

Q= (Re — RS (19) 

3 
Under steady -state conditions, it is clear that precisely this 
But, there 
still remains the question of how much heat is transferred through 
each of the bounding surfaces, and it is this to which we now 
direct our attention. 


amount of heat must be transferred from the system. 


Consideration is first given to the heat transfer to the outer 
surface, which may be expressed as follows: 
Net heat transferred to outer surface = Q, 
= energy absorbed at surface due to gas emission | 
. p = (20) 
+ energy absorbed at surface due to emission at R, | 


— energy emitted by surface 


/ 


We now proceed to evaluate the terms of this expression, be- 
ginning with the energy absorbed from the emission of the gas 
body. The derivation is facilitated by reference to Fig. 2. Since 
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Fig. 2 Diagram used in deriving surface heat transfer 


conditions are uniform over the bounding surface, it will be 
necessary to consider only a typical surface element dA;,. To find 
the radiation reaching this element from the gas, we subdivide 
the gas body into spherical shells as before. On a typical shell of 
gas (shown speckled in Fig. 2), attention is focused on the emission 
of a ring of gas which appears as the darkened spots in the cross- 
sectional view. The emission from such a ring which arrives at an 
absorbing surface located at a distance d has already been given 
in equation (4b). We now associate d with the distance between 
the emitting ring and the surface element dA2, while dw is the solid 
angle subtended by dA». Since the surface is black, all the energy 
impinging on it is absorbed. Using Fig. 2, it is seen that 


d? = R,* + r? — 2rR, cos ¢, 
dA, cos B 


dw = 
d? 


With this, the expression for the absorbed energy due to emission 
of the darkened gas ring becomes 


Ake dAd Re — r cos yyrtsin ge HRT IRs cone)” 
—__—_—_—_ —_—_————— dr 
(Rz* + r? — 2Rer cos ¢)*/* ” 
21) 


To find the absorption due to emission from the entire speckled 
gas shell, the expression (21) is integrated from ¢ = 0 tog = ¢*. 
The angle ¢*, which represents the limit of the direct view be- 
tween emitter and absorber, is given by equation (9) with ro re- 
placed by R;. Next, to find the absorption due to the emission of 
the whole gas body, an integration over r is carried out over the 
range R,/R; <r <1. In this way the contribution of all the 
spherical gas shells is included. The result of these two integra- 
tions may be rephrased in terms of the dimensionless independent 
p and pp» defined by equation (16), giving 


1 
kRd A; e<p)dp J (> + p?+ e e~ *Rx(1 —») 
R/R ' kR, 
i 2 


is & —P*) , P| eR ys 
p* kR; 


kRp* 
— kRAp — of aah (22) 
RR(1 —) 
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p* = [V1 — (R/R.)* + Vp? —(R,/R2)') 


where (23) 
We might then proceed to evaluate the second and third terms 
of the heat-transfer equation (20). However, it can be shown 
that the expression for Q. corresponding to a gas with emissive 
power e, and walls with e¢,, is identical to that corresponding to a 
gas with emissive power e, — e,, and walls at zero. This is, of 
course, what would have been expected on the basis of previous 
discussion. So, the final form for Q: is most simply arrived at by 
replacing e, with e, — e,, in equation (22) and ignoring the surface 
emissions. Replacing dA, by the total surface area 47R,? and 
introducing the dimensionless emissive power ®, there is obtained 
1 
—, = a re (p)dp {brackets of eq. (22)} (24) 


. 


It has been pointed out by L. P. Kadanoff [8] that equation 
(24) can be derived by specializing the more general form 


a k - 
Q= f asi f ler?) — ey] 
A vis vol * 


r= fr 
21, € 
r—rii? 


Fig. 3 Distribution of gas emissive power in spherical enclosures of 
various sizes for kR, = 0.1 
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Fig. 5 Distribution of gas emissive power in spherical enclosures of 
various sizes for kR; = 1.0 
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where r now represents the radius vector of a point on the surface, 
ri is the location of an elementary gas volume (dri), and f is a 
unit vector which is normal to the surface element dA. The 
inner integral is extended over the volume visible from dA. 

To determine the heat transferred to the inner bounding sur- 
face, we could start afresh with equation (20) and re-evaluate the 
terms. However, with Q and Q, at our disposal from equations 
(19) and (24), respectively, it is much more convenient to write 


%2=2-Q (26) 
Results 


Emissive Power (Temperature) Distributions. The variation of the 
gas emissive power as a function of position, as obtained from the 
solutions of the governing integral equation (17), is presented 
graphically in Figs. 3 through 6. Each of the figures corresponds 
to a different value of the parameter kR,, which ranges from 0.1 
to 2. In each figure, emissive power distributions are shown for 
five different geometrical conditions ranging from the hollow 
sphere, R/R. = 0, to R,/R: = 0.95. Since the gas emissive 
power as introduced in this analysis [see equation (3c)] is re- 
garded as a prescribed function of temperature, then the curves 


*% 


Fig. 4 Distribution of gas emissive power in spherical enclosures of 
various sizes for kR, = 0.5 


eR, 


Fig. 6 Distribution of gas emissive power in spherical enclosures of 
various sizes for kR. = 2.0 
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shown in Figs. 3 through 6 may alternately be considered as tem- 
perature distributions.* There are two ordinate scales in each 
figure. The left-hand ordinate contains an R, and no k, while the 
opposite is true of the right-hand ordinate. The former is useful 
for visualizing the effect of changing & for fixed dimensions while 
the latter is helpful in seeing the effect of changing dimensions at 
fixed k. 

In considering the results, we begin by mentioning some of the 
general trends which may be deduced from the figures. First, 
attention will be directed to the effects of changing the absorption 
coefficient k of the gas. To facilitate the interpretation of the 
figures we envision an enclosure of fixed outer radius R, Then 
each one of the Figs. 3 to 6 corresponds to a fixed, but different 
value of the absorption coefficient k. If we compare curves for the 
same F/R, in successive figures we can find the effect of chang- 
ing k under the condition of fixed geometry. Then the sensitivity 
of different geometries to changes in k can be determined by mak- 
ing comparisons among different R,/R, curves. Numerical values 
are to be read from the left-hand ordinate (e, — e,)/SR2, which 
does not contain k. First, in any fixed geometry, the variation of 
the emissive power(i.e., temperature) throughout the gas is greater 
as k increases. For example, for the hollow sphere, the variation 
of (e, — e,)/SR; across the gas is only about 5 per cent when kRz 
= ().1, while the variation is nearly 60 per cent for KR; = 2. 
Although the variations in emissive power are smaller at other 
R,/R, values, the trend with increasing k is preserved. Next, in 
any fixed geometry, the level of the gas emissive power (i.e., gas 
temperature level) increases as the absorption coefficient de- 
creases. This indicates that if it is desired to maintain as low a 
gas temperature as possible, then a gas having a high absorption 
coefficient should be chosen. While the trend of increasing emis- 
sive power with decreasing k may be seen by comparing ordinates 
in Figs. 3 to 6, a more dramatic demonstration is achieved by re- 
plotting the curves for a given geometry in a single piece of graph 
paper. This has been done for R,/R; = 0 (hollow sphere) and 
R,/R; = 0.5 in Figs. 7 and 8, respectively. It is interesting to 
note in Fig. 7 that for the hollow sphere, where the beam length 
is longer (for a fixed R;) than in any of the concentric spherical 
enclosures, the decreases in emissive power with increasing k be- 
comes nonuniform across the gas at high kR, values. A similar 
behavior would be expected for the concentric enclosures if 
higher values of KR, were used. Now, returning to Figs. 3 to 6, 
it is seen that another effect of increasing k at a fixed R; is to aug- 
ment the role of the inner bounding surface in determining the 
level of the gas emissive power. For instance, for kR, = 0.1, the 
presence of the inner surface (say, 2,/R; = 0.5) drops the level 
of (e, — e,)/SR: only a few per cent relative to its value for the 
hollow enclosure. On the other hand, for kR, = 2, the presence 
of an identical inner surface causes a greater drop relative to the 
emissive power in the hollow enclosure. 

Thus far the discussion has been concerned with the role of the 
absorption coefficient on the gas emissive power (temperature) 
distribution. From what has already been said, it is clear that the 
length of path over which radiation must travel before reaching 
the walls is another important factor. So, it might be expected 
that some length parameter like R, — R,, which measures dis- 
tance in the enclosure, would be important. We now direct our 
attention to isolating trends among the results which are re- 
lated to enclosure size. To facilitate the interpretation of the 
figures, we now envision the absorption coefficient k to be held 
fixed. Then each one of Figs. 3 to 6 corresponds to a fixed, but 
different value of the outer radius R,. Since (R; — R,) = RX1 
— R,/R;), it is clear that if we compare curves for the same R,/R, 
in successive figures, we can discover the effects of increasing 
spacing between the walls. Numerical values are to be read 
from the right-hand ordinate of each figure. Alternately, atten- 


* For example, for the conventional gray gas, ¢, = oT7,*. 
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tion may be directed to a single figure (fixed 2) and the effect 
of spacing is found by comparing the various R,/R, curves. 
Using either way, two trends are immediately evident. As the 
spacing increases, the level of the emissive power increases and 
also, the distribution of the emissive power across the gap be- 
comes increasingly nonuniform. There are two causes of this 
behavior. First, there is the increased resistance to heat flow 
due to the elongation of the path. Second, the total quantity of 
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Fig. 7 Distribution of gas emissive power in a hollow sphere (R,/R; = 
0) for several values of kR: 
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Fig. 8 Distribution of gas emissive power in a spherical enclosure with 
R,/R: = 0.5 for several valves of kR, 
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heat to be transferred increases as the volume increases (at con- 
stant S). 

It is clear that the absorption coefficient and the path length 
play interrelated roles in determining the radiation character- 
istics. In the absorption process, it is the product of absorption 
coefficient and path length which is decisive. In a configuration 
where this product is small everywhere, there will be negligible 
absorption of energy, no matter where in the enclosure the energy 
was emitted. Since any point in the gas may transfer heat 
directly to the wall without recourse to other points, there is no 
reason for a temperature gradient to exist. The results for kR; 
= 0.1 as shown in Fig. 3 closely approximate this situation. 
When the product of absorption coefficient and path length is 
large, energy is transferred from one gas element to its neighbor, 
and finally to the wall. The thermal resistance associated with 
this sort of transfer process gives rise to a temperature gradient, 
as is evidenced by inspection of Fig. 6. The transfer of heat 
between adjacent elements is quite similar to the heat conduction 
process. 

In the foregoing discussion it has been tacitly assumed that 
both the uniform heat source S and the wall emissive power e¢,, 
are fixed. To see how the gas emissive power varies with these 
parameters, we rephrase the definition of ® in the form: 

é, = ty + Ld ® (27) 
k 
For a prescribed geometry and gas (i.e., fixed ®), it is seen that 
the level of e, varies linearly with e, and with S. 

The solutions of the integral equation (17), as displayed in Figs. 
3 through 8, have the property that e,  e, at the bounding sur- 
faces. This result is completely consistent with the model of 
heat transfer by radiation only. Only when conduction is intro- 
duced is it necessary that the temperature be continuous. Since 
the greatest temperature slopes occur at the bounding walls it is 
clear that the effects of finite conductivity would be greatest at 
these locations. 

Heat Transfer. Since the internal heat generation is specified, the 
total rate of heat transfer to both surfaces is easily calculated 
from equation (19). The fraction of this total which is transferred 
at each of the bounding surfaces is a result of practical interest, 
and it is to this that attention will now be directed. Utilizing the 
solutions for the dimensionless emissive power ®, the heat transfer 
Q, to the outer surface is computed from equation (24). Then 
the heat transfer Q, at the inner surface is calculated from equa- 
tion (26). The results thus obtained are listed in Table 1. The 
last column is a dimensionless representation of the total heat 
transfer Q and is numerically equal to 1 — (R,/R:)*. As ex- 
pected, the heat transfer at the outer surface is always greater 
than the heat transfer at the inner surface. By using the tabu- 
lated results, it may also be verified that the heat transfer per 
unit area is also greater at the outer boundary. 

For the hollow spherical enclosure, all the energy generated in 
the gas passes through the outer surface and hence Q;/Q = 1. For 
the enclosure with R,/R, = 0.05, it is found that (within the 
accuracy of the calculations) the heat transfer at the inner surface 
is negligible. With increasing R,/R2, a greater fraction of the 
energy passes through the inner surface: but at R,/R, = 0.5, it 
is still only about 15 per cent. For any fixed geometry the heat 
transfer at the inner surface increases with increasing kR, (in- 
creasing flow resistance). This effect is more marked at lower 
values of R,/R2. 


Approximate Analysis 


Much of the early analytical work on gas radiation problems 
was done by astrophysicists. They have been concerned with 
extremely large gas volumes; and for their purposes, any point 
in the gas can be considered as being surrounded by an infinite 
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medium. One of the interesting limiting cases which has been 
studied in astrophysics is the situation where the gas emissive 
power varies slowly with distance. Under the assumption of an 
infinite medium and an emissive power which is nearly constant 
within a distance 1/k of the point under study, Hirschfelder, 
Curtiss, and Bird [3] have shown that radiative heat flux can be 
written as 

q--s it (28) 

3 k dr 

where we have specialized their result to a gray gas. According 
to this relation, the radiant heat flux at a point depends only on 
the distribution of the emissive power (temperature) in the im- 
mediate neighborhood. This is a significant simplification com- 
pared with the exact formulation where the local heat flux is com- 
puted by integrating over the entire radiating domain. The heat- 
flux law expressed by equation (28) has the same form as that for 
heat conduction or neutron diffusion. 

We now proceed to investigate the nature of the results which 
the approximate transfer law (28) will yield for the current 
problem. For a gas with s uniform heat source S, conservation 
of energy applied to a spherical shell of thickness dr yields 


d r? de, 3 
a case =~ tiud 
i (4 at) + ins 


or, in dimensionless from 


d d® 3 
— 9 casa — (kR.)2p? = 0 
£ (> a) + 30 2)*p 


(29) 


(29a) 
This equation can be integrated directly to give the distribution 
of the dimensionless emissive power ® 


_ (kB) 
8 


@ = (30) 


p-F40, 


where C; and C; are constants of integration. In finding these 
constants, we must remember that the exact formulation of the 
problem is in terms of an integral equation, for which there are no 
explicit boundary conditions. When an integral equation is re- 
duced to a differential equation, the unknown constants of inte- 
gration appearing in the solution are determined by satisfying 
the integral equation at the boundary points. So, to find C, and 
C:, we return to the integral equation (17), and wherever ® ap- 
pears we introduce equation (30). The integration is carried out 
for po = R,/R, (inner boundary) and this gives one equation 
containing C; and C,. Next, the integration is repeated for po = 1 
(outer boundary) and another equation containing C, and C; is 
obtained. Then simultaneous solution yields the constants. 


Table 1 Heat-transfer results 


R./R: KR, Q2/Q Q:/Q Q/*/:7RS 
0 All 1 0 1 


0.05 0.1 ~1 ~0 0.999875 
0.5 ~l1 ~0 
1.0 ~1 ~0 
2.0 ~0 
0 0.868 0.132 
0.856 0.144 
0.841 0.159 
0.815 0.185 


0.747 0.253 
0.732 0.268 
0.717 0.283 
0.692 0.308 


.605 0.395 
.600 0.400 
593 0.407 
. 582 0.418 


~l 


0.578125 


cour oon 


0.142625 


come 
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It is interesting to note that although it is customary to use the 
boundary points in finding the integration constants, we are free 
to use any two points in the range R,/R: < po < 1. For the hollow 
sphere, the condition that ® be finite at p = 0 requires that C, 
= 0. 

In determining these constants, an alternate thought which 
might suggest itself is to require that the temperature (and hence 
emissive power) be continuous at the boundaries, i.e., ® = 0. 
But, in the absence of conduction, there is no reason for tempera- 
ture continuity. In fact, a temperature difference is required 
to permit the adjacent gas to radiate its heat to the wall. So, if 
the continuity condition were applied at the boundary, serious 
errors could occur. 

Since large spacings and high k values most closely correspond 
to the conditions of equation (28), attention has been directed 
to the hollow sphere (2,/R; = 0) and to R,/R; = 0.05 for kR,; = 1 
and 2. The approximate solution (30) for ® has been evaluated 
for these cases, and the results are shown in Figs. 5 and 6 along 
with the exact solutions. The approximate solutions predict the 
shape reasonably well for the cases chosen; the level of ac- 
For the 
hollow sphere, the best agreement is found at r = R, and this is 
connected with the fact that the constant C, was found by satis- 
fying the governing integral equation at that point. The agree- 
ment between the approximate and exact solutions is only slightly 
better for KR, = 2 than for kR, = 
than for 2,/R; = 0.05. 

For small spacings or low k values the assumptions leading to 
equation (28 


curacy ranges from a few per cent to about 20 per cent. 


1 and for the hollow sphere 


are more strongly violated. However, quite 
fortuitously, equation (30) reduces to essentially a constant under 
these conditions.‘ Since, in finding C, and C, the integral equa- 
tion is satisfied at two locations, the level of ® thus predicted is 


reasonably accurate. 


Application to Other Boundary Conditions 


We now proceed to show how the results which have been pre- 
sented for bounding surfaces with equa! and uniform tempera- 
Consider 
the situation where the two surfaces are maintained at uniform, 
but different temperatures T.. and T ye. 
cerned only with heat transfer by radiation the problem is linear 


tures may be utilized for other boundary conditions. 
Because we are con- 
in the emissive power. Hence we can subdivide the problem with 


internal heat generation and different boundary temperatures into 
the following subproblems: 


(a) Inner boundary at ¢,; 
outer boundary at ey; 
internal heat generation S; 
inner boundary at éu: — éu 
outer boundary at 0; 
no internal heat generation. 


The first of these subproblems has already been treated in the 
foregoing part of this report and results are presented in Figs. 3 
through 8. The second subproblem represents the situation of 
heat transfer in a spherical enclosure containing a participating, 
but nongenerating gas and having bounding surfaces at different 
temperatures. As soon as solutions for this case become available, 
they may be used in conjunction with those of this report to pro 
vide results for a heat-generating gas in a spherical enclosure 
having different boundary temperatures. 
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DISCUSSION 
R. Viskanta® 


The paper presents an interesting and valuable addition to the 
growing knowledge of heat transfer in thermal radiation absorb- 
ing and emitting media. The writer believes that it would be of 
interest to further discuss the numerical solution of integral 
equation (17). 

It has been the experience of this writer and the experience of 
investigators working on neutron transport problems that singular 
integral equations of the form (17), in which the exponential in- 
tegral appears as part of the kernel, or is the kernel, are not well 
suited for numerical integration. It is true, as the authors point 
out, that the exponential integral is integrable, but that in 
numerical integration an extremely large number of increments 
is required to obtain results of reasonable accuracy. In addition, 
the error introduced by numerical integration is not constant but 
varies with pp in a complicated fashion. 

The writer has encountered exponential integrals in a similar 
problem* and found that in an integration interval from 0 to 1 
it was necessary to take 200 increments to insure that the maxi- 
mum difference between the values obtained by exact and numeri- 
cal integrations does not exceed half of a per cent. This number 
of points was prohibitively large even on a very fast digital com- 
puter, and an iterative method of solving an integral equation 
had to be abandoned. Perhaps the authors could elaborate on the 
numerical procedure used and the estimated accuracy of the re- 
sults. 


Authors’ Closure 


The authors wish to thank Dr. Viskanta for his interest in our 
work. In response to his question relating to the computations, 
it should be noted that all of our numerical work was carried out 
By this, 
there is of course an enormous loss of speed, but there is the com- 
pensation of being very closely in touch with the calculations. 


on a desk calculator rather than on a digital computer. 


In particular, it was easy to use a variable step size in the integra- 
tions and also, to be able to test how small a step size was needed. 
Thus, an exceedingly small step size was used for p-values near 
Po; but, a fairly large step size could be used when p was far from 
po. Additionally, large scale graphs constructed using the P( pp») 
values from a given iteration provided a much enlarged set of 
® (p) values to be used in the integrations of the next iteration. 
In this way, the task of numerical solution was kept within 


manageable bounds. 
’ Reactor Engineering Division, Argonne National Laboratory, 
Argonne, Ill. 
*R. Viskanta, “Heat Transfer in Thermal Radiation Absorbing 
and Scattering Media,’"” ANL-6170, May, 1900. 
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Analysis, Results, and Interpretation for 
Radiation Between Some Simply-Arranged 
Gray Surfaces 


A detailed analysis has been made to obtain both physical insight and numerical re- 
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sults for radiation between gray surfaces. 
common assumption that the incident radiation is uniformly distributed over a surface. 


In particular, it was desired to examine the 


To lift this assumption, the radiation problem must be formulated in terms of integral 
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equations. The study was carried out for two simple configurations: Two plates sharing 
a common edge, and two parallel plates. Solutions of the governing integral equations 
were found for a wide range of geometric and radiative conditions. A detailed interpre- 


tation is made of the resulis, and comparisons with the predictions from the simplified 
theory of uniform incident radiation are presented. 


Introduction 


| DETERMINATION of the radiant interchange be- 
tween nonblack surfaces is one of the fundamental problems of 
radiation heat transfer. The fact that such problems are en- 
countered in a wide variety of engineering and scientific situations 
has created the need for a calculation procedure which is both 
general and easy to apply. Such calculation methods for radia- 
tion between nonblack surfaces have been devised by Eckert 
and Drake, Ref. [1],' pp. 409-411 and by Hottel, Ref. [2]. Con- 
sideration has been given to a system of finite, gray surfaces each 
of which has uniform radiation properties and uniform tempera- 
ture. To achieve a relatively simple formulation which is suitable 
for wide application, it was necessary to make three basic assump- 
tions: (1) The reflection of energy from a surface is diffuse; 
(2) the emission is also diffuse; and (3) the energy incident on a 
given surface is uniform over all parts of that surface. The first 
of these means that the incidence angle at which energy impinges 
on a surface need not be considered. The second, coupled with 
the first, signifies that the angle factors commonly tabulated in 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society OF MecHANICAL ENGINEERS and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 
1960. Manuscript received at ASME Headquarters, January 
19, 1960. Paper No. 60—HT-4, 


Nomenclature 


the literature may be used for both reflection and emission. The 
third assumption, which is of greatest interest to us here, means 
that each surface may be treated as a whole, and no consideration 
need be given to energy transfers from different parts of that 
surface. Based on these simplifications, Eckert and Hottel 
present calculation methods from which radiation quantities can 
be found by solving a set of linear algebraic equations. In par- 
ticular, an over-all heat-transfer rate for each surface can be cal- 
culated. 

Now, turning in greater detail to the third assumption, it is 
easy to see that, except in the most elementary circumstances, the 
energy incident on a surface will not be uniform. For example, 
in the simple system of Fig. 1, the energy impinging on the lower 
plate due to emission from the upper plate will be substantially 
greater near the apex. So, since reality is commonly not in ac- 
cord with the assumption that the incident energy is uniform, 
there may be a question about the accuracy of the over-all heat- 
transfer rates computed from the simplified procedure. Further, 
if it is desired to know the variation of the local heat transfer over 
a given surface, then the assumption of uniform incident radia- 
tion can no longer be used. 

To lift this simplifying assumption, an analysis would have to 
be made of the energy exchanges at an infinitesimal area,? rather 


2 The formulation using infinitesimal areas would also permit con- 
sideration of a continuously variable surface temperature. 





surface area 


combined radiant flux (emitted 
and reflected) leaving a posi- 
tion z or y per unit time and 
area, radiosity 

angle factor 

radiant flux arriving at z per 
unit time and area 

spacing between parallel plates 

kernel of integral equation 

plate length 

over-all net heat-transfer rate 
per unit width 
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local net heat-transfer rate per 
unit area 

absolute temperature 

dimensionless co-ordinate, z/L 

co-ordinate measuring distance 
along lower plate 

dimensionless co-ordinate, y/L 

co-ordinate measuring distance 
along upper plate 

co-ordinate normal to the plane 
of Figs. 1 and 2 

gray body absorptivity, 1 — p 

dimensionless combined flux, 
B/eoT* 


a 
¢ 


Subscripts: 


spacing ratio for parallel plates, 
h/L 

opening angle between adjoint 
plates 

gray body emissivity, 1 — p 

gray body reflectivity, 1 —¢« = 
l—a 

Boltzmann’s const 


angle defined in Fig. 1 


lower surface 


upper surface 
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Fig. 1 Adjoint plate system 





Fig. 2 Parallel plate system 


than at a finite area as before. This more detailed analysis 
would lead to integral equations instead of algebraic equations, 
and the task of obtaining solutions would be more difficult. 
However, such a formulation would yield detailed information on 
the variation of the local heat transfer and also would provide 
more correct values for the over-all heat transfer from each sur- 
face. In addition, this type of analysis would provide the dis- 
tribution of the combined radiant flux (emitted plus reflected) 
leaving all points on a surface, and this knowledge is useful in 
pyrometry. A general formulation using integral equations can, 
in principle, be made for the radiant exchange between several 
gray surfaces and this has been done by Jakob, Ref. [3]. Un- 
fortunately, the difficulty of handling several simultaneous in- 
tegral equations significantly diminishes the utility of this method 
in engineering calculations. However, if consideration is given 
to simple geometrical configurations, then the detailed analysis 
can give valuable results of engineering interest without excessive 
computation labor; for example, see Ref. [1, 4, and 5]. 

In the present investigation, we turn to two basic configura- 
tions which have not heretofore been subjected to detailed 
analysis. The formulation is carried out taking into account the 
nonuniformity of the incident radiant flux over the surface, and 
the resulting integral equations have been solved for a wide range 
of geometrical conditions and emissivity values. Our goals in 
this study are twofold: First of all, we want to develop insight 
and intuition into how geometrical configuration and radiation 
properties effect the radiative exchange process and the surface 
distribution of the local heat transfer. It is hoped that the in- 
sights gained here will be useful in more complex problems. 
Second, to provide a body of basic engineering results, detailed 
presentation will be made of the variation of the local heat 
transfer. Over-all heat-transfer results will also be given. 

The two systems selected for study here are shown schemati- 
cally in Figs. 1 and 2. The first of these represents two plane 
surfaces, each of length L, sharing a common edge. The plates 
are of indefinite extent in the direction normal to the page. The 
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angle @ between the plates may take on various values. Each of 
the surfaces is gray. In the main body of the report, considera- 
tion will be given to the problem where both surfaces have the 
same uniform temperature and the same emissivity, and where 
there is negligible radiation inward from the environment. For 
such a situation, it would be desired to know the heat loss from the 
plates to the environment. Physically speaking, the configura- 
tion might represent a corrugated surface or longitudinal fins of 
high thermal conductivity radiating to an environment of rela- 
tively low temperature. Evidently, there are potential applica- 
tions to space technology. The generalization of the analysis 
and results to other surface temperature conditions and to a 
radiating environment is made in the last section of the report. 
The second system (Fig. 2) represents two parallel plates of length 
L and of indefinite extent normal to the page. Again, uniform 
and equal plate temperatures and emissivities are assumed along 
with a nonradiating environment. The system will experience a 
heat loss to the environment through the ends of the gap and this 
is a quantity which we will compute. The generalization to other 
thermal boundary conditions is made in the same manner as for 
the adjoint plate system. 


Analysis 


Governing Equations. Consideration will first be given to the laws 
of radiant interchange for the adjoint plate system depicted in 
Fig. 1. The general approach to the problem is that set forth by 
Eckert, Ref. [1], pp. 416-418, while a similar situation has been 
discussed in Ref. [6]. 

Utilizing Fig. 1, we direct our attention to a typical area dA, 
located at position z on the lower surface. The combined radia- 
tion flux per unit time and area leaving z is denoted by B(z). 
Now, this radiation is composed of two parts: emitted energy 
and reflected energy. The emission is given by the usual ex- 
pression 


eaT* 


To describe the reflection, we introduce the symbol H(z) to de- 
note the energy incident on dA, per unit time and area. Then 
the amount pH(z) is reflected. With this, the expression for the 
combined flux B becomes 


B(z) = ecT* + pH(z) (1) 


As it stands, equation (1) contains two unknowns, B and H. 
But, it is easy to see that the incident energy H(z) must be re- 
lated to the energy which leaves positions on the upper surface. 
To find this relationship, consider a typical area dA, at position 
y on the upper surface. The energy leaving this elementary area 
is 

B(y)dA, (2a) 


Of this, an amount 


B(y)dA AF ys 


(2b) 


arrives at z, where dF ,_, is the angle factor of dA, as seen from y. 
Now, using the reciprocity relation 
dA,dF,-, = dAdF,, 
equation (2b) becomes 
B(y)dA,dF,-, (2c) 


So, the energy impinging per unit area at z due to radiation leav- 
ing dA, at yis 


B(y)dF ,-, 


But, z receives energy from all positions y on the upper surface, 
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(2d) 





and the total amount is found by integrating equation (2d), 
giving 


=L 
H(z) = f"" BaP» (3) 


To evaluate the angie factor, we make use of a remarkably simple 
relationship from Jakob, Ref. [3], equation (31-58) 


1 
adF,-, = 2 d(sin ¢) (4) 


Then, turning to Fig. 1, it may easily be seen that 


ycos0—z 


Vy cos 0 — z)* + (y sin 6)? 





sing = 





So, with this, the incident flux H(z) may be expressed as 


1 L zy(1 — cos? @) 
H(z) = — B a 
@=> f Y) T+ y? — 2zy cos 0)” 


Finally, substituting this result for H into equation (1) leads to 
the governing equation for B as follows 





dy (3a) 


Biz) = eoT* + 
p(1 — cos? #) (2 zy 
ED B om f - .4 
- f pre parry 


or, in dimensionless form 





A(X) = 1+ 
_ 2 1 
pl = af B(Y) 
- 0 


Because of the geometrical and thermal symmetry (same tem- 
peratures and radiation properties), it is clear that the distribu- 
tion of the combined flux B (or 8) will be the same along the 
upper plate as along the lower plate. So, B(z) and B(y) are the 
same functions, only the independent variables have been inter- 
changed. Equation (7) is called an integral equation, because 
the unknown function 8 appears under the integral sign as well 
as in other parts of the equation. The factor 


XY 9 
[X? + Y? — 2XY cos 6] “ 





(7) 


XY 
[X? + Y? — 2XY cos 6]'/* 





is called the kernel of the integral equation. In this instance, the 
kernel is symmetric, since X and Y can be interchanged without 
any effect whatsoever. Inspection of equation (7) shows that 
there are two parameters to be prescribed: The opening angle 
6 which specifies the geometry and the reflectivity p(=1 — €) 
which specifies the radiative properties. It is interesting to 
notice that the temperature level does not appear, so, the solu- 
tion will apply to any temperature. As will be shown in the 
following section, the solution of equation (7) for B(X) provides 
the key to all other results of heat-transfer interest. But first, 
we turn briefly to the governing equation for the parallel plate 
system of Fig. 2. 

The derivation appropriate to the parallel plate system proceeds 
exactly as has been detailed for the adjoint plate system. ‘The 
only point of difference is that sin ¢ is evaluated in terms of 
the geometry of Fig. 2, yielding an expression somewhat different 
from equation (5). The parallel plate formulation has already 
been carried through in Ref. [7], with the result 
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x) =14% [' ay - dY (8) 
B( )= + 2 f, ( iv -xy4 yy)” 

The symbols have the same meaning as before, but now the 
geometrical parameter is y = h/L, which represents the ratio of 
gap height to length. The remarks made in connection with 
equation (7) also apply to equation (8). 

Although superficially, it would appear that the geometries 
considered here are two dimensional, they are in fact three di- 
mensional. Radiation coming from all z locations (z = normal to 
plane of Figs. 1 and 2) is included in the incident energy. Be- 
cause the plates are infinite in the z direction, then z does not 
appear in an angle factor dF,-,, and hence the third dimension 
plays a very passive role. However, for plates which are finite in 
the z direction, the angle factor would contain z, and the integrals 
in equations (7) and (8) would extend over both y and z. 

Heat-Transfer Formulas. It has already been remarked that once 
the combined flux B(z) has been determined, then all other re- 
sults immediately become available. First of all, the distribution 
of B is itself useful in pyrometry, since such instruments measure 
the combined (emitted plus reflected) radiant flux leaving the 
surface. Then the distribution H(z) of the incident energy can 
be obtained by rearrangement of equation (1) 

B-1 


B(z) — eoT* H(X) 

H 2 eee aos 9 
(x) coT* - (9) 

So, H is determined from 6 by a simple arithmetic operation. 
Next, the local heat transfer q may be computed as the differ- 
ence between the emitted and absorbed radiation. In mathemati- 

cal terms 

q = eoT* — aH (10) 
where a = € fora gray body. Replacing a by 1 — p and using 
equation (1), the expression for g can be rephrased as 
q=B-H (11) 


So, as expected, the net heat transfer is also the difference be- 
tween outgoing and incoming radiant fluxes. Introducing H from 
equation (9) leads to 

1 — Be 


1—e 


q 1 — Be 
eoT* p 





(12) 


In this form, the heat transfer is expressed as a ratio to the maxi- 
mum value it could attain if the surface were radiating directly 
to free space. The deviation of this ratio from unity represents 
the effect of the opposite surface and the multireflections in 
blocking the escape of radiation. From equation (12), it is seen 
that a simple arithmetic operation relates q to the solution 8 of 
equations (7) or (8). 

From the local heat flux g, the over-all heat transfer Q (per 
unit width) can be obtained by integration 


Q= } qdz 


Introducing dimensionless variables and using equation (12), the 
expression for Q becomes 


Q/L 


eoT* 


(13) 


1 
ine * paX 
p 


As a final word before leaving this section, it may be of interest 
to note how the governing equations (7) and (8) can be rephrased 
by using (12). Clearly, from equation (12), we can solve for 8B 
in terms of g. Then, in equations (7) and (8), 8 can be replaced 
in favor of g. So, if we please, we can work with integral equa- 
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tions for the local heat transfer rather than with integral 
equations for the combined flux 8 
Solutions. 


were obtained by numerical means 


and (8) 
For equation (8), a process of 


The solutions of the integral equations (7) 
iteration was used. Trial values of 8 covering the range 0 < } 
Then, for a fixed value of X, the integration on 
the right side of the equation was carried out numerically, and a 
new value of 8 corresponding to that X was obtained. This was 
repeated at 50 or 100 different X positions in the range 0 < X 


= = 


S 


1 were selected. 


1. In this way, a new set of 8 values was obtained and these then 
served as input values to the right side of equation (8). Each 
iteration thus required that the numerical integration be carried 
out 50 or 100 times. 


was achieved. 


The process was repeated until convergence 
Solutions were obtained for spacing ratios y = 
h/L of 1.0, 0.5, 0.1, and 0.05 for € values of 0.1, 0.5, and 0.9. The 
results corresponding to the solutions will be discussed later. 

An entirely different method of solution was used for equation 
(7). First of all, the equation was put into finite difference form. 
If nm mesh points are selected over the range 0 < Y,X < 1, then 
there are n unknown values of 8 and also n linear algebraic equa- 
tions. So, the system is completely determinate. For handling 
this finite difference problem, there was available a computer 
program for solving up to 50 algebraic equations with 50 un- 
knowns. It was found that this number of mesh points would 
provide an excellent solution for 8 at all locations except near 


X =0.' 


was used: 


To improve the accuracy there, the following procedure 
The solution was first established to be correct in the 
range 0.56 < X < 1 
concentrated in the region 0 < X 


Then the 50 unknown mesh points were 
0.5. From this, a correct 
solution in the range 0.25 < X < 0.5 was established. The 50 
unknown mesh points were then concentrated in the region 0 < 
X < 0.25. Utilizing this last solution, 8 values in the immediate 
neighborhood of X = 0 (i.e., up to X = 0.04) were obtained by 
extrapolation. It is expected that the numerical procedure just 
described provided solutions of equation (7) which were highly 
accurate over most of the plate surface, with the possibility of 
lesser accuracy only in the neighborhood of X = 0. The calcu- 
lations were carried out for opening angles 0 = 45, 60, 90, and 
135 deg for € values of 0.1, 0.5, and 0.9. 


tained will be discussed in a later section 


The results thus ob- 


In principle, either the iteration method or the finite difference 
procedure can be used for equations (7) and (8). The selection 
of calculation procedures in this investigation was made on the 
basis of availability of computing equipment and of availability 
of established computer programs. 

In comparing the relative utility of the two solution methods, 
consideration should be given to certain purely computing mat- 
ters such as the requirements of each method for high speed 
memory and for double precision routines, and their availability. 
Another factor to be considered is the initial knowledge about the 
solution which may be available, since a good “first guess’’ will 
influence the time required to get a solution by iteration. By 
and large, however, the finite difference method should be less 
costly in terms of machine time. 


Discussion of the Radiant Exchange Process 

Now, we proceed to look carefully at the results with a view to 
developing an understanding of the effects of geometry and 
radiation properties on the radiative exchange between the sur- 


faces. To facilitate this discussion and avoid involvement with 
an excess of numbers, we will deal only with those cases which 
are characterized by extreme values of the geometrical and radia- 
tion parameters. A full graphical presentation of heat-transfer 


results for all cases will be given later. 


*X = 0 isa singular point for any numerical calculation which uses 
a finite step size. 
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Attention is directed to the parallel plate system of Fig. 2. 
Table 1 lists the results for the combined radiant flux B leaving a 
position z, the incident flux H, and the local heat transfer q at 
z/L values between 0 and 0.5.‘ The listing is made for the 
largest and smallest spacings considered, h/L = 1 and 0.05, re- 
spectively, for ¢€ = 0.9 and 0.1. 

As a point of departure in our discussion, let us consider what 
radiation conditions would prevail in the simplest situation; 
namely, when the surfaces are black (i.e.,€ = a = 1, p = 0). 
hen the energy leaving any position X is due to emission alone 
(no reflections) and B/eoT* = 1 for all points along the surface. 
Next, to visualize the distribution of the incident energy H, we 
conceive of observers stationed at various X positions on the lower 
surface. Each observer sees two radiation regions within his 
field of view. One of these is the upper plate, which is uniformly 
radiating an energy B = oT; the other is the external environ- 
ment, which is radiating nothing. The amount of radiant energy 
incident on different positions along the lower plate thus depends 
on how readily the various positions see the upper plate. Utilizing 
Fig. 2, it is intuitively clear that an observer stationed at the 
mid-point (X = 0.5) feels the presence of the upper surface more 
than does an observer stationed at the end point (X = 0).6 As 
a consequence, the incident energy H is greatest at the mid-point 
and decreases toward the end points. Further, as the plates are 
brought closer together, the observer at the mid-point ex- 
periences a greater feeling of being closed-in by the upper plate. 
This feeling is not so strongly experienced by the observer at the 
end point, because about half his view is still toward the external 
environment. So, with decreasing spacing, it would be expected 
that both the level and the nonuniformity of the incident rad ‘a- 
tion would increase. Now, the local heat transfer is the difference 
between the emitted energy and the absorbed incident energy 
Having established that the incident energy can be highly non- 
uniform, it is clear that for a highly absorbing surface, the local 
heat transfer may also be significantly nonuniform. Since the 
incident energy is largest at the mid-point, the local heat flux will 
be smallest there. The discussion just concluded was prefaced 
by the assumption of black surfaces and hence only geometrical 
arguments were needed. However, we will also find these argu- 
ments helpful later, when consideration is given to the more 
complex situation of reflecting surfaces. 

With this as background, let us turn to Table l(a and )), 
which are for a highly absorbing surface, ¢€ = 0.9. The previous 
remarks made in connection with a black surface should apply 
approximately here. Looking first at Table 1(a), it is seen that 
the combined leaving flux B/eoT* is quite close to one and 
varies only slightly along the surface. The deviation from unity 
is due to the fact that a small amount of the incident energy is re- 
flected, p = 0.1. With respect to the incident energy H, there is 
a variation along the surface, with the largest incidence at mid- 
point and smallest at the end point. Because the surfaces are 
relatively far apart, the variation of H is not too large; but, for 
these highly absorbing surfaces it is sufficient to cause a 14 per 
cent variation in the heat transfer g. Now, in Table 1(b), the 
absorptivity is maintained at the same high value, but the spacing 
between the surfaces is sharply diminished. As expected from 
the previous discussion, the energy incident at all X positions has 
increased, and the over-all variation of the incidence is greater. 
The combined radiant flux B leaving the surface is still rather near 


‘The points from 0.5 to 1 are a mirror image of the tabulated 
values 

5 This can be shown rigorously as follows: The mid-point (X = 0.5) 
receives the same amount of energy from each of the regions 0 < Y < 
0.5 and 0.56 < Y < 1.0 of the upper plate. Theend point (X = 0) 
also receives this same energy from the region 0 < Y < 0.5. But 
because of the greater distances involved, a lesser amount is con- 
tributed to the end point by the region 0.5 < Y < 1.0. 
ergy is incident on the end point than at the mid-point. 


So, less en- 
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unity, but the small reflection of the higher and more nonuniform 
The local heat transfer is deeply af- 

The energy incident about the mid- 
point is sufficiently great so that the absorption almost equals the 
emission there. The very substantial variation in the heat trans- 
fer along the surface mirrors the large variation in the incident 
energy. 


incident energy is evident. 
fected by the closer spacing. 


So, we can once again generalize and say that, when 
the energy incident on a highly absorbing surface is markedly 
nonuniform, then the local heat transfer will also vary signifi- 
cantly over the surface. 

Now, let us turn to the situation where the absorptivity is low 
and the reflectivity high. Clearly, since the combined flux B 
leaving the surface is the sum of direct emission and of reflection, 
then the value of B/eaT‘ will be considerably in excess of unity. 
Further, a nonuniformity in the incident energy will also be 
strongly mirrored as a nonuniformity in B. Now, to visualize 
the effect of the highly reflecting surface on the distribution of 
incident energy, we conceive once again of observers stationed at 
various X positions along the lower surface. As before, there is 
the purely geometrical aspect of how readily a given X position 
But now, since the radiant flux B leaving 
the upper plate is nonuniform, there is the additional considera- 
tion of whether that part of the upper plate which is seen best 
from X is a location of high or of low B. Certainly, if all other 
conditions were equal, an X position which sees best an area of 
high B will experience a greater incident energy than will an X 
position which sees best an area of low B. 


sees the upper plate. 


It is easy to con- 
vince oneself that the B values on the upper surface are greatest 
around the mid-point and smallest near the ends.* So, the ob- 
server stationed at the mid-point of the lower surface not only has 
a very advantageous view of the entire upper surface in a geo- 
metrical sense, but also, he sees best that region of the upper sur- 
face with the highest B values. Quite the opposite is true for an 
observer stationed at the end point of the lower plate; he sees 
best that part of the upper plate which has low B values. 
this instance, the effect of the highly reflecting surface is to cause 


So, in 
the incident energy H(z) to be more nonuniform. Now, turning 
to the local heat transfer, it might be expected that the large 
But, 
the fact that the surface has low absorptivity and rejects a large 


variations in H would give rise to large variations in q. 


part of the incident energy tends to somewhat neutralize the 
large variationsin H. However, there can still remain significant 
nonuniformities in heat transfer. 

These remarks are numerically illustrated by reference to Table 
1. Comparing parts (6) and (d), it is seen that the nonuni- 
formity in both B and H is increased as the surface changes from 
highly absorbing to highly reflecting. Further, due to the pres- 
ence of the reflected energy, the level of B/eoT is substantially 
greater than unity, and this in turn is mirrored in an increase in 
the level of H/eoT*. On the other hand, the heat transfer is 
more uniform as the reflectivity increases. These various effects 
are demonstrated somewhat less dramatically by a comparison 
of Table Il{a and c), where the results for a much larger spacing 
are given. 

A discussion along similar lines might also be made for the ad- 
joint plate system of Fig. 1. But, because of space limitations 
and, also, to avoid the possibility of being repetitious, we are per- 
suaded to forego such a discussion here. 

Our whole purpose in this section has been to bring out some of 
the physical occurrences which control the radiant exchange be- 
tween surfaces. The parallel plate system with isothermal sur- 
faces was discussed not so much for its own sake, but rather be- 
cause it is a simple and convenient geometry which is conducive 
to demonstrating principles. The conclusions for this system may 


* For example, consider a transient process in which the plate tem- 
peratures are initially zero and are suddenly raised to 7’. 
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not apply to all other configurations, but the thought processes 
are still valid. 


Heat-Transfer Results 


Local Heat Transfer. We now turn to a detailed presentation 
of the heat-transfer results. The local heat transfer g has been 
computed from equation (12) by utilizing the solutions of the 
integral equations (7) and (8). The variation of q along the 
surface is shown graphically in Figs. 3 through 10; the first 
four of which pertain to the parallel plate system and the last four 
to the adjoint plate system. 

Attention is first directed to the results for the parallel plate 
system. Each of Figs. 3 through 6 corresponds to a different 
spacing ratio, with Fig. 3 representing the largest spacing, h/L = 
1.0, and Fig. 6 the smallest, h/L = 0.05. In each of the figures, 
there are curves for emissivity values of 0.1, 0.5, and 0.9. The 
emissivity also appears in the ordinate variable, and this should 
be considered in comparing the level of the curves. The abscissa 
range extends only over half the surface, since there is symmetry 
about z/L = 0.5. Looking first at Fig. 3 and taking note of the 
highly expanded ordinate scale, it is seen that the variation of the 
heat transfer along the plate is not very large for this relatively 
large spacing. As expected on the basis of previous discussion, 
the greatest nonuniformities occur for the most absorbent sur- 
From the results of Fig. 3, it might be concluded that, for 
configurations where h > L, the problem can be formulated on the 
basis that the heat transfer is uniform over the surface. But, on 
the other hand, as the spacing decreases, very large variations of 


laces. 


Table 1 Sampling of results for parallel plate system 


(a) r=1, € = 0.9, p= 0.1. 





0.1 0.2 0.3 





1.0401 | 1.0428 


-40087 -42822 


-63920 -61460 





b) y = 0.05, € = 0 





0.1 0.2 0.3 0.5 








1.1045 /|1.1091 | 1.1101 1.1105 


1.0434 |1.0907 | 1.1009 1.1049 


-0609 -0184 -0092 -00S56 





(c) ysl, €=0.1,9 #0. 





0.1 0.2 0.3 





1.5525 {1.5905 | 1.6196 | 1.6378 


-61588 | .65609| .68840/ .70869 


- 93862 -93441 | .93120]| .92911 





ad) y = 0.05, € = 0.1, p = 0.9. 
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Fig. 3 Local heattransfer results for parallel plate system with spacing 
ratio, h/L = 1.0 


Fig. 4 Local heot-transfer results for parallel plate system with spacing 
ratio, h/L = 0.5 


the local heat transfer over the surface do occur. The develop- 
ment of these nonuniformities may be traced in Figs. 4, 5, and 6 
Especially interesting is the fact that a large area about the mid- 
point may cease to transfer any appreciable amount of heat (e.g., 
see Fig. 6). Clearly, under these conditions, an analysis assum- 
ing uniform radiation conditions along the surface would be in- 
appropriate. For sufficiently small spacings, it would be ex- 
pected that the parallel plate configuration would behave like a 
semi-infinite gap (L = ~). The investigation of this matter is 
facilitated by replotting Figs. 5 and 6 with z/h as abscissa rather 
thanz/L. From this, it is found the results for € = 0.9 show very 
little dependence on spacing ratio, while those for € = 0.5 have 
only a slightly greater dependency. Based on this finding, it 
may be said that for e > 0.5, configurations having h/L < 0.05 
can be treated as semi-infinite gaps for heat-transfer purposes. 
For € = 0.1, it would appear that spacing ratios of 0.02 or 0.01 
would be required before the limiting behavior is achieved. 
Now, we proceed to the local heat-transfer results for the ad- 
joint plate system, which are shown in Figs. 7 through 10. Each 
of the figures corresponds to a given angle of opening between the 
surfaces. For all cases, the minimum heat transfer occurs at the 
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Fig. 5 Local heat-transfer results for parallel plate system with spacing 
ratio, h/L = 0.1 





Fig. 6 Local heat-transfer results fo: parallel plate system with spacing 
ratio, h/L = 0.05 


L 
Table 2 Over-all heat-transfer results, on 


(a) Parallel plate system (fig. 2). 


€=#0.5 


—_ * 
san ‘ 


Present | Simpl. 


0.3694 


€=0.9 


Ln 


Preseat | Simpl. 








0.3692 0.5500 


2747 2764 - 3658 


-07964 -08677 -09269 


-03388 -04128 | .04649/ .04751 





























(b) Adjoint plate system (fig. 1). 


€=#0.1 €=0.5 
paren: OTR: ’ 
Present | Simpl. | Present | Simpl. 


0.0992 











0.0992 0.480 | 0.480 


-0958 -0960 414 


-0909 -333 


























-0661 2277 «365 
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Fig. 7 Local heat-transfer results for adjoint plate system with opening 
angle,? = 135 deg 


5 6 8 9 
aft 


Fig. 9 Local heat-transfer results for adjoint plate system with opening 
angle, 0 = 90 deg 


apex (z = 0), while the greatest heat transfer occurs at the ex- 
posed end (x = L). Looking first at the results for the largest 
opening angle, 135 deg, as shown in Fig. 7, it is seen that the heat- 
transfer variation is quite small indeed, thereby indicating that 
there is little communication between the two plates. Again, the 
greatest nonuniformity occurs for the most absorbent surfaces. 
As the opening angle decreases and the plates see more of each 
other, the variation of the heat transfer over the surface becomes 
more pronounced, while the general level of the heat transfer 
diminishes. The smallest opening angle for which we were able 
to get solutions was 45 deg; and, as can be seen by comparing Fig. 
10 with Figs. 5 and 6, this is not as extreme a geometry as we were 
able to study for the parallel plate system. 

Over-all Heat Transfer. With the local heat transfer at our dis- 
posal, the over-all heat transfer may then be computed by direct 
integration. Results obtained in this way are listed in Table 2 
under the heading Present.?_ The tabulation presents the values 
of Q/LoT*, where Q is the over-all heat transfer per unit width 
normal to the page. 

For the parallel plate system, Table 2(a), it is seen that the 
over-all heat transfer decreases with decreasing spacing and de- 
creasing emissivity, and this is what would be expected from 
physical reasoning. 


7 To indicate that they are from the present analysis. 
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Fig. 8 Local heat-transfer results fo: adjoint plate system with opening 
angle, 0 = 60 deg 
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Fig. 10 Local heat-transfer results for adjoint plate system with opening 
angle, 0 = 45 deg 


The results for the adjoint plate system are given in Table 2(b). 
The over-all heat transfer is seen to decrease as the opening angle 
decreases; but here, the changes are not as dramatic as those 
noted for the parallel plate system where more extreme geometries 
were studied. The effects of opening angle are seen to be more 
significant for the more absorbent surfaces. 

It is interesting to see how these results, computed from solu- 
tions of integral equations, compare with the predictions of the 
simplified theory which assumes that the incident energy is uni- 
form over the surface. A derivation utilizing the simplified theory 
as given by Eckert (Ref. [1], pp. 409-411) leads to the following 
expression for the over-all heat transfer 


Q/L 
oT* 


. i -F) (14) 
1 — pF 


where the view factors F appropriate to the parallel plate and 
adjoint plate systems are, respectively, given by 
FeVit+y-y¥ 
F = 1 — sin 0/2 


(14a) 
(14d) 
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The heat-transfer results as given by equations (14) has been 
listed in Table 2 under the heading Simpl. Now, proceeding to 
the comparison, we turn first to the parallel plate system, Table 
2(a Here, it is seen that the over-all heat-transfer predictions 
of the simplified theory are remarkably good for the spacings 
h/L = 1.0 and h/L = 0.5. As the spacing decreases, the pre- 
dictions of the simplified theory becomes less accurate. These 
inaccuracies manifest themselves more strongly for highly reflec- 
tive surfaces because, as was previously noted, the nonuniformi- 
ties in incident energy are greatest under these conditions. For 
highly absorbing surfaces the inaccuracies are quite small even 
at a spacing h/L = 0.05. On the whole, the performance of the 
simplified theory is better than one might have expected after 
having seen the local heat-transfer variations of Figs. 3 through 
6. It is also interesting to note that the simplified theory 
overestimates the over-all heat transfer. To continue the com- 
parison, consideration is next given to the adjoint plate system, 
Table 2(b). It is seen that while there is a trend toward less 
accuracy at smaller opening angles, it must be said that the 
over-all heat-transfer predictions of the simplified theory are 
adequate for all the cases considered here. It would be necessary 
to go to much smaller opening angles to achieve large inaccuracies. 

So, it must be concluded that in spite of large variations in the 
local heat transfer, the simplified theory which assumes uniform 
conditions leads to surprisingly good over-all heat-transfer pre- 
dictions. 

Results for More Open Configurations. 
the variation of the local heat transfer gq along the plate decreases 


As has already been noted, 


as the configuration becomes more open (i.e., increasing h/L and 
6 For values of h/L and @ larger than those considered here 
i.e., h/L > 1 and @ > 135 deg), the variations are sufficiently 
small so that the results of the simplified theory as embodied in 
equations (14) are probably adequately accurate for most ap- 
plications. If greater accuracy is desired, then a computation 
based on the variational method of Ref. [7] (using a quadratic 


ipproximation) can be used. 


Application to Other Boundary Conditions 


We now proceed to show how the results which have been pre- 


sented for surfaces with equal and uniform temperatures may be 
itilized for other boundary conditions. First, consideration is 
given to the situation where the two surfaces are maintained at 
different, but uniform temperatures. The following discussion 
applies to both the parallel plate and adjoint plate systems, but 
the derivation is carried through for the latter because the 
necessary equations are already available in the paper. Suppose 
that the lower plate has a temperature 7; and the upper plate a 
temperature 7;, while both surfaces have identical gray body 
emissivities. Retracing the steps in the derivation of equations 
, it follows that for the lower surface 


1 — cos? 6) L 
= eo7T;* + Ma = [ BA y)K(z2, y)dy 
/0 


(1) through (6 


Biz 
» 


while for the upper surface 


= p(l — cos* @) L ‘ 
By) = eoT;' + B,(2)K(2, y)dz (15d) 
0 


» 
where K is the kernel of the integral. In this instance, the com- 
bined flux B will be different on the lower and upper surfaces, 
and so, subscripts 1 and 2 have been added. Inspection of these 
equations indicates that simultaneous solution is required. Also, 
it would appear that the problem would have to be solved for each 
pair of temperatures 7’; and 7; which might be of interest. How- 
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ever, the situation is much simplified by consideration of the 
following subproblems: (a) A situation where both surfaces are 
maintained at temperature 7;; and (b) a situation where the 
lower surface is at zero temperature while the upper is at (72‘ — 
T;*)'/*. The governing equations for these subproblems are: 
(@) 


(1 —¢ .2 6) L E 
a f B,.Ay)K(2, ydy (16a) 
0 


B,..(z) = eoT,* + 


B, a= B, a (166) 


(1 — cos? @) L , 
B,.(z) = x — f Bz»(y)K(2, y)dy (17a) 
0 


9 


1 — cos? @) L y 
B, a y) = eo' T:* - T;*) + Gi = oe ¢ f B, a r= K(z, y)dx 
0 


(17b) 


Noting that B, = B,,, + Bi, and B, = Bz, + Bz», it is clear 
that adding together equations (16a) and (17a) will yield (15a), 
while adding equations (16) and (176) will yield (15b). So, the 
original problem may be replaced by the two subproblems. But, 
the first of the subproblems as represented by equations (16) has 
already been handled in the foregoing part of the report. Solu- 
tions of the governing integral equations have been obtained for 
all values of temperature by using a variable B/eoT*. For the 
second problem as represented by equations (17), the same 
desirable state of affairs may be achieved by using a variable 
B/\eo(T:* — T;*)]. This removes the temperature from the 
problem. So, as soon as solutions for the thus modified equations 
(17) are available, they may be added to those which have been 
given in this report. In this way, results may be obtained for 
any pair of unequal, but uniform surface temperatures. 

This additive procedure can also be used to take account of 
energy radiated from the external environment to the surfaces. 
In this instance, a solution would be obtained for the problem 
of external radiation to surfaces of zero temperature. Then this 
solution would be added to those already described above. 

If the two surfaces do not have the same emissivity values, the 
procedure of adding together fundamental solutions still applies. 
However, it is clear that the subproblems involved there are not 
the same as for the situation where the emissivities are equal. 

Thus far, this discussion has been directed to the situation 
where the surface temperatures are uniform. For nonuniform 
surface temperatures, equations (15a) and (15d) still apply, but 
now it is understood that 7, = 7,(z) and T, = Ty). In this 
instance, where specific temperature variations are involved, the 
subdividing procedure previously described yields no advantage. 
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Radiative Transport Within an 
Ablating Body 


The emission and reabsorption of thermal radiation within a semitransparent ma- 
terial provides a mechanism which supplements ordinary thermal conduction in trans- 
porting energy from hotter to colder regions. A method has been developed for the calcu- 
lation of net radiative flux and temperature distribution within a semi-infinite body 
which emits, absorbs, and scatters this radiation and which allows some radiation to 
escape from its surface. 

This method has been applied to the problem of calculating temperature distributions 
within bodies in steady-state ablation. The bodies are characterized by their refractive 
index, surface reflectivity, absorption and scattering coefficient, ablation velocity, and 
surface temperature as well as by their heat capacity and thermal conductivity. Numert- 
cal results are presented for the temperature distribution with various values of these 
parameters. As a result of this analysis, simple formulas are presented for the tem- 
perature distribution very near the surface of an ablating body which are particularly 
useful in predicting the temperature distribution tn the ‘‘liquid layer’’ of a glassy ablating 
body. These simple formulas are presented for two limiting cases: Case I, in which 
the liguid layer is so thin that it ts almost completely transparent to radiation, and Case 
IT, in which the radiation mean free path 1s so short that radiative transport can be com- 
pletely neglected in determining the temperature distribution in the liquid layer. Also 
resulting from this numerical analysis is a simple relation between the ablation rate 
and the emisstve power of a body in steady-state ablation. 

The concept of effective conductivity 1s extended to scattering media. It is noted that 
this concept fails whenever the temperature or optical properties of the medium change 
appreciably within one radiation mean free path. In particular, the optical proper- 
ties change discontinuously at any boundary. Thus, in general, the effective conduc- 
tivity concept fails near a boundary and results in completely wrong answers for the 
temperature distribution in the liquid layer. 


LEO P. KADANOFF 


Associate Scientist, 
Avco-Everett Research Laboratory, 
Everett, Mass. 


Introduction liquids with viscosities which are very strong functions of tem- 
perature. In the ablation of such a material the temperature is 
highest right at the surface and most of the flow occurs within 
a very small region near the surface. This region is called the 
liquid layer. In order to predict how much material will flow 
under a given set of heating conditions, it is necessary to know 
the temperature distribution in the liquid layer. Furthermore, in 
order to design a structure which is to undergo ablation, it is 
necessary to know the temperature distribution throughout the 
entire ablating body. This paper will be concerned with the gen- 
eral problem of determining temperature distributions throughout 
ablating bodies. However, because the temperature distribution 
in the liquid layer is so important in determining how much ma- 
terial will flow away, particular concern will be given to the very 


I. RECENT YEARS, much attention has been focused 
upon the ablation of glassy materials [1, 2, 3].? 


When a glassy 
material such as quartz or pyrex is subjected to a large incident 
flux of heat energy it ablates, i.e., it absorbs a large amount of 
energy by partially vaporizing and partially flowing away. This 
is a very efficient way of absorbing a large flux of heat energy 
with a small mass of material. These glassy materials are all 

1 This work was sponsored by the Ballistic Missile Division, Air 
Research and Development Command, U. 8. Air Force, under Con- 
tract AF 04(647)-278. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society or MECHANICAL ENGINEERS and presented at the ASME- 


AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 
1960. Manuscript received at ASME Headquarters, August 18, 1959. 
Paper No. 60—HT-2. 


Nomenclature 


special problem of determining the temperature distribution 
within the liquid layer of glassy ablating bodies. 
When the ablation material is opaque, the standard techniques 





heat capacity per unit volume 

flux of radiative energy 

dimensionless radiative flux: 
F/CoT, 

upper limit on f in steady-state 
ablation 

intensity of radiation traveling energy flux 

with direction cos u incident 


radiative intensity energy 
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value of J in complete thermody- 
namic equilibrium: 

dimensionless radiative intensity 

thermal conductivity 

thermal diffusivity: 

refractive index 


flux of 


flux of radiative energy emitted 
in*aT* from surface: eo7';‘ 
reflectivity of surface for inter- 
nally produced light 

K/C 

temperature 

time 
aerodynamic ablation velocity 
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of heat conduction analysis suffice to determine the temperature 
distribution within the ablating body. However, many glassy ab- 
lation materials are semitransparent. In the course of the ablation 
process, a considerable amount of radiation can be emitted within 
an ablating body, because such a body can get extremely hot. 
(For example, quartz can get as hot as 2700 deg K in the course of 
ablation [2, 3].) The radiation which is emitted within the ablat- 
ing body can travel some distance before it escapes from the sur- 
face of the body or is absorbed. The net effect of all of this is 
that the radiation acts to transport energy from hotter to colder 
regions. In particular, the hot region near the surface is cooled 
by the escape of radiation into the cooler interior regions and into 
the external gas, while the cooler portions of the ablating body 
are heated by radiation coming from the hotter portions. In this 
way, the presence of internally produced radiation may materially 
affect the temperature distribution in the entire ablating body. 

If there is no scattering of the radiation produced within the 
ablating body, there are well-known techniques [4, 5] which can 
be adapted to the problem of predicting the temperature distribu- 
tion in the presence of the radiation. In the presence of scatter- 
ing, however, it is very much more difficult to determine these 
temperature distributions. In this paper, we shall be mainly 
concerned with the effect of radiative transport upon temperature 
distributions in ablating bodies in the presence of a large amount 
of scattering of radiation. First, we shall develop general tech- 
niques for the prediction of temperature distributions in semi- 
transparent bodies which emit, scatter, and absorb radiation and 
which have a surface which permits the escape of radiation. These 
techniques are sufficiently general so that they may be applied to 
all sorts of problems involving radiative transport of energy 
within a hot body, ablating or nonablating, steady-state or time- 
dependent. Then these techniques will be applied to the par- 
ticular problem of determining temperature distributions in 
bodies in steady-state ablation. Finally, we shall turn our atten- 
tion to the very important problem of estimating the tempera- 
ture distribution within the liquid layer of glassy ablating ma- 
terials. 


importance of Internal Radiative Transport in Determining 
Ablation Rates 


Before we embark on a consideration of the general problem of 
the calculation of temperature distributions in the presence of 
radiative transport, it might be instructive to see the great im- 
portance of this transport in one practical situation—the deter- 
mination of the ablation rate of quartz. 

As mentioned previously, the ablation rate, i.e., the rate at 
which material is removed from the surface of the ablating body, 
is largely determined by the temperature distribution very near 
the surface. If the temperature drops off very sharply at the 
surface of the ablating body, then the liquid layer will be very 
thin. In this case, very little hot quartz will flow; it will almost 
all vaporize. On the other hand, if the temperature drops off 
very slowly from its maximum value at the surface, then the 
liquid layer will be comparatively thick. Then the quartz will 
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Fig. 1 In this figure, the ablation velocity divided by the incident flux of 
aerodynamic heat for the stagnation point of bodies in steady-state abia- 
tion is plotted against the emissivity times the square root of the nose radius. 
Theoretical curves for the two limiting cases of an opaque or a transparent 
liquid layer are compored with experimental points determined in the 
Avco-Everett Research Laboratory arc wind tunnel. This figure is adapted 
from Ref. [2]. 


tend to flow rather than vaporize. However, a large amount of 
energy is absorbed in the vaporization process. Consequently, 
the rate of ablation will be much larger when the temperature 
drops off slowly than when the temperature drops off very 
sharply. 

As we shall see in detail, the radiative transport of energy within 
a semitransparent ablating material will considerably modify the 
temperature distribution within the liquid layer. In order to see 
the importance of this effect in determining the rate of ablation, 
we shall compare the results of two different calculations of the 
ablation rate in quartz: One calculation in which internal radia- 
tive transport is included and another in which the internal trans- 
port is neglected and the radiation is treated as if it were com- 
pletely produced at the surface of the ablating body. 

In the calculation in which radiation transport is included, it is 
assumed that the liquid layer is so thin that it is completely 
transparent to radiation. We shall refer to this situation in which 
the liquid layer is so very thin as Case I.* If radiation transport 
is to be neglected in the calculation of the temperature distribu- 
tion through the liquid layer, the radiation mean free path must 
be so short that even the very thin liquid layer is almost com- 
pletely opaque to radiation. We shall refer to the latter situation, 
in which it is valid to treat the ablating body as a completely 
opaque object which emits radiation from its surface, as Case II. 
In either case, the radiation which is emitted from the surface of 
the ablating body slows down the ablation process; but, in Case 
I, the slowing is much more pronounced. To see this, we plot in 


* This liquid layer is very thin in glassy ablation materials because 
the viscosity is typically a very strong function of temperature. For 
example, in quartz the viscosity varies as T™ in the interesting tem- 
perature region, 7’ ~ 2700 deg K [2, 3]. 





distance from interface 


dimensionless distance: zv/k 

dimensionless effective radiation 
mean free path: v/(ka) 

reciprocal radiation mean free 
path 

thermal thickness in liquid layer; 
6,~' is defined as the average of 
—(1/T)dT /dz) in the liquid 
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Subscripts 


dimensionless temperature 7'/7'; 

emissivity 

emissivity of a body with con- 
stant temperature 

ratio of aerodynamic heat input 
with and without ablation 


A = absorption 


effective 

gas-liquid interface 

indicates a quantity computed by 
using a temperature distribution 
in which radiation was ne- 
glected 


radiation 
scattering 
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Fig. 1 the ablation velocity v (i.e., the velocity at which the sur- 
face of the ablating object is receding due to vaporization and 
flow of hot material) divided by the incident flux of heat energy ¢o 
against emissivity for these two cases. Here, the emissivity is 
defined as the ratio of the flux of emitted radiation gz to the flux 
which would be produced by a black body whose temperature was 
the surface temperature of the ablating body. Experimental 
points are also included in this figure. Since independent meas- 
urements indicate that the liquid layer is quite transparent, i.e., 
Case I holds, the theory and experiment agree quite well. 

The striking difference between the ablation rate for Case I 
and Case II is entirely due to the difference in the temperature 
distribution in the liquid layer in these two cases. Since in Case 
II the material is so opaque that the internal radiative trans- 
port can be entirely neglected, the difference between these cases 
represents the effect of the internal transport upon the rate of 
ablation. Since this effect can be quite large, it is quite im- 
portant.to consider methods of computing temperature distribu- 
tion in which the effect of internal transport of radiative energy is 
included. We now turn to a consideration of such methods. 


TEMPERATURE DISTRIBUTIONS WITHIN 
ABLATING BODY 


Generalized Heat Conduction Equations 


First of all, we must extend the ordinary heat conduction equa- 
tion to include the effects of the motion of the boundary of the 
ablating body. In a semi-infinite ablating body, the heat conduc- 
tion equation takes the form [1]: 


re) re) oT 
— (CT) =— (x — + CvT 
ot oz oz 


Here z is the distance from the interface, ¢ is the time, C is the 
heat capacity per unit volume, and K is the thermal conductivity. 
The quantity v is the ablation velocity, which is usually desig- 
nated by v,[1, 2, 3]. We are in a co-ordinate system which is 
fixed with respect to the ablating surface. In such a co-ordinate 
system, when there is no radiation present, the total flux of energy 
is made up of two parts. First, there is the flux of energy carried 


7 


- _o F 
by thermal conduction, -K —. Then there is the flux of energy 
xr 


carried by the hot material —Cv7’. We shall refer to the latter 
as the convective flux. The heat conduction equation represents 
an energy balance equation in that it says that the rate of change 
of the energy stored in any volume is equal to the net flux of energy 
into that volume. 

In order to take into account the presence of internally pro- 
duced radiation in the ablating body, we must add the flux of 
radiative energy to the other energy fluxes which appear in the 
heat conduction equation. We shall represent this flux of radia- 
tion by the symbol F and count a positive flux to be one which is 
traveling into the body. When this flux is included, the heat 
conduction equation takes the form [6]: 


re) ) oT 
— (CT) = — | K—+CT -—F 1 
oe (C7) oz ( oz = ) (1) 

If the ablation has been proceeding at a constant rate for a long 
time, the temperature becomes a function only of distance from 
the interface z and not of time ?#. If, also, the temperature is 
zero in the depths of the material, then Eq. (1) may be integrated 
to give: 

oT 


. er eee SF (1a) 
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At the gas liquid interface we have —F; = qp, the flux of radia- 

tion emitted from the surface. The minus sign comes from the 

fact that we have defined a positive flux of radiation to point 

into the material. Consequently, at the surface of the ablating 
body Eq. (1a) reduces to 

dT 

—K ry “we CT; + dr 


(16) 


Determination of Radiative Flux: Basic Equations 


In order to solve energy balance equation (1) we need to know 
F, the flux of radiative energy. If the ablating body is semi-in- 
finite, with a temperature distribution dependent only upon time 
t, and upon the distance from the gas-liquid interface z, and if all 
of the optical constants of the body are independent of wave 
length, then we can describe the radiation in the body by /,,(z, t). 
Here, J, is the intensity of radiation traveling with a direction 
cosine yp relative to a normal to the surface. See Fig. 2 for a de- 
scription of this co-ordinate system. 


\ 
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Fig. 2 The co-ordinate system used in this work. Here w is a unit vector 
In the direction of travel of the radiation, i is a unit vector directed in- 
wardly from the surface. The direction cosine yu is defined by u = wei. 


We shall assume that within the ablating body light may be 
emitted, absorbed, or scattered isotropically. The isotropic 
scattering is described by a scattering coefficient a, which is the 
probability per unit length for scattering of radiation. The ab- 
sorption is described by an absorption coefficient a, which is 
a probability per unit path length for absorption. The total rate 
of emission of radiation per unit volume is given by 4a,4n*oT7"* 
[7]. Here n is the refractive index, o the Stephan-Boltzmann 
constant, and 7’ the local temperature. 

In terms of these constants, J,, can be shown to satisfy the equa- 
tion [8]: 


1 
1 
—a,(I, — 2n*eT*) — a, (:, - af at,) (2) 


for the case in which the velocity of light is much greater than 
any other velocity which appears in the problem. Eq. (2) says 
that a beam traveling with direction cosine yu is decreased in in- 
tensity due to the absorption of radiation in that beam (—a,/,) 
and due to the scattering of radiation out of the beam (—a,/,). 
On the other hand, the beam is enhanced in intensity due to the 
production of thermal radiation (2a,n%07*) and due to the 
scattering out of beams traveling in other directions 


(a,1/2 ae du'l,'). 


To supplement Eq. (2), we need a boundary condition for J, 
at the gas-liquid interface. This boundary condition is the state- 
ment that the reflectivity of the surface for internally produced 
light impinging upon the interface with direction cosine p is R,. 
Hence we have: 


In|, = Rel-als for u > 0 (2a) 
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as our boundary condition for Eq. (2). This equation, with 
boundary condition (2a), can be solved quite explicitly in the case 
in which there is no scattering, a, = 0. However, when scattering 
is present, this equation presents extreme difficulties. In order to 
obtain an approximate solution of Eq. (2), in the case a, ~ 0, we 
shall base our treatment upon the diffusion approximation which 
was devised to deal with problems in Astrophysics and Neutron 
Transport s, v 

In our discussion of approximate solutions of Eq. (2), there are 
two quantities which will prove particularly important to us. 
The first of these is the net flux of radiation F which we have 
already introduced in Eq. (1 This flux is defined by F = 


1 
f dupl,. In complete thermodynamic equilibrium, /, be- 
-1 


comes independent of uso that F vanishes. The second quantity 
of interest to us is the total intensity of radiative energy J de- 
fined by = f 
J = 


symbol J, 


1 
dul,. In complete thermodynamic equilib- 


rium, in*oT*. Because of this, we denote 4n*a7* by the 
One simple relation between these quantities is provided by 


integrating equation 2) with respect to yu. This gives: 


oF 
= —a,(J — J 


2 (3) 
or 


his is an exact relation. We would like to see if we can get 
another approximate relation between J and F in order to reduce 
the ‘ ategral equation (2) to differential equations since differential 
equations are much easier to handle than integral equations. A 
method for performing this relation is provided by the well- 
known diffusion approximation 


The Diffusion Approximation 


To derive the equations of the diffusion approximation [9] we 


multiply equation (2) by w and integrate over uw. This gives: 


> l 
Or =} 


However, we may note that if there is much more scattering 
than absorption, if temperature changes very little in a scatter- 
ing length, and if we are far from the surface, then, the angular 
distribution of radiation is approximately isotropic. In that case, 
2J +(? 2)F yu, 


Substituting this into Eq. (4 


we may expand J, in powers of u getting: | on 
if we cut off at order u we get the 
approximate expression: 


. (4a) 
Ha, + a,) Or 


We have derived relation (4a) on the basis of the assumption 
that we are at a distance much greater than 1/a, from the surface. 
In this region, we cannot assume that the radiation is approxi- 
mately isotropic since the presence of the surface introduces a 
sharp distinction between the radiation traveling toward the sur- 
face and the radiation traveling away from the surface. Because 
of this, we shall assume that the radiation near the interface is 
uniformly distributed in the hemisphere traveling away from the 
surface (4 > 0) and also uniformly distributed in the hemisphere 
traveling toward the surface (u <0). In other words, we set 
[, = 1> for p>O andl, = 1 < for up <0 
I> =J/2+ Fandl< =J/2-—F 

+) we again get Eq. (4a 
right 


This gives us 
Substituting this into Eq. 
This is a justification for using Eq. (4a 
ip to the surface of the ablating body. Furthermore, Eq. 
(4a) is one of the well-known equations of the diffusion approxi- 
mation in the limit of a,/a, > 1 and has been justified by much 


experience particularly in neutron diffusion studies. 
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However, we still need a boundary condition relating J and F 
at the interface. We obtain this by considering the exact condi- 
tion (2a) and assuming that, because of the presence of a large 
amount of scattering, the light striking the interface is almost 
isotropic. This means that for u < 0 we set /, = J<, independent 
of uw. Using Eq. (2a) we obtains = R,Jz atx = 0. This gives: 
F,= a - he and J; = (1 + °R)l< where ‘’R = of, du uk, 


1 
and °R = f, duR,. Now we have our boundary condition 


F _- ow fg (4b) 
+ °R 
Now Eas. (3), (4a), and (4b) together enable us to obtain J and 
F as a solution of differential, rather than integral equation. It 
should be stressed, however, that these equations only hold if 
a,/a,< 1 and also if 


Liaw, 
a,J,m| 


Determination of Radiative Flux: Integrated Forms 

With the aid of Eqs. (3), (4a), and (4b), we can determine the 
flux of radiation which results from a given temperature distribu- 
tion. We write this flux in terms of J, = 4n*o7 in the form: 


F(z) 


where 
1—’R 


2a, 1+ °R 


1 — Rou 7 a 
1+ Rete 


(5a) 


a? = 3a,(a4 + @,) 


(5b) 


To understand the physical meaning of relation (5), we note 
that the first term in this relation represents the flux of radiation 
at z which was emitted nearer the surface than z and traveled 
toward the depths of the body. The second term represents 
radiation emitted in the depths and traveling toward the surface. 
The last term represents the contribution to F of radiation which 
was reflected at the surface. 


Equation (5) states that each unit volume emits radiation into 


. as : ; , 
a hemisphere at arate — J,. In traveling from z’ to z this radia- 


tion is attenuated by e~ *7*~7', 


Hence the quantity 1/a can be 
This effec- 


tive mean free path decreases with increased scattering [see Eq. 


thought of as an effective radiation mean free path. 


(5b)) because the scattering makes the photons travel in a zig-zag 
path. The more scattering, the more twisted the path. However, 
if the path is very twisted, a photon is likely to be absorbed very 
near where it was emitted. Thus the light appears to travel a 
shorter distance due to the presence of the scattering. 

The quantity R,, in Eq. (5) represents the effective reflectivity 
of the surface. This quantity decreases as the amount of scatter- 
ing (a@,/a@,) increases. This decrease comes about because of the 
fact that in the presence of scattering, a single photon may get 
many chances to escape from the surface. It may hit the surface, 
be reflected, and then be scattered back into the surface and 


escape. Hence the effective transmissivity of the surface is in- 
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creased by the presence of scattering so the effective reflectivity 
of the surface is decreased. Fig. 3 indicates how the effective 
transmissivity of the surface 1 — Res, increases with an increase 
in a,/a,. 

Note that Eq. (5) does not apply to the case in which there 
is no scattering at all in the ablating body (a, = 0). In that 
case, Eq. (5) would be replaced by an analogous equation of the 
form [5, 8] 


7 4 a, ’ as ’ 
F(z) = dz’ — J (z’) du exp} — (x — 2’) 
0 2 0 be 

-) 1 a 
-f dx’ 442") f in exp | - “4a - 2 
0 3.7 0 lad 
a , a 
zo f dz’ ta42') | dpR, exp | - 4 (x + “| 
0 2 0 M 


It is not at all surprising that Eq. (5) does not apply to the case 
a, = 0, since the derivation of that equation is based upon the 
assumptions that a, is large enough so that a, > a, and a, > 
| av 
|\J, OO 
approximation for the radiative flux and Eq. (5c) is a very poor ap- 
proximation for this flux. In the opposite case, in which a, > 
a,, Eq. (5c) is a better approximation than Eq. (5). In this 
paper, we shall only concern ourselves with situations in which 
Eq. (5) may be used; but, much of the analysis would be very 
similar if Eq. (5c) were applicable rather than Eq. (5). 


| | 
| 
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‘|, If these conditions are satisfied, Eq. (5) is a very good 
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Fig. 3 Increase in effective surface transmissivity with an increase in 
a,/aa for the case in which R = °R = 'R 


Emission of Radiation From the Surface of the Ablating 
Body 


The total flux of radiation emitted from the surface of the ablat- 
ing body, gp can be obtained from Eq. (5) by simply noting that 
dre = —F(x =0). If we define the emissivity of the ablating body 
by dg = €oT';* we discover that 


"  (T(2')\4 . 
€ = €max @ dz a ear 
0 T; } 


where €max is the emissivity which would exist where the body 
at a constant temperature 


at, 


€max = (il — Rees) = n? (6a) 


a 


Here €nax is the largest value that the emissivity can have so long 
as the temperature in the interior of the body is not higher than 
the temperature at its surface. We can note from Eqs. (5a) and 
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Fig. 4 Decrease in émax, the emissivity for a body at constant tempera- 
ture, with increase of w,/aa for the case in which R = °R = 'R 


(6a) that even though (1 — R,+;) increases with increased scat- 
tering, the emissivity decreases as the amount of scattering in- 
We indicate the form of this drop-off in Fig. 4. This 
decrease in the emissivity with increased scattering is caused 
by the fact that as the scattering increases, fewer photons can 
get from the depths of the medium to its surface and hence fewer 
are observed to escape. This effect more than compensates for 
the increase in the effective surface transmissivity with increased 


creases. 


scattering. 

We can also note from Eq. (6) that the emissivity is reduced if 
the temperature distribution drops off in space. The more 
rapidly the temperature drops off as we go away from the inter- 
face, the lower is the emissivity. We will discuss the effect in 
more detail below. 


Temperature Distributions in Steady-State Ablation 


If ablation has been proceeding at a constant rate for a long 
time the temperature 7’ becomes only a function of z, the distance 
We shall solve for the 
steady-state ablation with the 
boundary conditions T(z = 0) = T;and T(z = ~) = 0. But, 
before we do this let us analyze the quantities which affect the 
temperature distribution. 


from the interface, and not of time t¢. 


temperature distribution in 


First of all, the surface temperature 7; is the maximum tem- 
perature which appears in a body in steady-state ablation 
Because of this, we find it useful to define a dimensionless tempera- 
ture 6 = 7'/T, so that at the interface 9 = 1. Second, there are 
two lengths which naturally enter into this problem: k/v and 
(Here k is the thermal diffusivity K/C.) The first of these 
is a natural measure of the distance over which the temperature 
drops; the second is the effective radiation mean free path. It is 
quite natural to measure all lengths relative to k/v. Conse- 
quently, we define a dimensionless distance y = xv/k. In this 
dimensionless notation, the radiation mean free path is yp = 
v/(ka). 


1/a. 


Alternately, yz is the ratio between the radiation mean 
free path and the characteristic distance k/v. 

Furthermore, we note that there are two characteristic energy 
fluxes for steady-state ablation: the maximum convective flux, 


A 


9 
= . , — “a 7 
CoT,; and the maximum possible radiative flux —“ n*o7;*. It 
a 


is convenient to measure the flux of radiation relative to the maxi- 
mum convective flux by defining a dimensionless radiative flux, 
f = F/(CoT;). The maximum possible radiation flux, measured 
; 2a, n®oT';4 
a CoT; 
dimensionless measure of the importance of radiation in deter- 
mining the temperature distribution. Finally, it is also con- 


in this dimensionless way is: Here, f is a 
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venient to define a dimensionless radiation intensity ; = —* ——. 
a CoT, 
In terms of these dimensionless quantities we can rewrite the 
steady-state ablation equations, (la), (3), (4a), and (4), as: 
dé 


——f+6@=0 
dy 


We used an IBM 650 computer to calculate temperature dis- 
tributions for various values of the parameters f, yg, and Rr 
The results of these computations are presented in Fig. 5. 


Numerical Results 


In Fig. 5, we present the net flux of radiation f, the tempera- 
ture 6, for various values of the parameters f, (1 — R).1:, and yp. 
For comparison purposes we have included in these figures the 
temperature distribution (8, = e~¥) which would be present were 
radiation effects absent. This temperature distribution would be 
the actual temperature distribution if the body was so opaque 
that internally produced radiation could not travel over an ap- 
preciable distance. It would also be the actual temperature dis- 
tribution if the body were extremely transparent or if the tem- 
perature were very low so that virtually no radiation were pro- 
duced. 

Looking at any one of these cases, we may see that, for small y, 
fis negative. This indicates that radiative energy is flowing from 
the material into the vacuum. Because of these negative values 
of f, @ is smaller than @, for small y. (Sometimes this effect is 
too small to be perceptible in our figures.) On the other hand, 
for large y, f is positive-radiative energy if flowing toward the 
depths of the material. As a result, # is greater than 6, for large y. 

We shall now consider what happens to @ and f as the parame- 
ters yp, J, and (1 — R)er are varied. 

First, we consider the effect of varying f but holding (1 — R). 
and yz constant. This means that we compare case A with D, B 
with EZ, and C with F in Fig. 5. We expect an increase in f as f 
increases. Fig. 5 indicates that this expected increase of f with f 
does indeed occur. This figure also indicates that 6 becomes more 
different from 6, as f increases. The physical nature of this last 
result can be understood when we note that f is a ratio of a 
typical radiative flux to a typical convective flux. A large f 
indicates a large radiative flux. But, @, is the temperature dis- 
tribution which we would have if there was no radiative flux of 
energy. Hence |@ — 6,| should indeed increase as f increases. 

Second, we consider the effect of varying Rig. (1 — Reg is 
an effective transmissivity of the surface for internally produced 
radiation. As (1 — R).s increases, f the net radiative flux, 
should decrease. Equation (5) indicates how this decrease should 
oceur. Equation (la) shows that as f decreases @ decreases. 
Hence an increase in (1 — R).¢; should result in a decrease in both 
6 and f. Acomparison of cases D, E, and F with cases G, H, and 
I, respectively, indicates that this decrease does indeed occur. 

Third, we consider the effect of varying yg. Here yp is a 
typical distance which a photon will travel before being absorbed. 

In every plot, f(y) has a negative value at y = 0. It increases 
to reach a more or less broad peak and then does away to zero. 
As yg decreases f becomes more and more compressed in space; 
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the peak becomes sharper and f dies away much more rapidly. 
With a decrease in yg, —f(0), the net flux of radiation emitted 
from the surface becomes larger. 

This behavior of f affects the behavior of 0, the temperature 
distribution. As y» decreases |@ — 0,| becomes smaller for large 
y, but becomes larger for small y. 

All this is to be seen in the plots in Fig. 5. 


Emissivities in Steady-State Ablation 


One of the purposes of the paper is the calculation of emissivi- 
ties. We are now in a position to compute the emissivity for 
steady-state ablation in detail. In Table 1 we present €/€max 
for the various cases included in Fig. 5. For comparsion purposes, 
we also include the value of €/€.x Which would be obtained were 
@ = 0, =e-¥. This value is denoted by €,. We have from Eq. 
(6): 


1 


—=— (8) 
1+ 4up 


= €max 


As one can see from the table, it turns out that €, is a very good 
representation for €. In fact, for all the cases considered here, €, 
is within 15 per cent of €«. For most practical cases, €, is quite 
accurate enough. 

Fig. 6 is a plot of €,/€max against yr. Notice that as the ablation 
velocity increases yp increases and €, decreases. This results from 
the fact that for higher ablation velocities there is a smaller 
heated region and hence less hot material to radiate. This means 
that there is less radiation emitted from the surface when the 
ablation velocity is large than when it is small if the surface tem- 
perature is taken as fixed. 


Table 1 Emissivity and gradient of the temperature at the surface. 
Here « is the true emissivity while «, is calculated on the basis of the as- 
sumption that @ = 6, = e-¥. If there were no internal transport of ra- 


= _ 4 = _ 40, mn 

diation then 4y/ : z/ : 1. 

; 7 dé | 

Case | dy |; 
A 
B 3 
Cc 3 
D 


(1 — Roe yr 


; 

3 0.67 
0.67 
0.67 

1 0.67 

l 0.67 

1 

l 

1 

1 


OS © ro 


0.67 
0.30 
0.30 
0.30 
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Effective Conductivity 


We have seen that the problem of determining the temperature 
distribution in an ablating body with internal transport of radia- 
tion involves a considerable degree of complexity. There have 
been some workers who have attempted to simplify this problem 
by using what is known as the effective conductivity concept. 
This concept is based upon the idea that the total effect of the 
radiation is to replace the conductivity K in the heat conduction 
equation by an effective conductivity K.., larger than the true 
conductivity [10, 11}. 

In order to derive this effective conductivity heat conduction 
equation, we note that if the effective radiation mean free path 
a~ is very short in comparison with the distance over which the 


il 1 Ww : 
temperature changes, ic TZ os < 1; and if we are far from the 


surface, az > 1, then, we have approximate radiation equi- 
librium J = J,. Now, we may utilize relation (4a) to get F = 
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Fig. 5 Radiation flux and temperature profiles 
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Fig. 6 Decrease in emissivity with increase in ablation velocity 
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Fig.7 Comparison between effective conductivity estimate of temperature 
profile, temperature profile neglecting radiation, and actual tempera- 
ture profile. Note that the effective conductivity profile is particularly 
inaccurate in the liquid layer. 


oJ , —— 
. *. If we substitute this relation into the heat 
Ka, + a,) Ox 


conduction Eq. (3) we obtain: 


yee 9) ( oa r) 
- CT) = Kun + Cr7 
ot or Or 


16 n*ocT? 


where 


Keun = K + 


(Ya) 
3 a,+ a, 


Unfortunately, this effective conductivity concepts breaks 
down in the region of most interest, the region near the surface 
of the ablating body, az ~ 1. In fact, the primary reason for 
mentioning this concept in this paper is to argue that it should 
not be used in ablation analysis. In the very earliest work in 
ablation analysis in semitransparent bodies (work which is all 
unpublished or classified) the effective conductivity concept was 
applied to the determination of temperature distributions within 
the liquid layer. As indicated below, this application of the effec- 
tive conductivity concept leads to answers which are quite com- 
pletely wrong. 

In order to see that this concept gives wrong answers, we apply 
Eq. (9) to the case of steady-state ablation (07'/dt = 0). In this 
case, we can solve Eq. (9) quite explicitly. In the dimensionless 
language which we have been using, the temperature distribution 


is‘ 
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(9b) 


8 
0 = exp| 1 + 5 fue - »| 


In Fig. 7 we plot this temperature distribution predicted by 
the effective conductivity concept in comparison with a computed 
temperature distribution for the case f = 3, Res = 0.3, yp = 
0.08. 
distribution fails to represent the actual temperature distribution 
accurately especially in the very critical region of the liquid 
layer, y< 1. Consequently, it would appear that the effective 
conductivity concept has little usefulness for the prediction of 
temperature distribution in ablating materials. This is true be- 
cause this concept breaks down in the region y < yg [12] so that 
this concept totally fails to take into account the emission of 
radiation from the surface of the ablating body. 


We can see that the effective conductivity temperature 


TEMPERATURE DISTRIBUTION 
LAYER 
Exponential Approximation 


If the change in temperature in the liquid layer is very small 
as, for example, in quartz 


IN THE LIQUID 


the temperature distribution in the 
liquid layer may be predicted quite well if we know the tem- 
perature at the gas-liquid interface, 7,, and the average value of 
the gradient of the temperature in the liquid. Let 5,~' be the 
1 “~- a 

(log 7°) in the liquid layer. 


ar 


average value of — 


With this definition of 6;, we may represent the temperature 
distribution in the liquid layer by 
T(z) ~ T, exp [—z/6,] 


exponential approximation (10) 


This exponential approximation has been used by several authors 
1, 2, 


layer. 


3] to represent the temperature distribution in the liquid 
One of the main purposes of this paper is an evaluation 
of the accuracy and range of validity of this approximation. 


Energy Balance Equations 


But before we do this, we should note that 6,, which we call the 
thermal thickness, is quite easy to compute by simple energy bal- 
ance considerations for the two cases mentioned in the introduc- 
tion. Consequently, in this section, we shall state the funda- 
mental energy balance equations 

We have already stated one of the energy balance equations 
that we shall use to determine 6,. This is Eq. (1b) which was 
derived from the heat conduction equation for steady-state 
ablation. It is: 


dT 


dz 


— K = CoT; + ar (1b) 


Our second energy balance equation comes from the statement 
that no energy can be stored at the gas-liquid interface. Hence 
the net flux of energy on the gas side of this interface must 
equal the net flux on the liquid side. In the gas, the flux of aero- 
dynamic heat arriving at the interface is Wqo in the notation of 
Bethe and Adams [1]. Moreover, there are two energy fluxes 
of energy leaving the interface in the gas. The first of these is 
the energy taken up by the vaporization of material which we 
call qvap. (In the notation of Adams, et al. [2], qvapis mh,.) The 
other flux of energy flowing away from the interface is gpg, the flux 
of radiative energy. Hence the net flux of energy just outside of 
the ablating surface is qo — dvap — Qa. In the ablating body, 
we have two different types of energy flux at the surface. The 


, , oT . . 
first is —K ae | the flux of energy entering the material by 
5 a 
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thermal conduction. From this flux, we must subtract the flux of 


radiative energy coming up to the surface. This flux is also gp. 
Hence the total flux of energy near the interface inside the ablat- 


on 


— dg. Equating this flux to the 


ing body is just —K ar | 
x 


é 
flux in the gas we get: 


Va 


— Wvap — Te = 


or canceling out the gp 


_ oT 
= 


do — dvap = 
vq 7var dr 


(11) 


‘ 


It should be noted that Eq. (11) is always true while Eq. (1b) 
only holds for steady-state ablation. Combining these two rela- 
tions, we find that Wyo = qvap + de + CvT;. This last relation 
says that in steady-state ablation all the aerodynamic energy 
which reaches the ablating body (¥go) must be dissipated through 
vaporization, radiation, or loss of hot material. 


Determination of Thermal Thickness 


With the aid of energy balance Eqs. (11) and (1b) it is possible 
to determine the thermal thickness quite explicitly in two cases 
of practical interest: Case I in which the liquid layer is so thin 
that it is almost entirely transparent to radiation, and Case II in 
which the radiation mean free path is so short that we can ignore 
the internal transport of radiation and treat the radiation as if it 
were emitted entirely from the surface of the ablating body. 

With the liquid layer so very thin that it is almost completely 
transparent to radiation, we can expect that the flux of radiation 
F will change very little in the liquid layer. Hence we can say 
that the temperature gradient will be almost constant in the 
liquid layer. Since 1/6, is the average of —(1/7)(d7'/dz) in 
the liquid, we can say for this case that 1/6, ~ —(1/T,)(dT/dzr)/; 

KT; 
Vin — Gea 
if we are interested in steady-state ablation we may use Eq. (1b) 
to derive [2, 3]: 


Then from Eq. (11) we derive that 6, = However, 


k/v 
_. ae Case I 
m4 IR 
CoT, 


by = (12a) 


This equation for 6, has been used in all previous ablation 
analyses in which internal radiation transport was taken into 
account [2, 3]. In practical applications, gz is determined as 
e7 4 where € is either determined experimentally or taken from 
Eq. (8). 

In contrast with Case I, we can consider the situation in which 
the internally transport of radiative energy is neglected, but the 
radiation is treated as if it is all emitted from the surface of the 
ablating body. This treatment will only be correct if the liquid 
layer is sufficiently thick so that it is much thicker than an 
effective radiation mean free path. We shall refer to this situa- 
tion as Case II, the case of an opaque liquid layer. 

To obtain 6,. in Case IT, we note that the flux of radiative energy 
vanishes through most of the liquid layer in this case. Conse- 
quently, we can take the heat conduction equation to be K . 4 

¢ 
CvT = 0 through most of the liquid layer. This implies that T(z 
= T,e~7"/* so that 
Case II 


by = k/ov (12b) 


Notice that the temperature distribution which we obtain in 
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Case IT does not satisfy boundary condition (1b). What happens 
is that dT /dzr changes very sharply within one effective mean free 
path of the surface. However, this region in which d7'/dz has 
values different from those given by our temperature distribution 
is so small that the temperature distribution given by Eqs. (10) 
and (126) is quite accurate throughout the liquid layer in this 
case in which the radiation mean free path is much smaller than 
the liquid layer thickness. 

In order to see this in more detail, we compare the exponential 
approximations for Cases I and II with the numerical solutions 
which we have obtained. To make this comparison, we translate 
the exponential approximations into the dimensionless language 
of our numerical solutions. For Case I, the temperature distribu- 


1 — Rer\ | 
6 = exp | -o( +e— *) Case I 
1 + 4yp 


[In writing (13a), we have used the approximate relation for the 
emissivity given by Eq. (8).] In Case II, in which the liquid 
layer is so opaque that we can neglect internal transport of radia- 
tion entirely, we obtain simply 6 = 6,, the temperature distribu- 
tion which would exist were there no radiation transport. That 
is: 


tion is: 


(13a) 


6 =e-¥ Case II (130) 


(Equation (135) says that the temperature distribution within 
ar. ablating body which is totally opaque depends only upon the 
surface temperature and the ablation velocity, but, not explicitly 
upon the flux of radiation emitted from the surface. Of course, 
the emission of radiation from the surface of a completely opaque 
body does affect the ablation process. This effect shows up in the 
fact that the relation between the incident flux of aerodynamic 
energy and the ablation velocity depends upon the flux of emitted 
radiation [2, 3].) 

Let us compare the temperature distributions which we ob- 
tain by our more exact analysis using Eq. (7) with the tempera- 
ture distribution from the exponential approximations (13a) and 
(13b) and the effective conductivity solution, Eq. (9b). We do 
this in three situations, in which we pick the radiation mean free 
path so that the liquid layer is almost transparent, partially 
transparent, and almost opaque. In quartz, virtually all of the 
flow occurs within a region in which the temperature remains 
within 15 per cent of its value at the surface so that these situa- 
tions can be represented, respectively, by the values of the pa- 
rameters, yp = 0.5, yp = 0.3, and yr = 0.005. In Figs. 8, 9, and 
10, we plot the actual temperature profile in the region in which 
flow occurs in comparison with the profile given by the effective 
conductivity concept [(Eq. (4b)] and the exponential approxima- 
tions [Eqs. (13a) and (13b)]. As we can see from Fig. 8, the 
transparent liquid layer exponertial approximation, Case I, 
give a much better representation of the temperature distribution 
in the region of flow than either the opaque exponential approxi- 
mation of the effective conductivity approach for this case in 
which the liquid is indeed almost transparent. We can also see 
that the effective conductivity approach gives a very poor 
representation of the temperature distribution in this case. Fig. 9 
indicates that the temperature distribution cannot be represented 
by either exponential in the case in which the mean free path is of 
the same order of magnitude as the liquid layer thickness. Again 
the effective conductivity estimate gives a much poorer repre- 
sentation of the temperature distribution than either of the ex- 
ponentials. Fig. 10 indicates that when the liquid layer is 
opaque the Case II exponential approximation does indeed repre- 
sent the temperature distribution quite well while the Case I 
approximation fits the actual temperature only in the region 
very near the surface. In this case, however, the effective con- 
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Fig. 8 Comparison between the two exponential approximations, the 

effective conductivity solution, and the actual tempercture profile. Here, 

almost all the flow of ciation matertel conure ter 0 Zy £0.16. Since the 

radiation mean free path is 0.5, we expect the Case | (transparent liquid 

layer) exponential to fit the temperature quite well. The figure indicates 
that this exponential is indeed a rather good fit. 
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Fig. 9 Comparison between the two exponential approximations, the 
effective conductivity solution, and the actual temperature distribution. 
Here, almost all the flow of ablation material occurs for O < y < 0.16. 
Since yr = 0.2, we have that the liquid layer thickness is approximately 
the some as the radiation mean free path so that we expect neither ex- 
ponential approximation to be very accurate. However, the figure indi- 
cates that either exponential is more accurate than the effective conduc- 

tivity solution. 


ductivity estimate is not very poor, since the effective conduc- 
tivity differs by only a maximum of 4 per cent from the actual 
conductivity. The effective conductivity estimate is still worse 
than the Case II exponential estimate by just this 4 per cent. 


Conclusions 


Thus we have developed a rather accurate way of predicting 
the temperature distribution in the liquid layer for steady-state 
ablation if that liquid layer is either almost completely trans- 
parent [Case I, Eq. (13a)] or almost completely opaque [Case II, 
Eq. (135)]. We have also developed a fairly accurate simple re- 
lation between the emissivity of a body in steady-state ablation 
and its ablation velocity [Eq. (8) and Fig. 6]. We have justified 
these simple relations by comparing them to the results of a more 
detailed computation of temperature distribution in steady-state 
ablation [Eq. (7) and Fig. 5]. The temperature profiles (13a) and 
(136) were used by Hidalgo [3] and Adams, et al. [2], to calculate 
temperature distributions in steady-state ablation. Hence, from 
one point of view, this work can be looked upon as a justification 
of the temperature profiles used by Hidalgo and Adams, et al. 
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Fig. 10 Comparison between the two exp and the 
actual temperature distribution. Here, almost all the flow of ablation 
material occurs for O < y < 0.16. Since yg = 0.005, we expect that 
the Case Il (opaque liquid layer) exponential should fit the temperature 
distribution in the liquid rather well. The figure indicates that this is so. 
(In the region 0.05 < y < 0.16, not plotted here, the Case Il exponential 
represents the actual temperature extremely accurately.) In this case, 
the effective conductivity solution is almost the same as the Case Il ex- 
ponential so it is not plotted here. 
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However, this paper is rather more general in that it provides a 
set of equations governing the flow of radiation (3), (4a), and (4b) 
and energy balance equations (1b) and (11) which may be ap- 
plied much more generally to the determination of temperature 
distributions in a large variety of problems involving radiative 
transport of energy in ablating or nonablating bodies. 
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DISCUSSION 
R. Viskanta‘ 


The author’s paper is an interesting application of the radiative 
transfer theory to an engineering radiant heat-transfer problem. 
There seems to be some discrepancies and errors in the basic 
equations used, however. The specific comments are as follows: 


1 The right-hand side of Equation (1) represents the rate of 
change of the total energy flux with position; therefore the 
radiant energy flux F, appearing in Equation (1), should be de- 
fined as 


= 9) 
F ae T,udQ, (14) 
where @ is the solid angle. The intensity of radiation J, must be 
integrated over-all solid angles (2 = 47) and not only over-all 
polar angles. If azimuthal symmetry is assumed, as it is done in 


the paper, F can be expressed as 


2 © 1 
P= ff, Iyu sin 00 dp = 2 f° Tyudy, (15) 


where @ is the azimuthal angle. 

2 The second term on the right-hand side of Equation (2) 
seems to be in error. Kourganoff [8, p. 7] has shown it to be 
n,* @4,.»B,, where the subscript v refers to the frequency interval 
(v, v + dy) and B, is Planck’s function. Thus the beam of radia- 
tion is strengthened in intensity due to the emission of radiation 
from the medium to the amount n*a,o07T'/z and not to the amount 
2n*a,0T*, as can readily be shown by integrating B, over-all fre- 
quencies (or all wave lengths) .§ 


‘Reactor Engineering Division, Argonne National Laboratory, 
Argonne, II. 

§ M. Jakob, “Heat Transfer,” John Wiley & Sons, Inc., New York, 
N. Y., 1949, vol. I, pp. 33, 37-40, 
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3 In view of the discussion in the previous paragraph and the 
definitions for F and J used in the paper, Equation (3) should be 
oF 


—- = -—a,(J — J,/2n). 


ox (16) 


If J is defined as 


1 
= O = 2 
J | or f', T du 


and F as in Equation (15), Equation (3) given in the paper would 
then be correct. 

How, if any, will the results and conclusions be affected by these 
changes? Clarification of the points raised in the foregoing dis- 
cussion will be appreciated by those interested in radiant heat- 
transfer problems. 


Author’s Closure 


I can best answer Dr. Viskanta’s question by indicating that 
there was a somewhat unfortunate choice of notation at the be- 
ginning of my paper. I used the symbol J, to represent the 
total intensity of radiation traveling with direction cosine u. This 
intensity is then the result of an integration of the intensity per 
unit solid angle over-all azimuthal angles. On the other hand, 
Kouvganoff (and Viskanta) define J, to be the intensity per unit 
solid angle. Thus their J, differs by a factor of 27 from my 
quantity J,. 

However, Viskanta points out that my definition of J and F 
differ by a factor of 24 from the J and F that he would define, 
if he started from his 7,. This extra factor of 27 is just a result 
of the difference in our initial definitions of J,. Thus myJ and F 
are really identical to the quantities Viskanta defines by Equa- 
tions (15) and (17). 

Thus, once one recognizes that I have defined J, in a slightly 
unconventional manner, it becomes clear that all my equations 
are quite correct. 


(17) 
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Introduction 


HERE ARE several methods for analyzing the radiant 
exchange wrthin a combustion enclosure (furnace) such as the 
procedure described by Hottel [1]* or the network analogy pre- 
sented by Oppenheim [2]. These two techniques as well as simi- 
lar ones in the literature are basically the same upon close ex- 
amination and a solution obtained by these methods requires the 
same mathematical operations. Each of the various methods has 
particular advantages relative to the others; the choice depends 
upon convenience and the user’s point of view. For example, the 
physical system with the interchange of radiation flux is most 
easily visualized using the network analogy. These methods of 
analysis have the common disadvantage of mathematical com- 
plexity. If more than three or four surfaces (comprising the en- 
closure) are considered, hand calculation is too tedious and re- 
course must be made to digital computers. 

The method most frequently used to analyze furnaces in the 
petroleum industry is that of Lobo and Evans [3]. This procedure 
is based upon idealizations of the furnace geometry, combining 
theory with experimental results to obtain an empirical analysis. 
The limitations of this method are the lack of generality arising 
from the empiricism and the restriction to average rather than 
local values of heat transfer. 

Recently the radiation exchange within an enclosure has been 
examined in general terms [4]. The method presented here is an 
application of certain features of this study and is an extension of 


! At present, Space Technology Laboratories, Inc., Los Angeles, 
Calif. 

* Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of THe American 
Socrery or Mecuanicat Enorveers and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 
1960. Manuscript received at ASME Headquarters, May 2, 1960. 
Paper No. 60—HT-12. 


Nomenciature 


Radiant Heat-Transfer Analysis of a 
Furnace or Other Combustion Enclosure 


it. The analysis is similar in many respects to the network 
analogy but can be solved with less complex procedures. Certain 
aspects of the method are analogous to those used in the method 
of Lobo and Evans. In contrast with the latter analysis, a more 
detailed examination of the heat flux and temperature variation 
over the surfaces of the enclosure may be made. Thus the 
proposed method permits a more complete analysis of the radia- 
tion heat transfer using some of the physical simplicity of 
the method of Lobo and Evans but with less difficulty than the 
methods of either Hottel or Oppenheim. The “cost’’ of an 
analysis more specific than the simple one of Lobo and Evans is 
an increase in the complexity of solution. The same amount of 
detail may be obtained with the proposed method as with the 
methods of Hottel or Oppenheim. However, less mathematical 
difficulty is involved and generally, less time is required. 


Conditions of the Analysis 


The physical dimensions of the enclosure are assumed to be 
specified and composed of M surfaces. The extent and specifica- 
tion of a surface is not restricted; i.e., a surface may be a fraction 
of the length of a process tube, a whole tube bank, one segment of 
a wall of the enclosure, or all of the walls. The number of sur- 
faces and the subdivisions used, is a compromise between the de- 
tailed knowledge desired and the length of the computations. 

The variables which must be considered are the heat flux and 
the temperature of each surface; these are assumed to be uniform 
over a surface. Only one exchange equation may be derived for 
each surface and therefore, there are M equations. Since there 
are two quantities for each surface, there are 2 M possible un- 
knowns and M of these unknowns must be specified to secure a 
solution. In the case of a furnace tube, the temperature and/or 
the heat flux through the tube may be given by the process con- 
ditions; but for the refractory surfaces, neither the heat flux nor 





= area for heat transfer, ft? constants 

black-body emissive power of a 

oT* Btu/hr-ft? 

geometrical shape factor, equa- 
tion (23) 


surface = 


black-body emissive power of 
the gas = o7',‘, Btu/hr-ft? 

enthalpy of the fuel-air mixture, 
Btu /lb 

incident energy, Btu/hr 

radiosity of a surface, Btu/hr-ft? 

number of surfaces composing 
the radiant enclosure 

number of surfaces for which 
both Z and q are given 

heat rate, Btu/hr 

absolute temperature, deg R 

pseudo absolute temperature of 
a radiosity, deg R 

weight rate, lb/hr 
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absorptivity of a surface; or 


running index in summation 
specific surface g9 = gas 
heat rate, Btu/hr = 
reflectivity of a surface 
geometrical absorptivity of the 
gas, equation (27) 
geometrical emissivity of the 
gas, equation (28) 
factor used by Lobo and Evans 
[3], equation (21) 
Stefan-Boltzman const = 0.1714 
< 10~-* Btu/hr (deg R)* 


T = geometrical transmissivity, 


equation (26) 


fraction of total heat absorb- 

ing surface which is active 

(equation (21), using nomen- c 

clature of Lobo and Evans [3]) “P 
specific heat, Btu/lb deg F 
emissivity of a surface 


Subscripts 


convection 

“cold plane’ surface; a term used 
by Lobo and Evans [3], equation 
21), to designate the heat ab- 
sorbing surface 


specific surface for which both E 
and q are given 

running index in summation 

specific surface 

reference level (7) = 
generally ) 

radiation 


60 deg F 


heat-absorbing 
(21) 
exhaust or exit 


surface, equation 
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the temperature are generally given.? Consequently, the possible 
given conditions for a surface will be one of the following: 

1 Heat flow specified, q. 

2 Temperature specified, cT* = E. 

3 Heat flow and the temperature specified, g and E. 

4 Neither the heat flow nor the temperature specified. 


The black-body emissive power E = oT" is used, rather than the 
temperature, to simplify the necessary equations. 

The equations which will be derived are in terms of a quantity 
which minimizes the number of equations to solve. This quan- 
tity is the radiosity of the surface J and is defined as the sum of 
the emitted and reflected incident radiation from the surface: 


J =eE + rl (1) 


A heat balance for the surface can be expressed in terms of this 
emitted and incident radiation :* 


q = AeE — Aal (2) 


Eliminating the incident energy from these two equations gives: 


r 
. \ 
AJ = AE = (: } q 


where 
a= (4) 
e+r=1 (5) 


The total radiosity AJ is a linear combination of the total emis- 
sive power of the surface AE and the heat flow q. 

The derivation of equation (3) incorporates the gray radiation 
approximation and the restriction to opaque surfaces. The gray 
radiation approximation considers the radiation properties to be 
independent of the energy-wavelength distribution of the incident 
and emitted radiation, e.g., for a surface, the emissivity equals 
the absorptivity, equation (4). The analysis will be developed in 
terms of the gray radiation assumption modified slightly to allow 
the combustion gas to have an absorptivity different from the 
emissivity; i.e., the absorptivity of the gas is taken to be de- 
pendent upon the radiation passing through the gas as well as a 
function of the temperature of the gas. The emissivity of the 
gas is dependent only upon the temperature of the gas and there- 
fore, the absorptivity and emissivity are not equal. If desired, 
the restriction of equality between the absorptivity and emissivity 
can be imposed without modifying the form of the equations. 
The removal of the restriction of the gray radiation assumption 
in the analysis will be considered later. 

The heat balance is the additional equation required to deter- 
mine the radiation conditions of the enclosure. This equation 
expresses the equality between the heat lost by the combustion 
gas and the heat absorbed by the radiant section of the furnace. 
A requisite for the analysis is a value of this heat in terms of the 
heat required by the particular process in the furnace, the total 
heat load on the walls of the enclosure, or the heat lost by the 
combustion gas. The gas within the enclosure is assumed to be 
isothermal and the effective radiation temperature of the com- 
bustion gas is determined as an integral part of the analysis. The 
gas temperature determined by this procedure will have a value 
between the adiabatic flame temperature and the exhaust gas 
temperature. 


* A refractory surface is designated here as a surface composed of 
refractory materials. Reference [1] uses the term refractory surface 
for a surface with zero net heat flow. In many cases, the two “‘defini- 
tions’’ of refractory surface are compatible, i.e., refractory materials 
with zero net heat flow. 

* Note the heat flow (q) is assumed to positive when it flows out of 
the surface. 
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In summary, the following quantities are required for 
analysis: 

1 Geometry and physical dimensions of the enclosure. 

2 Enmissivities of the various surfaces. 

3 Total heat supplied to the radiant section. 

4 Composition of the combustion gases. 

5 A specification of the heat flows and/or temperatures of the 
various surfaces. 
The assumptions of the analysis are: 


1 Gray radiation conditions (modified for the gas). 
2 A homogeneous isothermal combustion gas (expressed as an 
effective radiation temperature). 


3 Uniform irradiation of each surface. 


Basic Relations 


The starting point of the derivation is the definition of radiosity 
given by equation (1). The energy incident upon a specific sur- 
face n within an enclosure is the energy emitted by the gas plus 
the radiosities of the other surfaces transmitted through the gas: 


M M 
a a ps hia wit + > A x em (6) 
m=1 m=1 


energy emitted by the gas + energy transmitted by the gas 


The second sum in equation (6) includes the term for the surface 
“seeing’’ itself. Substituting equation (6) in equation (1), ex- 
tracting the term for the surface exchanging energy with itself 
and solving for the radiosity of the n surface, gives: 


| 
A.J, = ( . ) Avesk, 
l — £8 an! as 
M 
, 
= A F,,,.G 
+ ( — i) Y AntenPanG 


m=1 


M 
?. ’ 
‘tare a , A, a A (7)§ 
? (; ie | =) 


m=1 


Equation (7) is for a surface with the temperature as the given 
quantity. For a surface with the heat flow given, equation (3) 
is solved for the black-body emissive power E and this is substi- 


tuted in equation (7): 
M 
) A ee ae 


- ( __& -) + (, = ) 
hone l1- Teal en l— an ae m=1 
1 M 
/ > 
if (; = -) >, Astana (8) 


m=1 


The preceding two equations provide the relations for a surface 
with either the temperature or the heat flow given. If both of 
these quantities are given, then the radiosity can be obtained 
directly from equation (3). When neither is given, equations 
(7) and (8) each contain two unknowns for the specific surface 
n (J, and E, or q,), but the methods of solution to be given in- 
volve the radiosities as the unknown factors. This difficulty is 
avoided by using the algebraic restriction that the number of 
equations and unknowns must be equal. Assume that surface n 
has neither Z,, nor q, given and surface i has both quantities 
given, then the equation for surface 7 is solved for the radiosity of 
surface n: 


M 


>> 


m=1 
men 


* Note that the positive flow of heat is from the surface, i.e., heat 
absorbed by a surface is negative, 
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If there are P surfaces for which both EZ and q are given, then 
there are M-P equations of the form of equations (7), (8), or (9). 
Only the radiosities of these surfaces are unknown and this set 
of equations is solved for these various radiosities. The remaining 
unknown for a surface with either 2 or g given is determined by 
equation (3). For the surface with neither given, the heat flow is 
determined from the radiosity equation for that surface [equation 
(8)] after the radiosity has been found: 


M 


>> Ase 


1 


Pe (1 - Taal an)Au aa = 


M 
—  AntanP and n 


m=1 


a 
a 


(10) 


The black-body emissive power EZ, for this surface is obtained 
from equation (3). 

The equations derived in the foregoing have been summarized 
in Table 1. The equations for the surface not “seeing’’ itself are 
obtained by setting r,,/,, = 0. The equations in Table 1 can 


M 


wv 
° >’ «a + 3 
nol m=I1 


mein 
mts 


Table 1 
A 


Radiosity relations 
And» 


= Given 


M 
ée - Tn 
= (spe) 4B + (cee) De Aer + 
m= 


also be written in terms of the black-body emissive power and 
the heat flow by eliminating the radiosity with equation (3). The 
number of equations which must be solved in this latter situation 
is always M. In contrast, M is the maximum number of equa- 
tions when the radiosity form is used and the number is smaller 
than M, if some surfaces have both Z and q given initially.* 

The development up to this point has assumed that the tem- 
perature of the gas was known (G = oT7,,*). As noted pre- 
viously, the temperature to be used is the effective radiation tem- 
perature and this is not necessarily a physically measurable 
quantity. The temperature must be determined from a heat 
balance on the gas. The heat balance is givea by the difference 
between the energy emitted by the gas and absorbed from the 
radiosity fluxes:* 
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M M 
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where 


M 
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(12) 


The total heat supplied by the combustion gas is the enthalpy of 
the air-fuel mixture minus the exhaust gas heat losses. This is 
equal to the heat transferred by radiation and convection within 
the radiant section: 

H — We,(T, — T:) = Q, + Q 


The convection heat transfer Q, within a radiation enclosure is 


(13) 


® Actually the smallest possible number of equations is (M — 1)/2 
when M is odd and M/2 for M even. 

* This expression can also be obtained by summing equation (8) 
over-all surfaces (all n) and simplifying. 
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Equation no. 


(11) 
(13) 


(14) 


(15) 
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generally of secondary importance and can be included as a cor- 
rection to the total heat transfer. If the convection is significant, 
a set of equations can be written for the convection to the various 
surfaces. In this case, gn as used here, pertains to the radiant 
heat transfer only and the total heat flow is the sum of the con- 
vective and radiative heat flows. 

The exhaust gas temperature (7',) appearing in equation (13) 
is the temperature of the gas leaving the radiant section. Equa- 
tions (11) and (13) are equated to find G: 


M M 
H — WeT, — Tr) — Qe + D) >) AnGamPam dm 


n=1 m=1 


G= 





i (14) 
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G = oT, (15) 
If Q, is given, the quantity G is obtained from equation (11). 
The effective radiation temperature of the gas is dependent upon 
the physical properties of the gas which are in turn related to this 
temperature. A trial-and-error solution for the quantity G is im- 
posed by this interdependency. 


Solution of the Radiation Exchange Equations 


The equations which are needed for the solution have been 
summarized in Table 1. For the following discussion, the radi- 
osities of the various surfaces will be assumed to be the only un- 
knowns. The other factors are considered in subsequent sections. 
The general form of the set of equations for an M surface en- 
closure is: 


Ji a; + O + Die + bids +... + bind, 


(16) 
Jo = a2 + bad + 0 + dads +... + Damd'm 


etc. 


There will be a total of M-P such equations for an M surface en- 
closure when both the heat flow and temperature are specified for 
P surfaces. A system of equations of this type can be solved by 
determinants but if the number of equations is greater than three 
or four, this procedure becomes difficult. Matrix methods can be 
used when the number of equations becomes large. However, 
the form of the equations permits solutions by less elegant methods 
using rudimentary algebra. Two procedures will be described, 
which are not the only methods available [5] but they serve to 
indicate the equations can be solved easily and that certain re- 
strictions can occur in the method of solution. These restrictions 
affect the accuracy and/or the convergence of the solution. 

The discussion of these methods will assume the equations 
have been written in the form given by equation (16). If the 
solution (by either method) is programmed for machine computa- 
tion, the program can be written to include the steps necessary to 
form the equations. Such a program would use the heat flows, 
temperatures, emissivities, and geometrical factors as basic input 
information. 

Repetitive Approximation (Relaxation). This method of solution 
consists of assuming a set of values for the various radiosities. 
Using these assumed values and substituting into the set of equa- 
tions, a better set of approximations is obtained. The process is 
repeated until a set of radiosities is determined which agrees with 
the previous set within a fixed percentage (say, one per cent). 
This procedure is simply the standard method of relaxing a set of 
equations. 

The restriction imposed upon this procedure involves those sur- 
faces for which neither Z nor qg are given. A surface with this type 
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of given condition, must be paired with one for which both quan- 
tities are given. The convergence of this method is increased” 
if the following condition is satisfied: 

Timl" im 


a = 5 


n # 
Tink in ’ 


(17) 


The selection of the paired surfaces should be made using the cri- 
terion of equation (17) and can be made by selecting surface i so 
Tink jn is as large as possible. 

The method presented in this section is useful when performing 
hand calculations since arithmetic errors made in one series of 
computations are eliminated in the successive calculations. 
However, convergence may be slow in certain instances. The 
speed of convergence is determined by the magnitude of the co- 
efficients of the radiosities and the smaller these are relative to 
unity, the more rapid the convergence [6]. The original assumed 
values are also important and a reasonable initial guess is the value 
of the constant term of each equation, a», see equation (16). 
Speed of convergence can be increased by successively using the 
new approximations for the radiosities during the calculations. 

Repetitive Substitution. This method is the systematic elimination 
of the variables. The equation for the radiosity of surface 1, Ji 
is substituted in the equations for the other surfaces m > 1 and 
like terms collected. This eliminates J, from the rest of the 
equations. The procedure of step 1 is repeated for each radiosity 
J, using the equations for which m > n. In this manner, the 
radiosity of each surface is eliminated from the equations for every 
successive surface. The result is equations of the form: 


The last equation in the set J,, contains only a constant and this 
is the value of J,,. This is substituted in the equation for Jn 
and the value of J,-: obtained. Proceeding back through the set 
of equations in this manner, gives the values of the radiosities of 
the various surfaces. Arithmetic errors accumulate in this 
method of solution and for this reason, the method is more useful 
with a digital computer. 

When the problem contains surfaces which have both the heat 
flow and temperature specified and surfaces with neither quantity 
given, the problem of pairing these surfaces arises. Consider the 
first substitution of the expression for J;, into J2, equation (16): 


Jo = a2 + bala: + 0 + diwke + disds...) + dads+... 
G2 + baa: + 0 + Dabrode2 + budisds +... 


+o4+0+( ) 


The denominator (1 — bab:2) should be large if accuracy is to be 
obtained. Three possible conditions may exist for the product 
bibs: relative to unity, depending upon the specified conditions 
for these two surfaces: 


or 


a2 + bay 
Js = | — — 
F ( 1 — bubis / 


1 Both surfaces have either the heat flow or the temperature 
given. In this case, both by and ba are less than unity and the 
product is also smaller. For most physical conditions bi2ba< 1. 

2 Either J; or J2 is a surface for which neither the heat flow 


% The convergence may not occur in some cases if the criterion 
given is not satisfied. 
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nor the temperature is specified. In this situation, b:: and by are 
of opposite sign and the product is added to unity. 

3 Both surfaces have neither the temperature nor the heat 
flow given, and the pairing of surfaces should be based upon the 
criterion [5]: 


Tink 
—_ > i, (19) 


T in 
The first two cases do not involve differences between two num- 
bers which are nearly equal. The criterion given for case c 
is directly opposite to that used for the repetitive 
approximation method, equation (17). The criterion of equa- 
tion (19) will give a maximum value for the denominator on the 
first set of substitutions. 


equation (19 


However, the preceding discussion and 
the criterion given there cannot apply to the subsequent sub- 
stitutions. The first substitution is the only place in the computa- 
tions where a pairing of surfaces can be made, and after this the 
calculations are mechanical. 

Completion of Calculations. After the radiosities of the surfaces 
have been calculated, the heat flows for those surfaces for which 
neither heat flow nor temperature were given are obtained by 
use of equation (10). The heat flow gq or black-body emissive 
power E is obtained for all of the surfaces from equation (3). The 
temperatures of the surfaces are determined from the definition 


of BE. 


The Effective Radiation Temperature of the Gas 


The solution of the set of radiosity equations given in the 
previous section has made the tacit assumption that the only 
However, the emissive power of 
the gas G"' is an unknown quantity and must be determined by 
This trial-and-error solution results 
from the interdependency of the several factors in the radiosity 


unknowns were the radiosities. 
a trial-and-error process. 


equations (see Table 1): 


1 The geometrical gas emissivity (¢,,,/,,,) is a function of the 
composition and temperature of the gas. 

2 The geometrical gas transmissivity (7,,,F,,,) is a function 
of the composition of the gas, the radiosity of surface m (J,,), and 
the temperature of the gas.'* 

3 The equations (Table 1) relate the heat flows through the 
surfaces, the temperatures of the surfaces E = oT, and 
the radiosities of the surfaces to the temperature of the gas. 
The basic steps required to determine a gas temperature consist of 
assuming a temperature, evaluating the temperature dependent 
properties, solving the radiosity equations, and then comparing 
the assumed temperature with the heat balance expression [either 
equation (11) or (12 


One procedure for obtaining a close approximation to the tem- 
perature is to solve a simplified enclosure and use the temperature 
determined from this for the more detailed solution. The simpli- 
fied system can be obtained by assuming the gas to be gray and 
by “lumping’’ the different surfaces together according to the 
given conditions, i.e., heat flow, temperature, both or neither of 
these. A gas temperature is assumed, the simplified problem 
solved, and the assumed temperature compared with the one ob- 
tained from the heat balance. This process is repeated several 
times until a close approximation is secured as indicated by the 
heat balance. The assumed temperature is used each time to ob- 
If the 


geometrical factors of the detailed problem are tabulated for each 


tain the geometrical emissivities and transmissivities. 


1! The emissive power and the effective radiation temperature of 
the gas may be considered to be equivalent, since G = oT',‘. 

2 If the gas is considered to be “gray,”’ the transmissivity is not a 
function of the radiosity of surface m but depends only upon the gas 
temperature 
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trial and the lumping performed for each trial, the first trial solu- 
tion of the detailed problem proceeds immediately. 

A second method is to assume several gas temperatures, solve 
the complete problem (or the lumped problem, as a preface to 
solving the detailed one) for each of these temperatures. A plot 
of the assumed temperature versus the values obtained from the 
heat balance will indicate the best value for the gas temperature. 
The detailed problem is then solved using this temperature. 

Either of the two methods given would provide the correct 
value of the temperature for a detailed solution, if the gas were 
completely gray. As noted previously, the transmission and ab- 
sorption properties of the gas are dependent upon the energy pass- 
ing through the gas. This dependency has been discussed by 
Hottel [1]. The semiempirical procedure given by Hottel to 
account for the influence of the source upon the absorption of a 
gas assumes the source to be an ideal radiator but radiosity does 
not have a “temperature.’’ In order to circumvent this, the tem- 
perature to be used will be defined as equal to the temperature of 
an ideal radiator having the same radiosity, i.e., 


. (2=)" 
T,,’ = 
Co 


This assumption may be used for evaluating the gas absorptivity 
with the procedure given by Hottel [1]. 


(20) 


Comparison With Other Analyses 


The method often used to analyze a furnace is the one devised 
by Lobo and Evans [3]. This method considers the furnace to be 
represented by two parallel, infinite planes. The expression used 
for computing the heat transfer is: 


Q, = o( T,* — T,*(aA.,X¢) (21) 


In equation (21), the quantity A,, represents the area of the re- 
ceiving surface and the factor a is a measure of the effectiveness 
of thisarea. The effectiveness is obtained from the computations 
of Hottel [1] for a tube bank composed of infinitely long tubes ad- 
jacent to an infinite wall. The factor ¢ is defined by: 


(22) 


This relation is for the exchange between two infinite parallel 
walls where F, and P, are equivalent to the emissivities of 
these walls. Lobo and Evans equated these two factors to the 
effective emissivity of the combustion gas and the emissivity of 
the furnace tubes, respectively. 

The analysis of Lobo and Evans appears to have adjusted F, 
to make prediction match experiment with the emissivity of the 
tubes (P.) taken to be fixed at 0.90. The effective radiating gas 
temperature (7',) is assumed to be the temperature of the gases 
leaving the furnace (7',) and the gas to be isothermal within the 
furnace. The emission of the gas is the emission of the carbon 
dioxide and water vapor resulting from the combustion process 
but evaluated at the exhaust gas temperature. Lobo and Evans 
did not distinguish between oil and gas flames as they did not find 
this to be important in their experiments. The heat flow found 
from equation (21) is an average value over the absorbing surface 
and usually, the temperature of this surface is assumed to be 
known."* The heat transferred by convection is considered in 
the heat balance used for the determination of the exhaust tem- 
perature. The convective heat-transfer coefficient is taken as a 
constant and is not altered for different furnaces. 


13 If the average heat flow is given, the average temperature of the 
absorbing surface can be found from the Lobo and Evans procedure. 
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In contrast to the method of Lobo and Evans, the analysis pro- 
posed here considers the actual geometry of the furnace. An in- 
dividual surface may have the heat flow and/or the temperature 
specified and the radiation properties of a surface are not re- 
stricted to a single value. The heat flow and/or temperature is 
an average value for a particular surface and not for the entire 
heat-transfer area of the furnace. The heat balance expression 
used in the proposed analysis does not require the convection co- 
efficient to be a constant. If important, this factor could be 
yaried for the different surfaces and tube arrangements. The 
temperature of the gas within the radiation section must be be- 
tween the adiabatic flame temperature and the exhaust gas tem- 
perature from physical considerations. The proposed analysis 
allows this condition whereas, the method of Lobo and Evans ex- 
cludes this by assumption. 

The method of Lobo and Evans and the proposed procedure 
have certain similarities. The two methods assume the gas to be 
isothermal and the emission sources of the gas are restricted to 
the thermal emission by the gases. Thus the differences between 
oil and gas flames are not considered but allowance for other 
sources could be introduced in the proposed method. The prod- 
ucts of combustion are assumed to be uniformly distributed in 
both analyses. 

The methods of Hottel [1] and Oppenheim [2] are similar in 
almost all respects to the analysis proposed. The basic difference 
is in the choice of variables, i.e., temperature and heat flow versus 
radiosity. As described earlier, the use of radiosity minimizes the 
The 
physical picture of the interlocking nature of the radiation prob- 
lem is better demonstrated by the network analogy presented by 
Oppenheim than by either Hottel or the proposed analysis. How- 
ever, if the method given by Oppenheim is also known to the in- 
dividual performing the computations, the proposed procedure 
is merely an extension of the network analogy. Oppenheim pre- 
sented the solution of the network in the form of a matrix equa- 
tion using either the heat flow (q,) or the temperature (Z,) as 
the principal variable. 


number of simultaneous equations which must be solved. 


If the problem is mixed (i.e., either g or Z 
given for different surfaces), Oppenheim describes the necessary 
matrix procedures required for a solution. The method proposed 
here uses the radiosities of the surfaces as the principal variable 
and accepts the mixed problem as one of the possible initial con- 
ditions. The heat balance expression given by Oppenheim is for 
a single surface and not a complete balance on the enclosure. The 
enthalpy balance for the combustion gas [equation (13)] is es- 
sentially the same as presented by Oppenheim. 

An important restriction in the analysis is the assumption of 
gray radiation characteristics. The recent general study of radia- 
tion within an enclosure [4] developed the band energy method as 
a more realistic physical approximation than the gray radiation 
approximation. However, there is a significant lack of the neces- 
sary information required for the application of the band energy 
method. Until this difficulty is removed, there is little possibility 
of application. The equations given here can be readily modified 
to the band energy system by considering the radiosities, emissive 
powers, heat flows [equations (7), (8), and (9)], and the radiation 
properties to pertain to an individual band. The total radiosity, 
emissive power, and heat flow is obtained by summing over-all 
bands. If the heat flow or the temperature of a surface is speci- 
fied, then a tedious iterative process is required to properly assign 
portions of these given quantities to the various bands. The 
complications and difficulties are readily apparent. 

Hottel and Cohen [8] have presented the only available proce- 
Their 
analysis is based upon the exponential transmission “law’’ and 
a geometry composed of squares and cubes. The factors repre- 
senting the exchange between cubes of gas, square surfaces sepa- 
rated by gas, and square surfaces to gas cubes, are correlated 


dure for handling nonisothermal gases in an enclosure. 
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on the basis of a single absorption parameter for the gas. Conse- 
quently, their analysis approximates the nonisothermal system 
by exchange between isothermal gas volumes and through an iso- 
thermal'gas. Application of their analysis requires a knowledge 
of the temperature and flow conditions within an enclosure 
(furnace). The method developed here can be applied without 
such information. The proposed method attempts to allow for 
the nonisothermal gas by introducing an effective radiation tem- 
perature derived from a heat balance upon the gas and the ab- 
sorbing surfaces. Obviously, both procedures are not as satisfac- 
tory as desired. 


Discussion 


The value of any proposed method of analysis which differs 
from previous procedures is generally demonstrated by a numeri- 
cal example. This cannot be done in the case of the analysis 
given in this paper. In order to present a valid numerical ex- 
ample, the geometric transmissivities, emissivities, and absorp- 
tivities would have to be available for the necessary configura- 
tions. The mathematics required for the geometric absorptivities 
for a rectangular geometry have been discussed in another paper 
[7] but no numerical values are available. Two other important 
geometries which have not yet been considered are the row 
of cylinders to a wall and a row of cylinders to another row of 
cylinders, i.e., tube banks. The only available information 
for tube banks is the work given by Hottel for infinitely long tubes 
adjacent to an infinite wall with no dependence upon spacing 
from the wall or gas absorption. 

Another deficiency is the information on the emissivities of sur- 
faces in a furnace. The literature and tests on heat transfer con- 
tain a large amount of data [1, 9] but upon close examination, 
little of this information is useful for furnace analysis. The 
emissivities should be obtained for surfaces which have been ex- 
posed to different oxidation conditions and over different tem- 
perature ranges. 

The problem of computing the radiant exchange within an en- 
closure has been reduced to the solution of M-P simultaneous 
algebraic equations. The method permits the calculation of the 
heat flow and temperature distribution within the furnace in 
greater detail than the method of Lobo and Evans [3] and with 
less complication than the methods of either Hottel [1] or Oppen- 
heim [2]. The actual labor involved in calculations is not small 
but detailed results required detailed computations. The sym- 
metry of the enclosure can frequently be used to either reduce the 
complexity of the computations or increase the number of sur- 
faces considered without increasing the quantity of calculation; 
e.g., an enclosure is often physically symmetrical about a vertical 
plane passing through the front and rear walls. At the present 
time, application of the method is not possible for lack of numbers 
to insert in the equations. However, what information is needed 
for utilization of the method has been delineated. 


APPENDIX 


The following expressions are the geometrical factors involved 
in radiant heat exchange between two surfaces. 


1 With no absorbing medium (either gray or nongray con- 
ditions): 


: cos 6, cos 6,, 
A,F dA,dA,, 
nl? 


(25) 
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2 For energy passing through or generated within an absorb- 
ing medium 


t(1) linear beam transmission function 
a(l) = linear beam absorption function 
e(l) linear beam emission function 


l 

A Leven, f f a ) cos 6, cos 6, dA,dA,, 

he J 4a Pe 

l 
ff Meet as, 
hs he nl? 

f f e(l) cos 6, cos LZ dA.dA,, 

all dll rl? 


(a) For an external source of radiation. 


A an! am 


t(l) + a(l) = 1 (29) 


px a An + A Clam! am = AF an (30) 


(6) For energy generated within a medium. 


t(l) + e(l) = 1" (31) 


1 The i(J) in equations (29) and (31) are not equal unless the gray 
radiation approximation is assumed. See equation (33). 
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ATan! an + A plan am - A,F am (32) 


(c) Gray radiation approximation. 


e(l) = a(l) (33) 


Aton! on as A,QamE nm (34) 
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